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PREFACE 


“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TOIT, | TEACH TRIGONOMETRY 
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS 

COURAGE + DREAMS = SUCCESS” 

It is a matter of great pride and honour for me to have received such an overwhelming 
response to the previous editions of this book from the readers. In a way, this has inspired 
me to revise this book thoroughly as per the changed pattern of JEE Main & Advanced. I 
have tried to make the contents more relevant as per the needs of students, many topics 
have been re-written, a lot of new problems of new types have been added in etc. All 
possible efforts are made to remove all the printing errors that had crept in previous 
editions. The book is now in such a shape that the students would feel at ease while going 
through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 
e Theory has been completely updated so as to accommodate all the changes made in JEE 
Syllabus & Pattern in recent years. 


e The most important point about this new edition is, now the whole text matter of each 
chapter has been divided into small sessions with exercise in each session. In this way the 
reader will be able to go through the whole chapter in a systematic way. 


e Just after completion of theory, Solved Examples of all JEE types have been given, providing 
the students a complete understanding of all the formats of JEE questions & the level of 
difficulty of questions generally asked in JEE. 


e Along with exercises given with each session, a complete cumulative exercises have been 
given at the end of each chapter so as to give the students complete practice for JEE along 
with the assessment of knowledge that they have gained with the study of the chapter. 

e Previous Years questions asked in JEE Main &Adv, IIT-JEE & AIEEE have been covered in 
all the chapters. 


However I have made the best efforts and put my all teaching experience in revising this 
book. Still I am looking forward to get the valuable suggestions and criticism from my 
own fraternity i.e. the fraternity of JEE teachers. 


I would also like to motivate the students to send their suggestions or the changes that 
they want to be incorporated in this book. All the suggestions given by you all will be 
kept in prime focus at the time of next revision of the book. 


Amit M. Agarwal 
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Session 1 


Cesare te fs 


Measurement of Angles 


The word ‘Trigonometry’ is derived from two Greek words. 


(i) trigonon (ii) metron 
The word trigonon means a triangle and the word metron 
mean a measure. Hence, trigonometry means measuring 
the sides and angle of triangle. The subject was originally 
develop to solve geometric problems involving triangle. 


Angle 


In trigonometry, as in case of geometry. Angle is measure 
of rotation from the direction of one ray about its initial 
point. The original ray called the initial side and the final 
position of the ray after rotation is called the terminal side 
of the angle. The point of rotation is called the vertex. If 
the direction of rotation is anti-clockwise, the angle is said 
to be positive and if the direction of rotation is clockwise, 
then the angle is negative 


Pp 
O Initial side x 
Ne i] 
S 
a 
a> 
SOB 
O “Initial side - P 
(i) Positive angle (ii) Negative angle 


Measurement of Angles 


There are three systems used for the measurement of 
angles. 


1. Sexagesimal system or English system (degree) 
2. Circular measurement (radian) 
3. Centesimal system or French system (grade) 


We shall describe the units of measurement of angle 
which are most commonly used, i.e sexagesimal system 


(degree measure) and circular measurement (radian 
measure) 


1. Sexagesimal or Degree measure If a rotation from 
the initial side to the terminal side is (1/360)th of a 
revolution, the angle is said to have a measure of one 
degree, written as 1°. A degree is divided into 60 
minutes, and a minute is divided into 60 seconds. One 
sixtieth of a degree is called a minute, written as 1’; 
one sixtieth of minute is called a second, written as 1”. 
Thus, 1° =60’ and 1’ = 60”. 


nr em = TT Tee VT SoS TSE WS US Ort oe 


2. Circular measurement or Radian measure The 
angle subtended at the centre of a circle by an arc 
whose length is equal to the radius of the circle is 
called a radian and denoted by 1°. 


3. Centesimal or French system In this system of 
measurement a right angle is divided into 100 equal 
parts called Grades. Each grade is then divided into 
100 equal parts called minutes and each minute is 
further divided into 100 equal parts called Seconds. 


Thus, right angle = 100° 
1?-=100° 
1’ =100” 


Note 


Angle of 90° is called a right angle 1 of centesimal system # 1’ of 
sexagesimal system 1” of centesimal system # 1” of sexagesimal 
system. 


This system of measurement of angles is not commonly used 
and so here we will not study this system of measurement of 
angles. 


Radian is a Constant Angle 


Let ABC be a circle whose centre is O and radius is-r. Let 
the length of arc AB of the circle by equal to r. Then by 
the definition of radian. 


ZAOB = 1 radian 


Produce AO and let it cut the circle at C. Then AC is a 
diameter of the circle and arc ABC is equal to half the 
circumference of the circle. 

Also ZAOC =2 right angle = 180° 


By geometry, we know that angles subtended at the centre 


of a circle are proportional to the lengths of the arcs 
which subtend them 


ZAOB~ arc AB lg r 
= or — 


180° 


2nr 
2 
[:. circumference of the circle = 277] 


e ight an 
an = 180° _ 2 right angle _ - nstant 


ZAOC arc ABC 


[since a right angle and 7 are constants] 


Relation between Radians and Real 
Numbers 


Consider a unit circle with center O. Let A 
be any point on the circle. Consider OA as 
the initial side of an angle. Then the 
length of an arc of the circle gives the 
radian measure of the angle which the arc 
subtends at the center of the circle. 
Consider line PAQ which is tangent to the 
circle at A. Let point A represents the real 
number zero, AP represents a positive real 
number, and AQ represents a negative 
real number. If we rope line AP in the counter-clockwise 
direction along the circle, and AQ in the clockwise 
direction, then every real number corresponds to a radian 
measure and conversely. Thus, radian measures and real 
numbers can be considered as one and the same. 


Relation between Degree and Radian 
It follows that the magnitude in radian of one complete 
revolution (360 degree) is the length of the entire 


é = , amr 
circumference divided by the radius, or —— or 217. 
r 


Therefore, 27 radian = 360° 
or m™ radian = 180° 


or 1 radian = fl 57°16’ (approximately) 
T 
Again, 180° = 7 radian 


21° =— = radian = 0.01746 radian (approximately) 
180 


’ Tt 
Thus radian measure of an angle = ia X degree measure 


of the angle and degree measure of an angle = = x 
T 


radian measure of the angle. 


Thus if the measure of an angle in degrees, and radians be 
D and C respectively, then 
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The Relation between Degree Measures and 
Radian Measures of Some Common Angles 


Note 


(i) Radian is the unit to measure angle and it does not means 
that x stands for 180°, x is a real number. Where as x‘ 
stands for 180°. 

Remember the relation radians = 180 degrees = 200 
grade. 

(ii) The number of radians in an angle subtended by an arc of a 


ir 
circle at the centre is equal to als F 
radius 


=> e=5 
c 


| Example 1. Convert 40°21’ into radian measure. 
Sol. We know that 180° = 7 radian. 


Hence 40°21’ = 40: degree 
Tt 121 1217 
=— xX — an = —— radian 
180 3 540 
21% 
Therefore 40°21’ = — radian 


| Example 2. Express the following angle in degrees. 


() (5n)° ‘i s(i8) 
(12) Vi] 
(iti) ; (iv) - 
Sol (sn\ (5x _ 180°? 
OF “so = (5x 15)? = 75° 
o-(3)--e) 
12 122 2) 
=~(7 x 15) =— 105° 
can(2) = “(3x : a -(2)- 19° 5’ 27” 
T 
Ge. 180)° 
(iv) - =| x "7 = -—(2x20)? = — 40° 


I Example 3. Express the following angle in degrees, 
minutes and seconds form 
(321.9)° 
Sol. (321.9 = 321° + 09° 
= 321° + (09° x 60)’ 
= 321° + 54’ = 321°54’ 


4 Textbook of Trigonometry 


2n‘ 
| Example 4. In AABC, m ZA= 


Find m ZC in both the systems. 
Sol. mZA= = -(2 x mal =3120° 


3 Tt 
mZB= 45° 
-(4 x=) _ 
180 4 


In AABC, m ZA + mZB+mZC = 180° 
** The sum of angles of a triangle is 180° 
120° + 45° + m ZC = 180° 
165° + m ZC = 180° 
m ZC = 180° — 165° 
m ZC = 15° 


Y vUUUY 


| Example 5. The sum of two angles is 52° and their 
difference is 60°. Find the angles in degrees. 
Sol. Let the angles be x and y in degrees. 


( 180 \° 


Then, x+y=50 => x+y=|5nx— | 
\ nm) 


x+y =900° (i) 
x-y=60 (ii) 
On adding Eqs. (i) and (ii), we get 
2x = 960° 
x = 480° 
On putting x = 480° in Eq. (i), we get 
480° + y = 900° 
, y = 420° 
*. Hence, the angles are 480° and 420°. 


I ~— 6. One angle of a quadrilateral has measure 
c 


ratio 2: 3: 4. Find their measures in radians and in 
degrees. 
Sol. One angle = = -(# x =| =I" 
“ay o Tt , 
Since, measures of other three angles are in the ratio 
2:3: 4. Let the angle be 2k, 3k and 4k measured in degree. 
. Sum of all angles of quadrilateral = 360° 
72° + 2k + 3k + 4k = 360° 
9k = 288° = k =32° 
.. The other three angles are 
2k =2 x32 = 64° 


=> 
=> 


3k =3 X32 = 96 

4k = 4 x 32 = 128° 
.. The other three angles measured in degree are 64°, 96° 
and 128°. 
The angles in radians are 


16n° 
Sita 65 Ee 
(180) 45 
Ne ¢ 
81 
96° = (96 x aE ~ 
180°) 15 
( ¢€ c 
128° =| [128 x=) Le 
\ 80) 45 
.. The other three angles measured in radian are 


167° 87° 327° 


: an 
45 15 45 


| Example 7. Express the following angles in radians. 


(i) 120° (ii) — 600° 
(iii) — 144° 
{ nT c 
Sol. (i) 120° =| 120x —-| = —— 
oe \ ‘ =)\-% 3 


(ii) — 600° = -( 600 x i) ee 


‘a nm \ 
iii) — 144° =| - 144 x —— |= 
(itl) \ 180) 5 


| Example 8. If the three angles of a quadrilateral are 
51 
60°, 608 and a Then, find the fourth angle. 
Sol. First angle = 60° 
Second angle = 60* = 60 x — degrees = 54° 


_ 2% 180 


Third angle = = radian = 150° 


Fourth angle = 360° — (60° + 54° + 150°) = 96° 


| Example 9. In a circle of diameter 40 cm, the length 
of a chord is 20 cm. Find the length of minor arc 
corresponding to the chord. 
Sol. Let arc AB=S. It is given that OA = 20 cm and chord 
AB = 20 cm. Therefore, AOAB is an equilateral triangle. 
B 


Hence, ZAOB = 60° 


=| 60x —— 
Now, Ga" °. 
radius 
un S 
=> -=— 
3 2 


| Example 10. in the circle of 5 cm. radius, what is the 
length of the arc which subtends and angle of 33°15’ at 
the centre. 
Sol. Here, r =5 cm; 15’ = WP -(2) 
60 \4 
@ = 33°15’ =33 + ae degrees 
4 4 


133m _ 133-22 _ 1463 


ts Se radians 
4 180 4 7X180 2520 
l 
Now, 8 =- 
Pi 
1463 65 
1=6r =—— x 5 =2— cm (approx. 
2520 72 a 


| Example 11. The minute hand of a watch is 35 cm 
long. How far does its tip move in 18 minutes? 


( 22 
use 7 = — 
7) 
Sol. The minute hand of a watch completes one revolution in 
60 minutes. Therefore the angle traced by a minute hand 


in 60 minutes = 360° = 27 radians. 
. Angle traced by the minute hand in 18 minutes 


= 27 X Te radians = cl radians 
60 5 


Let the distance moved by the tip in 18 minutes be J, then 
l=r8 
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31 
=35 x E =21n =21x — = 660m 


| Example 12. The wheel of a railway carriage is 40 
cm. in diameter and makes 6 revolutions in a second; 
how fast is the train going? 

Sol. Diameter of the wheel = 40 cm 


. radius of the wheel = 20cm 

Circumference of the wheel = 27r = 2n x 20 = 40m cm 
Number of revolutions made in 1 second = 6 

.. Distance covered in 1 second = 407 x 6 = 240% cm 
. Speed of the train = 2407 cm/sec. 


| Example 13. Assuming that a person of normal sight 
can read print at such a distance that the letters 
subtend an angle of 5’ at his eye, find the height of 
the letters that he can read at a distance of 12 metres. 
Sol. Let the height of the letters be h metres. 


Now, hk many be considered as the arc of a circle of radius 
12 m, which.subtends an angle of 5’ at its centre. 


ff \ a 
j 5 Tt 2 : 
@=5 =| <5 % sp | Tadians = radian 
60 180 | 12 x 180, 
and r=12m 
h=r8=12x z (_ | metres = 1.7 cm 


12x180 180) 


Exercise for Session 1 


1. The difference between two acute angles of a right angle triangle is =u rad. Find the angles in degree. 


2. Find the length of an arc of a circle of radius 6 cm subtending an angle of 15° at the centre. 


3. Ahorse is tied to post by a rope. If the horse moves along circular path always keeping the tight and describes 
88 m, when it has traced out 72° at centre, find the length of rope. 


4. Find the angle between the minute hand and hour hand of a clock, when the time is 7:30 pm. 


5. If OQ makes 4 revolutions in 1s, find the angular velocity in radians per second. 


6. {fa train is moving on the circular path of 1500 m radius at the rate of 66 km/h, find the angle in radian, if it has 


in 10 second. 


7. Find the distance from the eye at which a coin of 2.2 cm diameter should be held so as to conceal the full moon 


with angular diameter 30’. 


8. The wheel of a railway carriage is 40 cm in diameter and makes 7 revolutions in a second, find the speed of train. 


9. Assuming that a person of normal sight can read print at such a distance that the letters subtend an angle of 5’ 
at his eye, find the height of letters that he can read a distance of 12 m. 


10. 


For each natural number k, let C, denotes the circle with radius k cm and centre at origin. On the circle C,, a 


particle moves k cm in the counter-clockwise direction. After completing its motion on C,, the particle moves on 
C,,, , in the radial direction. The motion of the particle continues in this manner. The particle starts at (1, 0). If 
the particle crosses the positive direction of the x-axis for the first time on the circle C,, then n is equal to 
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Definition of Trigonometric Functions 


Definition of Trigonometric 
Functions 


An angle whose measure is greater than 0° but less than 
90° is called an acute angle. 


In a right angled triangle ABC, ZCAB = A and ZBCA =90° 
= 1/2. AC is the base, BC the altitude and AB is the 
hypotenuse. We refer to the base as the adjacent side and 
to the altitude as the opposite side. There are six 
trigonometric ratios, also called trigonometric functions 
or circular functions with reference to ZA, the six ratio 
are 

B 


A C 
pee Spposite side. is called sine of A, and written as 
AB hypotenuse 
sin A. — 

AC adj i 
—se EgjacenUsids: is called the cosine of A, and written 
AB hypotenuse 
as cos A. 

aa = Opposite aide: is called the tangent of A, and written 


as tan A 


adjacent side 


AB hypot ' : 
—s= eid dea is called cosecant of A, and written as 
BC opposite side 


cosec A. 

oe Jaupotenuse is called secant of A, and written as 
AC opposite side 

sec A. 

Be Sgiscenbeide, is called cotangent of A, and written 
BC opposite side 
as cot A. 

Since, the hypotenuse is the greatest side in a right angle 
triangle, sin A and cos A can never be greater than unity 
and cosec A and sec A can never be less than unity. 


Hence, |sin A| $1,cos A] <1], |cosec A|21,|sec A| 21, 
while tan A and cot A may have any numerical value lying 
between — to +0, 


Note 
Student must remember the following results 
(i) -issinAs1 (ii) -1<scos AS1 
(iii) cosec A210rcosec AS—-1_ (iv) secA21 or secAs~—1 
(v) tanAeR (vi) cotAEeR 


Some values of Trigonometrical Ratios 


Students are already familiar with the values of sin, cos, 
tan, cot, sec and cosec of angles 0°, 30°, 45°, 60° and 90° 
which have been given in the following table 


oP 30° 4° 60° 9° 
sin 0 1 | v3 1 
2 E55 2 
cos l W3 l 1 0 
7 a 2 
tan 0 ] oe 3 undefined 
43 
cot undefined 1/3 | a 0 
3 
sec l a 2 2 undefined 
3 ; 
cosec undefined 2 J2 1 


Trigonometric Identities 


Trigonometric identities are equalities that involve 
trigonometric functions that are true for every single 
value of the occurring variables. In other words, they are 
equations that hold true regardless of the value of the 
angles being chosen. 


Trigonometric identities are as follows 
1. sin? A+cos? A=1 = cos? A=1-sin’ A 
or sin? A=1-cos’ A 
2.1+tan* A=sec’A => sec? A—tan? A=1 
3. cot? A +1=cosec? A 


=  cosec*A-—cot? A=1 


‘jaees 
sinA 


5. Fundamental inequalities: For0< A< 1% / 2; 


decode he J 


tanA= eas and co 
cos A 


cos A 


6. It is possible to express trigonometrical ratios in terms 
of any one of them as, 


sin8 ee See 
yi+cot?6 
cos6 ca EO tan8 gt 
1+cot’6 cot@ 


Soe !1+cot?6 
cosec 8 =./1 + cot* 8, sec carer ta 
co 


i.e. all trigonometrical functions have been expressed 
in terms of cot 6. 


Similarly, we can express all trigonometric function 
in other trigonometric ratios. 


| Example 14. Show that 2(sin® x + cos® x) 
— 3(sin* x+cos* x)+1=0, 
Sol. 2Asin® x +cos® x) - Xsin* x + cos‘ x) +1 
= 2[(sin? x)’ +(cos” x)’]— Xsin‘* x + cos‘ x) +1 
= (sin? x+ cos’ x)? — 3sin’ x cos’ x 
(sin? x + cos’ x) —3[sin? x + cos’ x)* —2sin’ xcos’ x] +1 


=2[1+3sin’ x cos’ x]—3[1—2sin’ x cos’ x]+1=0 


| Example 15. Show that 
(i) sin® A—cos® A=(sin? A—cos? A) 
(1—2sin? A-cos? A) 
a ee 
secA-tanA cosA cosA secA+tanA 
Sol. (i) L.H.S. =sin* A — cos® A =(sin‘ A)’ —(cos‘ AY 
=(sin‘ A—cos* A)(sin* A +cos* A) 
=(sin’? A — cos? A) (sin?.A + cos” A) 
[(sin? A + cos? A)’ - 2sin’A cos’ A] 
= (sin? A — cos’ A)(1—2sin? Acos” A) 
(sin? A+ cos? A = 1] 


capisty 2. 1 1 1 1 
(ii) Given, ——————  - ——— = —— - —______ 
secA-tanA cosA cosA secA+tanA 
1 1 1 1 
of —————_ + —_-——_= + 
secA~-tan A secA+tanA cosA cosA 
Here, R.H.S. = Z 


cos A 
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1 1 
sec A — tanA secA + tanA 
os sec A +tan A+sec A -tanA 2 
~ (sec A — tan A)(sec A +tan A) 
Thus, L.H.S. = R.HS. 


Now LHS.= 


cosA 


| Example 16. If tan@ + sec 6 =1.5, find sin@, tané 
and sec 0. 


Sol. Given, sec@ + tan 8 = . (i) 
1 2 
Now, sec @ — tan 8 = ——————_ = - ...(ii) 
sec8+tan@ 3 
Adding Egg. (i) and (ii), we get A 
2sec8 = 3 + a = Oe 
2 3 
13 13 
sec § = — 
12 : 
tan 8 =~ 
12 (\ 
5 B 12 C 
and sin 8 =— 
13 
cos* ae sin* 
| Example 17. if ———-+—— =1, then prove that 
cos 7B *B 
(i) sin* A+sin® B=2sin? Asin’ B 


cos’ B_ sin’ B 
=a ea 
cos A sin A 


(ii) 


Sol. Given, oes ae a =1(cos’ A + sin’ A) 
cos’B_sin’B 
4 4 
or 008 A cost A sin? a - SLA 
cos’ B sin” B 
gs cos’ A(cos’ A— cos’ B) = a sin’ B-sin’ A) 
cos” B sin’ B 
or cos” = (cos? A- cos” p= A 
B 
ae B)-(1-— cos’ A)} 
or cos’ A ——— (cos” A — cos 2 py = 0 =e 5 (cos? A- cos’ B) 
cos’ B 
2 24) 
or (cos’ A- cos’ B) oe - my * 
cos B sin’B | 


When cos’ A-— cos’ B = 0, we have 


cos’ A = cos’ B wei) 
2 o 2 
ae all 7 a A anwelave 
cos’ B sin’ B 


cos’ A sin? B= sin’ A cos’ B 
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or cos* A(1 — cos? B) =(1— cos” A) cos’ B 
or cos°A — cos” Acos”? B= cos’ B— cos’ A cos’ B 
or cos* A =cos’ B ...(ii) 


Thus, in both the cases, cos? A = cos’ B. Therefore, 
1-sin? A=1-sin’ Borsin’? A=sin’ B ...(iii) 

(i) L.H.S. = sin‘ A +sin* B 

= (sin? A — sin’ B)* +2sin?A sin’ B 

=2sin’Asin?B=RHS. [+ sin? A=sin? B) 

_ cos* B sin* B_ cos‘B | sin‘ B 

"cos? A sin?A 


= cos’ B+sin?B=1=RHS. 


cos? B_ sin* B 


[ Example 18. If tan? 6 =1-e?, prove that 
3 


sec 8 + tan® @ cosec 8 =(2-e7)? 
Sol. Given, tan? 9 =1-e? 
Now, L.H.S. = sec 8 + tan’ 6 cosec 8 


rl 
=sec@ (, + tan? @ << G 


\ sec 8 


= sec 6(1 + tan’ 0 - cot 6) = sec 0(1 + tan? 6) = sec @ sec’ 0 


3 3 3 1 
= sec’ 8 =(sec’ 6)? =(1 + tan?@)? =(1+1—e?)? =(2-e?)? 


| Example 19. For what real values of x and y is the 


4xy 


equation sec? @ = ——~— possible? 
a (x+y)? P 


Sol. Here, sec’6 = ay 5 
(x + y) 
2 4xy 
We know _ sec@21 and >$1  [asAM2GM] 
(x +y) 
= sect = = is only possible if sec’@ = 1 
+ y) 
ei -=1LVx,yeR 
(x+y) | 
or 4xy =(x+y)’ Vx,yeR 
=> x+y? +2xy-4xy=0, Vx,ye R* 
ss (x - y)’ =0, Vx,yeR 
or x=y; Vx,yEeR 


lg 
[ Example 20. Show that the equation sin @ = x + ~ is 
impossible if x is real. 


Sol. Given, sin 6 = x + ba 
x 


, 1 1 
sin’ 9 = x? + — + 2x-— 
x x 


=x?+— +222 
x 


which is not possible since sin? 6 < 1 


Exercise for Session 2 


NOUR WON A 


sin‘ x cos‘ x sin® x 
8. if + 


2 3 


= 2 then show that 


Prove that (cosec 6 — sin 6) (sec 8 — cos 6) (tan 6 + cot 6) =1. 

Ifcos? a — sin? a = tan? B, then show that tan? a =cos? B - sin? 8. 

if sin® 6+ cos* @—1=Asin? Ocos? @, find the value of A. . 

If a cos 8-—b sin 6=c, then find the value of a sin @ + b cos 4 

Find the value of 3(sin x — cos x)‘ + 6(sin x + cos x)? + 4(sin® x + cos® x). 

If sin @ + cosec @ = 2, then find the value of sin” 6 + cosec”°6, 

Let F(x) = . (sin* x + cos* x), where x ER and k 21, then find the value of F,(x) -— F,(x). 


cos*x 1 


27.125 


9. Ifcot 6+ tan @=x and sec 6 —cos 6 = y, then show that sin 6-cos = orsin 6-tanO@=y 
x 


or (x?y)*? = (xy? )?? 2 1 


10. ifsin A+ sin? A+sin® A=1, then find the value of cos® A—4 cos‘ A+ 8cos? A. 


Session 3 


Application of Basic Trigonometry on Eliminating 
Variables or Parameters and Geometry 


Application of Basic 
Trigonometry on Eliminating 
Variables or Parameters 


As we know, parameter are those values which could 
vary, e.g. 8 if parameter could take any value as; 


8 =0°, 30°, 45°, 60°, 90°, 120°, ... 


Thus, to eliminate these parameter, we have to use basic 
trigonometric formulae, it could be more clear by some 
examples : 


| Example 21. If cosec 6 — sin 6 =m and 
sec 8 —cos 6 =n, eliminate 8. 


1 é 
Sol. Given, cosec 6 — sin 8 = m or, —— -sin8=m 
sin 8 


1-sin? 6 cos’ @ 
=mo =m 


or, r wel 
sin 8 sin 8 0) 
Again sec8 -cos@ =n 
or —cos8=n 
cos 6 
1— cos’ @ sin’ 8 . 
or ———=nor =n ...{ii) 
cos 8 cos 8 
cos’ 
From Eq. (i) sin@ = (iti) 
bea tes ais cos‘ @ ; : 
Putting in (ii), we get— =n or,cos 6 =m'n 
m’ cos 8 
ts 2 
'. cos 8 =(m'n)} or, cos’ 8 =(m’n)? (iv) 
2 
2 203 
From Eq. (iii), sin 8 = so B (nny 
m 
42 : 
3n3 i: i 
=O = mind =(mn’)3 
m 
2 
sin’? =(mn’)! (V) 


Adding Eqs. (iv) and (v), we get 
2 2 


(m?n)3 +(mn?)3 = cos? 6 + sin? 
2 
or, (m’n)3 +(mn’) 


| Example 22. If 3sin@ + 4cos@ = 5, then find the 

value of 4sin@ — 3cos@. 

Sol. Let 4sin® — 3cos@ =a (i) 
Thus, we want to eliminate 6 from both 3sin8 + 4cos8 =5 
and 4sin@ — 3cos@ = a, i.e. squaring and adding these 
equations, we get 

(3sin® + 4cos6)’ + (4sin® —3cos0)’ = 25+ a’ 
9sin’® + 16cos’O + 24sin® cos® 
+ 16sin?@ + 9cos’O — 24cos@ sin® = 25 + a’ 
9+16=25+a@ or a’ =0 
a=0 
4sin8 — 3cos8 =0 


| Example 23. If aseca —ctana =d and 
bseca+d tana =c, then eliminate a from above 


equations. 
Sol. Here, aseca —ctana =d and bseca + dtana =c could be 
written as 
a=dcosa + csina i) 
and b=ccosa — dsina (il) 


On squaring and adding Eqs. (i) and (ii), we get 
a’ +b’ =(dcosa + csina)’ +(ccosa - dsina)’ 
=> @+b'=d’'cos’a +c’sin’a +2dccosasina 
+c? cos’? + d’sin’a—-2cd cosa sina. 
= d?(cos’a + sin’?a)+ ¢7(sin’a + cosa) 


av+P=act+d’ 


| Example 24. Eliminate 6 between the equations 
asec 6 +b tan6+c =O and psec 6+qtanO+r=0. 


Sol. Given asec68 +btanO6+c=0 (i) 
and psec@+qtanO +r =0 ...{ii) 
Solving Eqs. (i) and (ii) by cross multiplication method, we 
have 

seccO®  tan® 1 
br-qce pc-ar aq-pb 
(i) (ii) (iii) 
From Eqs. (i) and (iii), we get 
seco = 7 — 4 {iii 


aq — pb 
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From Eqs. (ii) and (iii), we get 
...{iv) 


sec” @ — tan? 0@=1 


( br - qe) -(=a0) - 
@ = 7) aq ~ pb ) 
or (br — qc)’ — (pe — ar)’ =(aq — pb)’ 
| Example 25. if x =sec @-tan@ and 
y =cosec 8 + cot 8, then prove that xy +1= y — x. 


: Nf & 
Sol. xy +1= 1-sin 8 \{ 1+ cos 8 a 1-sin 8 + cos 8 
cos 8 sin 8 sin 8 cos 8 


B® 

= (sin? @ + cos’ ®) _ (sin 8 — cos 9) 
sin 8 cos 8 sin 8 cos 8 

= (tan @ + cot 6) —(sec 8 — cosec 8) 


=(cosec 8 + cot 8) —(sec 8 — tan6)=y-x 


| Example 26. If x =rsin@ cos 6, y =rsin@ sin o and 
z=rcos 6. Find the value of x? + y?+2z?. 
Sol. Here, , 
x? +y'>+z’=r’ sin’ 0 cos’? o+r’ sin’ O sin’ +r’ cos’ 0 
=r’ sin’ O(cos’ $+ sin? 6) +r? cos’ 6 
=r’sin’@ +r’ cos’ 6 
=r? 
. ety 42? =r’ 
T oo 
| Example 27. ifo<@ <5iX= Yicos”” 8, 


n=0 


y = }'sin” 6 andz = }'cos™ @-sin™ 6, then show 


n=0 n=O 
xyz =xy +z. 


Sol. Here, x = Yi cos™ @ =1+cos?6 + cos‘ 8 + cos’ 6 +... 


nad 
sal 1 


cS 1 —- cos’ Q sin? @ 
[using, S. = nae sum of infinite GP] 
-r 


a 
1-sin?@ cos?@ 
and , ie ce 
1-sin’ @-cos’ 0 
_ 1 
~ sin? 8 cos? 6 (1 — sin? 0 cos’ 8) 
a= sin’ 8 cos’ 6) +(sin? @ cos” ) 
~ sin? @ cos? @ (1 — sin? @ cos? 6) 


Similarly, 


y= 


1 1, 
Mo Gan © 
sin’ 8 cos“ 6 


=xy+z 


1—sin* 0 cos’ 0 


Application of Basic 
Trigonometry in Geometry 


| Example 28. If in given fig, tan (ZBAO) = 3, then find 
the ratio BC :CA. | 


Sol. From Fig., we have 
tan 8 =3 
In AOCA and AOCB respectively, we get 


OS etn ote 
BC 


AC 

On dividing, we get 

or BE te tanto 
AC cot@ 


= BC: AC =9:1 
i Example 29. If angle C of triangle ABC is 90°, then 
2 . 
prove that tanA+ tanB = — (where,a, b, c are sides 
a 


opposite to angles A, B, C, respectively). 
Sol. Draw AABC with ZC =90°. We have 


B 5 2 


| Example 30. In triangle ABC, BC = 8, CA=6, and AB 


= 10. A line dividing the triangle ABC into two regions 
of equal area is perpendicular to AB at point X. Find 


the value of —=. 
V2 
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Sol. C Sol. From Fig. we have 
y 
6 8 
p X z B 
10’ « 


We have area of AXYB = ; area of AABC 


Lixy).(xB)=1x1xACx BC 
2 2 2 


of EXY x y) _8x6 = 24 
ae 2 
or xXx tan B=24 (" y = xtan B] 
si xx 3224 [- tan B = AC 
4 BC 
or x? =320r x = 42 
| Example 31. Let PQ and RS be tangents at the 
extremities of the diameter PR or a circle of radius r. If or ( PR)’ = PQ x PS 
PS and RQ intersect at a point X on the circumference or (ar)? = PQ x PS 


of the circle, then prove that 2r = PQ XRS. ou ar = PQ x PS 


Exercise for Session 3 


1. Ifsec@+ tan 0=k, find the value of cos @. 

2. Ifx sin? 6+ y cos* @=sin @cos Band x sin 8=y cos @ 

Find the value of x? + y?. 

IfsinA+cos A=m andsin® A+cos® A=n, prove thatm* -3m + 2n =0. 


xr +y? +1 
2 


Ifsin? 6 = . Find the value of x and y. 


Ifsin @- V6 cos @=7 cos 8. Prove that cos 6+ V6 sin 6- V7 sin @=0. 


Ifsin x + sin y + Sinz =3, Find the value of cos x + cos y + Cos Z. 


it~ cos 0+ X sin @=1 ~ sin @-~ cos 6 =1 then eliminate 6 
a b a b 


NOM RR Ww 


8. Ifasin? x +b cos’ x =c,b sin’ y + acos” y =d anda tanx =b taniy then proveltial soe = (esa). 
b?  (b-c)(b —d) 


9. Ifa+b tan@=sec and b —a tan 8 =3 sec 8, then find the value of a” +b". 


10. Two circles of radii 4 cm and 1 cm touch each other externally and 8 is the angle contained by their direct 
common tangents. Find the value of sin ; + COS : 


Session 4 


Signs and Graph of Trigonometric Functions 


Signs of Trigonometric . 
Functions 


The signs of the trigonometric ratios of an angle depend 
on the quadrant in which the terminal side of the angle 
lies. We always take OP =r to be positive (see figure). 
Thus the signs of all the trigonometric ratios depend on 
the signs of x and/or y. 


*d 


An angle is said to be in that quadrant in which its 
terminal ray lies 
' For positive acute angles this definition gives the same 
result as in case of a right angled triangle since x and y 
are both positive for any point in the first quadrant and 
consequently they are the length of base and 
perpendicular of the angle 8. 

Y 


Second quadrant) First quadrant 


(sin, cosec ie 
a are positive) (all are positive) 
‘ a é 
Third quadrant| Fourth quadrant 
(tan, cot (cos, sec 
are positive) 


are positive) 


Y 


= > 


1. Clearly in first quadrant sin 9, cos 9, tan 9, cot 8, sec 8 
and cosec 6 are all positive as x, y are positive. 
2. In second quadrant, x is negative and y is positive, 
therefore, only sin 8 and cosec 6 are positive. 
_ 3. In third quadrant, x and y are both negative, 
therefore, only tan@ and cot@ are positive. 


4. In fourth quadrant, x is positive and y is negative, 
therefore, only cos@ and sec 8 are positive. 


Quadrant > I Il iil IV 
sin 6 + + - - 
cos@ + - - = 
tan @ + - + - 
cosec 8 + + ee = 
secO + - - ay 
cot@ + ~ + - 


Variation in the Values of . 
Trigonometric Functions in Different 
Quadrants 


We observe that in the first quadrant, as x increases from 


| San ‘ j 
0 to —, sin x increases from 0 to 1 and in the second 
2 
; T ‘ 
quadrant as x increases from A to 7, sin x decreases from 
1 to 0. 


3NC 
In the third quadrant, as x increases from 7 to ae sin x 


decreases from 0 to —1and finally, in the fourth quadrant, 


f . . 30 
sin x increases from —1 to 0 as x increase from : to 27. 


; 2nd 
Function Ist quadrant quadrant 3rd quadrant 4th quadrant 
sin®  TfromO0tol Jfrom1to0 Jfrom0to T from-Ito 


cos8 Lfromlto0 Lfrom0to Tfrom-1to T from0to! 
-!] 0 
tan 8 T from 0 to* T from--  T from 0 to T from— 


to0 to 0 
cot 8 Lfromoto0 Lfrom0to J fromtod | from 0 to 


sec 8 T fromltoc Tfrom-o Jdfrom—-Ito J from to] 
to—] — 09 
4 from ecto 1 T froml toc Tfrom-« J from— Ito 
to- 1] — 60 
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Note y 


+ eoand — are two symbols. These are not real numbers. When 
we Say that tan 6 increases from 0 to as 6 varies from 0 to > it 


means that tan@ increases in the interval (0. 4 and it attains 


arbitrarily large positive values as 6 tends to This rule applies to 


other trigonometric functions also. 


Graphs of Trigonometric 4. y= f(x) =cot x 


Domain —> R ~ nt, née I; Range > (— 9, ~); Period 3 


Functions f, 


As in case of algebraic function, we can have some idea 
about the nature of a trigonometric function by its graph. 
Graph has many important applications in mathematical 
problems. We shall discuss the graphs of trigonometrical 
functions. We know that sin x, cos x, sec x and cosec x are 
periodic functions with period 27 and tan x and cot x are 
trigonometric functions of period 7. Also if the period of 


function f(x) is T, then period of f(ax +0) is ai 
a 


5. y=f (x) =sec x 


- 13 
Graph and Other Useful Data of Pomerat) ane 
Trigonometric Functions Range — (—,—1]U[1,«) 
1. y= f(x) =sin x Period — 2m, sec” x,|sec x |€[1,°) 
‘Domain > R, ‘ 
Range >[{-1,1] 
Period — 27 


2. y = f(x) =cos x 6. y=f (x) =cosec x 
Domain — R, Range >[-1, 1] Domain > R ~ nt, ne I; 
Period > 27 Range > (—%, — 1]U[1, ») 
Period > 27, cosec? x, |cosec x | €[1, ce) 
MM 


3. y=f (x) =tan x 


Domain > R~(2n+1)7,ne I — 


Range — (—°, 09) 


letter tienietin tectvalion terete 


Period > 1 
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Transformation of the Graphs of ¥ y=sinx 
Trigonometric Functions 


1. To draw the graph of y = f(x +a);(a@>0) from the 


graph of y = f(x), shift the graph ofy=f(x),aunits | ee et Bee 
left along the x-axis. ; 
Consider the following illustration. Period of y =| # Lis on 4n 

y  —_, Y=Sin +1) \2 


a6 


To draw the graph of y = f(x —a);(a >0) from the ; 


graph of y = f(x), shift the graph of y = f(x), a units 4. Since y =| f(x)| 20, to draw the graph of y =| f(x)| 
right along the x-axis. take the mirror of the graph of y = f(x) in the x-axis 
Consider the following illustration. for f(x) <0, retaining the graph for f(x) >0. 


Consider the following illustrations. 
Here, period of f(x) =|sin x |is 7. 


2. To draw the graph of y = f(x) + a;(a>0) from the 
graph of y = f(x), shift the graph of y = f(x), a units 
upwards along the y-axis. 


To draw the graph of y = f(x) — a;(a>0) from the 


graph of y = f(x), shift the graph of y = f(x), a units 
downward along the y-axis, 


y 
PNG 4 Ne Aas 
| 7 y=008 x 
# ona i W1an/e On 
iN} Y% 1 7\ y=cos x-2 


5. Graph of y = af(x) from the graph of y f(x) 
ys, 


y=2 sinx 


Period of y =sin(2x) is = =T 


oo 
ee Pee 
qe eer rege 


Some Important Graphical Deductions 


To find relation between sin x, x and tanx 


(i) 


Thus, when — < x <0 
=> sinx >x 


(ii) 


T 
Shere EN eo 


(iii) In general, 


+. / Tt 
Thus, tan x >x >sins ¥ xe [0,2] 


\ 


/ 
and sin x >x>tanx,Vxel “79 


\ 
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| Example 32. Find the values of the other five 
trigonometric functions in each of the following 
questions 


(i) tan@ = = where @ is in third quadrant. 


(ii) sin® = = where 6 is in second quadrant. 


Sol. (i) Since 6 is in third quadrant, 
.. Only tan 6 and cot 6 are positive 


Now, tan 8 = x 
12 
12 
Therefore, cot@=—, 
5 
sin § = -—, 
13 
13 
cosec = — — 


re ea and sec aioe 
13 12 


(ii) Since 8 is in the second quadrant, 

. Only sin 8 and cosec 6 will be positive. 
Now, sin 8 = - 
Therefore, 


5 4 
cosec § = -, cos 9 = - -, 
3 5 


4 
and a 


| Example 33. If sind -= and 6 lies in the second 


quadrant, find the value of sec 6 + tan 0. 
Sol. We have sin’ 6 + cos’ 6 =1 


=> cos@ = +1~-sin’6 


In the second quadrant, cos 0 is negative 


cos 8 = - 1-sin’6 


1 sin§ 1+sin0 


Now, sec 9 + tan 8 = ——— + ——_= 
cos68 cos@ cos 8 
12 
__itsin® _ aan 
- V1 -sin’ 0 (2) 
13, 
2 25 
ae |: eer | ee 
BS |; ee 
¥169 13 
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| Example 34. Draw the graph of y = 3sin2x. 
Sol. sin x is a periodic function with period 27, therefore, 
sin 2x will be a periodic function of period = =T 


-—l1<sin2x <1 
—-353sin 2x $3 


Also - 


In order to draw the graph of y = cos (« - a we draw the 


graph of y = cos x and shift it on the right side through a 


; 1 r 
distance of rl unit. 


| Example 36. which of the following is the least? 


(a) sin 3 (b) sin2 


In order to draw the graph of y = 3sin 2x, draw the graph of 
(c) sin1 (d) sin7 


y =sin x and on X-axis change k to = ie. write 5 wherever 
Sol. (a) sin 3 = sin[x — (7 — 3)] = sin(m ~ 3) =sin (0.14) 


it is k. For example, write 15° in place of 30°, 45° in place of 
90° etc. 

On Y-axis change k to 3k, i.e. write 3k wherever it is k for 
example, write 3 in place of 1, — 3 in place of — 1, 1.5 in place 
of 0.5 etc. 

The graph of y =3 sin2x will be as given in the figure. 


| Example 35. Draw the graph of y =cos (x - 4 


N 
Sol. Given function is y =cos [« - a ..(i) 


Given function is Y = cos X, where 
X=x- 7 andY =y 


or Y=0=> y=0andxX =0 


sin 2 =sin[7x —(m — 2)] 
= sin(m — 2) =sin (1.14) 
sin 7 = sin[2m +(7 — 22)] 
= sin(7 — 27) =sin (0.72) 
Now,  1.14>1>0.72>0.14 
= — sin(1.14)>sin 1 >sin(0.72) >sin(0.14) 
[as 1.14, 0.72, 0.14 lie in the first quadrant and sine 
functions increase in the first quadrant] 


Hence, among the given values, sin3 is the least. 
Alternate solution 


From the graph, obviously sin3 is the least. 


| Example 37. Find the value of x for which 


f(x)=.Jsin x — cos x is defined, x € [0, 27]. 


Sol. f(x) =./sin x - cos x is defined if sin x 2 cos x. 
y, 


y=sin x 


% 
From the graph, sin x 2 cos x, for x € E - 
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| Example 38. Solve tan x>cot x, where x € [0,27]. 
Sol. y 


a 
---8 
“os 

se 
* 
a. 

a 
¥ 
La | 

a 
wv 


We find that tan x 2 cot x. Therefore, the values of tan x From the ae it is clear that 
are more than the value of cot x. J (3% 3m | eu 51 an), (7m 7x) 
That is, the value of x for which graph of y = tan x is above = iad te 4° sa 4 4°2) al 4 a J 


the graph of y = cot x. 


Exercise jor Session 4 


Poe 2eriter 


1. Iftanx --5, < xX <2n, find the value of 9sec* x -4 cot x. 


n|¢ 


2. Show that sin? x =p + il is impossible if x is real. 
p 


3. Ifcos x = - and x lies in the fourth quadrant find the values of cosec x + cot x. 
4, Draw the graph of y =sin x and y =sin 


5. Draw the graph of y =sec’ x — tan” x. Is f(x) periodic? If yes, what is its fundamental period? 


6. Prove that sin @< @< tan @for Ge (0 | 


7. Find the value of x for which f(x)=./sin x —cos x is defined, x €[0,27}. 
8. Draw the graph of y =sin x and y =cos x,0 $x <2n. 


9. Draw the graph of y =tan(3x). 


10. \fcos x =- ai and >< X <7, find the value of sin x. 
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Session 5 
Trigonometric Ratios of any Angle 


ie i aE 


Trigonometric Ratios of any Angle —cosec(-9) = -cosec@ 


/ 


Consider the system of rectangular coordinates axis T 
sec C - 2 =cosec 8 


dividing plane into four quadrants. A line OP makes angle 
8 with the positive x-axis. The angle 0 is said to be positive ; . 
if measured in counter clockwise direction from the sin| > 45 8 =cos@ 
positive x-axis and is negative if measured in clockwise 

sie sin(m — 6) =sin® 
The positive values of the trigonometric ratios in the se ® 
various quadrants are shown, the signs of the other ratios tan( —+6 
may be derived. ey, 


tan(z —6) =—tan® 


=—cot@ 


sec | 7 +0 | =—cosecO 
(2) 


sec (mm -0) =—sec 9 


tan 8, cot@ +ve | cos 9, sec 8 +ve sin +6) =—sin8 
be sin( —— ay lseeeeee 
2g 
3 tan(7z +6) = tan@ 
Note that zxoy = ©, 20Y' =n, LXOY’ = eS 
: é tan| = | =cot® 
P,Q, is positive if above the x-axis, negative if below the 2 


x-axis, OP, is always taken positive. OQ, is positive if along 


scsi 7, tee sec(1 +0) =—sec 8 
x-axis, negative if in oppositive direction. 


sec (-8) =sec8 
cosec (= - 8) =sec8 


cox( Z +0) =-sind 
2 / «. 
cos(m — 8) =-cos@ 
( \ 
cot| +0 ]=~tand 
aa 
cot( —8@) =—cot® 


ee 
cosec (= +6 !=sec@0 
2 


) 


cosec (n — 8) =cosec 9 
cos(m +0) =—cos@ 


cos( 2 _ 9 | =—sin8 
2 ) 


cot(m +8) =cot® 


cot( 37 - a | = tan8 


ke. 9 


cosec (7 +€) =—cosec@ 


cosec & -0| =-~sec8 
2 
cos{ = +0 =sin8 
2 
cos(2m —8) =cos® 
cot +6)= =—tan0 
a 


cot(2a ~9) =~cot® 


cosec (= +6) =—sec9 


) 


sec (2m —0) =secO cosec (27 — 8) = —cosec 8 


sin ZQ,OP, = PQ, se 3 8] =—cosec8 
OF, 
_ 0,9, sin! 3" +0) =—cos6 
cos Z2Q,OP, Op” NK 2 } 
PO. sin(27™ —9) =—sin®8 
tan Z0,0P, = a [i =1,2,3] ene) 
21 tan( 2 4 fp ee 
Thus, depending on signs of OQ, and P.Q,, the various 2) 
trigonometrical ratios will have different signs given tan(2m -@) =— tan 
sin(—8) = —sin® cos(— 8) =cos® (30 
eo, a sec; *F +0) =cosec0 
sini — -@|=cos6 cos 58} =sine \ 2 
we \2 
t -6) =—tan@ t(-6)=- 
ant ‘ ) ; an ft ( ») cot6 sin(2n +8) =sind 
tan! —-0|=cot® cot mle g > ss 
tof \2 °° an tan(27 +6) = tan 


sec (27 +8) =sec@ 


cos(2m +8) =cos@ 
cot (27 +8) =cot@ 


cosec (27 +6) =cosec@ 


Allied angles (or numbers) 


Two angles (or numbers) are called allied iff their sum or 


difference is a multiple of - For example, 7 and - are 


allied, = and a are allied. 


AID TO MEMORY 


You must have been overwhelmed by large number of 
formulae for allied angles (or numbers). Instead of memorising 
all of them, use the following rules 


1. Any trigonometric function of a real number nn + x(n /), 
treating x asO<x< > is numerically equal to the same 


function of x, with sign depending upon the quadrant in 
which the arc length (on the unit circle) terminates. The 
proper sign can be ascertained by ‘All — Sin - Tan - Cos’ 
rule. For example, sin(z + x)= — sin x; -ve sign was 
chosen because x + x lies in the third quadrant and sin is 
- ve in the third quadrant. 


ed 


Any trigonometric function of a real number (2n + 1) : +xm 


. Tw. : . 
treating xasO<x< 5 is numerically equal to cofunction 


of x, with sign depending upon the quadrant tn which the 
arc length (on the unit circle) terminates. Note that sin and 
cos are cofunctions of each other; tan and cot are 

. cofunctions of each other; sec and cosec are cofunctions 


(xn 
of each other. For example, se + xy = —COSEC xX, —Vve 
. 1 , 
sign was chosen because 3 + x lies in the second 


quadrant and sec is — ve in the second quadrant. 


|. Method 


To prove cog a8 8] = ¥sin® and ae a @| =cos® 
] 


Proof 
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=> -(cs0 £isin®) =cos{ = £0) + iin © 40) 
Ke \2 
ba (n 65 He 
= i-cos68 ¥sin8 =cos| —+0 tisin| | £0) 
(2 (2 


On comparing real and imaginary part of LHS and 
RHS, we get 


ll. Method 


To prove cos(m +6) =—cos@ and sin(z +0) =¥sin8 
e"*9 —cos(n +0) +isin(x £6) 

=> e™ -e*®) — cos(n +0) +isin(n +6) 

= —(cos(+@) +isin(+0)) =cos(x +6) +isin(z +6) 
On comparing real and imaginary part, we get 


Since, 


cos(m +8) =—cos® 
cos(m —8) =—cosO 
sin(t +8) =—sin® 
sin(z —@) =sin8 

| Example 39. Prove that 


1 
(i) sin’ # ees? = — tan? ae 
6 3 4 2 


ek aed ah we 3 
(ii) 2sin? F cosec? cos? = =2 
6 6 3 2 
a 5 
(iii) cot? ® y cose + 3tan? = =6 
6 6 6 


(iv) 2sin? 2h 56082 Fy 2sec? = =10 
4 4 5 


Sol. (i) We have, 
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(ii) We have, 


. 20 7% 
2sin’ 5 + cosec? —- cos’? — 
6 


2) 
(iii) We have, 
cet aveosec 4. 3tan?— 
6 6 6 
\2 a . , 2 
= [cot + cosec [" a +3 ( tan] 
6 6) ("6 
2 
: ] 
= (By +243( 4.) 
V3 
=34+24+1=6, 
(iv) We have, 


oe 
Osin? + 20087 + 250027 = 
4 4 3 


be 


= 1 \ 2 
=2( 3] +2() +20 


=1+1+8=10 


| Example 40. Prove that 
cos(90° + 6) sec(— 6) tan(180° — 8) _ 
sec(360° — 8) sin(180° + 6) cot(90° — 6) 


cos(90° + @) sec(— 8) tan(180° — 6) 
sec(360° — @) sin(180° + 8) cot(90° ~ 6) 
_ (sin 6)(sec 8) (— tan 9) 
~ (sec @) (— sin 8) (tan 6) 
=-1 


=RHS. 


Sol. L.HS. 


| Example 41, Show that tan 1° tan 2°... tan89° =1 
Sol. L.H.S. = (tan 1° tan 89°) (tan 2° -tan 88°)... 
= (tan 1° tan(90° — 1°)]-[tan 2° tan(90° — 2°)] 
... [tan 44° tan(90° — 44°)] tan 45° 
= (tan 1° - cot 1°) (tan 2° - cot 2°) 
... (tan 44° - cot 44°) tan 45° 
=1 [." tan 8 cot @ = 1 and tan 45° = 1] 


| Example 42. Show that 
1 
sin? 5° + sin? 10° + sin? 15° +...+sin? 90° = 95 


Sol. L.H.S. = (sin? 5° + sin? 85°) + (sin? 10° +sin” 80°) +... + 
(sin’ 40° + sin? 50°) + sin? 45° + sin? 90° 
= (sin? 5° + cos” 5°) +(sin’ 10 + cos” 10°) 
+... + (sin? 40° + cos? 40°) + sin? 45° +sin’ 90° 


2 
1 
satisierti4i4i4y)4() +1 
2 


=91 
2 


| Example 43. Find the value of 


27 2 30 2 oT , 7% 
COS" = + COS 0S FF C05" = 
16 16 16 16 
Sol. LHS. = cos? = + cos?=™ + cos? Gea + cos” (2-2) 
16 16 2 16 2 16 
Tt 
220 Ze +sin’ — 


ee: 12 
=cos —+cos —+sin — 
16 16 


( 2% in’ 2) ( a San 3) 
=! cos’ — +sin° —|+| cos” — +sin* — 
\ 16. 16 16 
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Exercise for Session 5 


—_ 


Find the value of tan =. 


Find the sign of sec 2000°. 


The value of cos P + cos 2 + cos 3° +... 


x? +y? 41 


sin? @= , then x must be. 


en - 


oC FPN FP A PR YD 


~~ 
S 


If Yioos 6, =n, then the value of Ssin 6, . 


fat 


Session 6 


=~ es 


+ cos 180°. 
Find the value of cos(270° + 6)cos(90° — @)-— sin(270° — 6)cos 6. 


If S, =cos” 6+ sin” 6, find the value of 3S, - 2S,. 


. Ifsinx + cosec x =2, then find the value of sin’ x + cosec”® x. 


-e- ™* = 4 then find the number of real solutions. 


Ifn<a< S then find the value of expression 4 sin’ a + sin? 2a + 4cos {s - 2) 


Trigonometric Ratios of Compound Angles 


Trigonometric Ratios of 
Compound Angles 


Algebraic sum of two or more angles is called a compound 
angle. If A, B, C are any angles then A + B, A—B, 
A+B+C,A-B+C,A-B-C,A+B-C , etc., are all 
compound angles. , 

Till now, we have learnt the values of trigonometric ratios 
between 0° to 360°. Now, we are going to learn the values 
of trigonometric ratios of compound angles. 


Note 


Trigonometric ratios if i.e. sine, cosine, tan, cot, sec and cosec 
are not distributed over addition and substraction of 2 angles. 


i.e. sin(A+ 8) #sinA+ sin8 
Proof : A=60°, B = 30° 
sin(90°) # sin60°+ sin30° 


The Addition Formula 


(i) sin(A +B) =sin Acos B+cos Asin B 


(ii) cos(A + B) =cos Acos B-sin Asin B 


(iii) tan(A +B) = tan A+tan B 
1-tan AtanB 
z 
Qf 90° 
Aap 
A -X 
O ML 


Let the revolving line starting from the position OX 
describe first ZXOY = A and then proceed further so as to 
describe ZYOZ = B in its position OZ. 


Then, ZXOZ=A+B 
In figure 6.1 A + B <90° and in figure 6.2 A +B>90° 


Let Q be a point on OZ. From Q draw QM | OX and 
QP | OY. From P draw PH 1 QM. 


Now, ZHPO = ZPOX = 


22 Textbook of Trigonometry 


ZOQPO =90° 
ZOPH =90°—A 
ZHQP=A 

In AQOM, 

sin(A +B) = 2M -QH +HM _QH + PL 
OQ ye) 

_QH , PL _QH OP, PL OP 
09°00 OP 0g oP 0g 
_ PL OP | QH OP 
OP 00 QP 00 


=sin POL- cos POQ +cos HQP : sin POQ 
=sin Acos B+cos Asin B 


From figure 6.1, cos(A + B) 2 SEAM OP Re 
Q OQ OQ 
From figure 6.2, cos(A + B) =— SE gt Ob 
0g sg 
_OL-ML _OL-PH 
OQ OQ 
.. In both cases cos(A + B) 
_OL PH _OL OP _ PH QP 


OQ OQ OP OQ QP OQ 
=cos POL: cos POQ —sin PQH «sin POQ 
=cos Acos B—sin Asin B 


In both cases 
n(Axnyee ote OF ee 
OM OL-ML OL-PH 
QH PL QH, PL 
= OL. Ob. OL. OL ...i) 
1 fH "PH Pl 
OL PL OL 
From sina AQPH and AOPL 
QA aH Pe ii) 
OL PL OP 
On putting the value from Eq. (ii) in Eq. (i), we get 
PQ , PL 
tan(A +B) =—GP _OL_ 
_PQ PL 
OP OL 
_ tanBt+tanA _ tanA+tanB 
“1-tanBtanA 1-tanAtanB 


‘* from APOQ, Fe = tan B, from APOL, FL =tan A 
OP OL 


Second Proof of Formulae 
1. cos(A + B) =cos A cos B —sin A sin B 


Proof Let O be the centre of a unit circle. 


R(cos (-8), sin (-8) 


y 
Let ZLOP = A radian, ere B radian, ZLOR =~ B 
radian 
(This angle has been measured in clockwise direction) 
Now ZLOQ=A+Band ZROP=A-B 
Since radius of circle is unity 

arc LP=A, arc PQ =B, arc LR=|-—B|=B 


{in formulae 6 = J 6 is always taken a positive] 
r 


Also as radius of the circle is 1. 
”. P =(cos A,sin A), 
Q=cos(A +B), sin(A + B), 
R=(cos(— B), sin(— B) orR =(cos B, — sin B) 
ALOQ = APOR 
LQ=PR 
= LQ? = PR’ 
=> [1-cos(A + B)]’ +[0 —sin(A + B)]’ 
=[cos A —cos(-B)]’ +[(sin A —sin(—- B)}’ 
=> 1+cos*(A +B) —2cos(A + B) +sin?(A +B) 
=(cos A —cos B)’ +(sin A —sin B)’ 
= 1+cos’(A +B) +sin?(A +B) —2cos(A +B) 
=> =cos* A+cos’ B-2cos Acos B +sin? A 
+sin’ B+2sin Asin B 
=  2-2cos(A+B)=(cos’? A+sin’ A) 
+(cos’ B +sin’ B) —2(cos Acos B—sin A sin B) 
= 2-2cos(A+B)=2-2(cos Acos B -sin Asin B) 
=> cos(A + B) =cos Acos B—sin Asin B (i) 
2. Putting — B in place of B in (1), we get 
cos(A — B) =cos Acos(— B) —sin A sin (— B) 
=cos Acos B +sin Asin B ...(ii) 


EEE _ OO EO es) he ee a _ 


3. sin(A + B) =cos E -(A 2) 


=cos|(E~a) 3 
2 - 
\ / \ 
=cos( EA |cos B+sin| 7 | | sin B 
2) (2) 


_ =sin Acos B +cos Asin B ...{iii) 
sin(A + B) 
cos(A + B) 


¥ sin Acos B+cos Asin B 


4. tan(A + B) = 


cos Acos B-sinAsin B 


tan A+tan B : 
I ...{iv) 
1-—tan A tan B 


[dividing numerator and 
denominator by cos A cos B] 
5. Putting — B in place of B in (3), we get 
sin(A — B) =sin Acos B-cos Asin B .(V) 
6. Putting — B in place of B in (4), we get 
tan(A~B) = an A— tan 3 vi) 
1+ tan Atan B 
cos(A + B) 
sin(A +B) 


_ cos Acos B -sin Asin B 


7. cot(A +B) = 


sin Acos B+cos Asin B 


cot Acot B-1 i 
= ——______ «:(Vii) 
cot B+cotA 
[dividing numerator and denominator by sin A sin B] 
8. Putting — B in place of B in (7), we get 
~ -1 
uAaBy = cot Acot B 
-cot B+cotA 
_ cot Acot B+1 


...(viii) 
cot B-cot A 


Third Proof by Complex Number Method 

The result of the sine, cosine and tangent of compound 
angle can also be derived using the concept of complex 
numbers as discussed. 


cos(A t B) +isin(A t B) =e*”) 

=e'4 . e*5) = (cos A + isin A)(cos(+ B) + isin(+ B)) 
=(cos Acos B ticos Asin B +isin Acos B ¥sin Asin B) 
=(cos Acos B ¥sin Asin B) +i (sin Acos A tcos Asin B) 
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Comparing real and imaginary parts of the left and right 
hand side, we get, 


cos(A + B) =(cos Acos B ¥sin Asin B) 
sin(A + B) =(sin Acos B tcos Asin B) 


(a) sin (A+ B)-sin(A- B) 
=sin’ A-sin? B =cos* B-cos? A 

| (b) cos (A+ B)-cos(A-8)=cos* A-sin? B 

Proof : (a) sin(A+ B)-sin(A— 8B) 
= (sin Acos B +cos Asin 8)(sin Acos B-cos Asin B) 
= sin? Acos? B -cos? Asin? B 
= sin? A(i-sin? B) -sin? B(1-sin? A) 
=sin* A-sin’ B 

(b) cos(A+ B)-cos(A- 8) 
= (cos Acos B -sin Asin B) (cos Acos 8 +sin Asin B) 
=cos’ Acos* B -sin? Asin® B 
=cos* A(i-sin? 8) -(1-cos* A)sin? B 
=cos’ A-sin? B 


i 

| TWO VERY IMPORTANT IDENTITIES 
| 

| 


| Example 44. Find the value of tan105°. 
| tan60° + tan 45° 


Sol. tan 105° = tan(60° + 45°) = ————__—_—_. 
1 — tan60° tan 45° 


~(2 +3) 


ji2234 Led 


tan105° = —(2+ V3) 


| Example 45. Prove that tan70° = tan20° + 2 tan 50°. 


tan20° + tan50° 
1— tan20° tan50° 
or tan70° — tan20°: tan50°-tan70° = tan20° + tan50° 
or tan70° = tan70° tan50° tan50° + tan 20° + tan50° 
= cot20° tan50° tan20° + tan20° + tan50° 
[-." tan70° = tan(90° — 20°) = cot20°] 
= 2tan50° + tan20° 


Sol. tan70° = tan(20° + 50°) = 


| Example 46. If A+B =45°, then show that 
(1+ tan A)(1+ tanB)=2. 
tanA+tanB __ tanA+tanB 
l-tanAtanB’  1-tanAtanB 
[as A + B= 45°, tan(A + B) = 1] 
tan A + tanB+tanAtanB=1 . 
or 1+tanA + tanB+tanAtanB=1+1 
[ adding ‘1’ on both sides] 
(1 + tan A) + tan B(1 + tan A)=2 
(1+ tan A)(1 + tanB)=2 


Sol. tan(A + B)= 


Y JU 
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tan 495° 
cot 855° 


Sol. tan 495° =tan (2.180° + 135°) = tan 135° = — 1 
cot 855° = cot(4.180° + 135°) 


| Example 47. Find the value of 


= cot 135° =—1 [" cot(4.180° + 8) = cot 8] 
tan 495° _ —-1_ 
cot 855° —1 


4nm +(—1)" uae where nis an 


4 


Example 48. Evaluate sin 


integer. ‘ 
Sol. -- sin(m + 6) =—sin® 


sin(nt+ 6) =(- 1)" sin® => sn +(-1) *| 
(-1) sin ( 1) | 
=(-1) (-1)' sin 7 [- sin(- @) = ~sin 6] 
*. sin{(-1)'6} = (-1)' sin8 
Tt 


T 1 
=(- 1)” sin — =sin — = 
4 4 


| Example 49. Prove that cos 18° — sin 18° = V2 sin 27° 


Sol. R.H.S. = V2 sin 27° =+/2 sin(45° — 18°) 
= V2(sin 45° cos 18° — cos 45° sin 18°) 


V4 \ 
= V2 | ee cos 18° ine 
\v2 V2 


= cos 18° — sin 18° 


=LHS. 


| Example 50. Show that cot (= + P| -cot (= - | = 
} 


ide ae 
cos| —+x]|cos|——x 
Sol, LHS)=—_3-—¢_—_* —_¢ 


_ (nx )s (; ) 
sini—+xisin|—-<x 
F ; 

1 


[| Example 51. If sina sinB — cos a cos B +1=0, Prove 


that 1+ cota tanB =0 
Sol. Given, sin « sin B —cos a@ cos B +1=0 
_ =  cosacosf-sina sinB =1 


=> cos(a +B) =1 ..(i) 


osa sin 
Now, 1+ cos @ tanB =1+4 © . B 


sina cosB 


_ sina cosB + cosa sinB _ 

‘ sin a cos B % 
0 —_ 
sin.a cos B 7 

[.-sin?(a + B)=1- cos(a +B)=1-1=0] 


sin (a +B) 
sin & cos B 


| Example 52. Prove that 


sin(B —C) Pi sin(C — A) rn sin(A—B) _ 
cosBcosC cosCcosA cosAcosB 


Sol. First term of L.H.S. 


.. sin(B-C) _ sin Bcos C — cos BsinC 
cos BcosC cos Bcos C 
_ sin BcosC _ cos BsinC 
~ cos BcosC cosBcosC 
= tan B-tanC 
Similarly, second term of L.H.S. = tan C — tan A and 3rd 


term of L.H.S. = tan A — tan B 
Now L.H.S.=(tan B- tan C)+(tan C — tan A) 
+(tan A — tan B)=0 


| Example 53. Show that tan 75° + cot 75° = 4. 
tan 45° + tan 30° 


Sol. tan 75° = tan(45° + 30°) = 
1— tan 45° tan 30° 


...(i) 


..(ii) 


and cot 75° = 


tan 75° + cot 75° 
_ v3 +1, V3-1 
ae Sed 
_ (V3 +1)? +(v3 - 1)? 
(43-1) (V3 +1) 


(4 + 2V3) +(4-2V3) 8 


= ee 


Now, L.H.S. = 


[from Eqs. (i) and (ii)} 


nsina cos a 
| Example 54. If tan UL aes oe 
1—nsin’ a 


Prove that 


tan(a —B)=(1—n) tana. 


Sol apna cond 
1l-nsin’' oa 
nsin @ cos @ 
cos’ o 
1 _ asin’ 


cos? cos’a 


[dividing numerator and denominator by cos &] 


n tan @ 
~ sec? —n tan? oO 
“a n tan @ 
~ 14 tan? a -n tan? a 


py . 
1+(1—n) tan’? o 
Now, L.H.S. = tan(a — B) = tan a ~ tan B 
1+ tana tanB 
n tan a 
tan & — ——__—_— 
: a ae [from Eqs. (i)] 
ntana@ 
1+ tan o 


1+(1—n) tan’ o 
tana +(1—27) tan’ a —n tana 

z 1+(1—n) tan? a +7 tan’ a 
(1-n) tana +(1—7) tan’ o 

7 1+ tan’ o 
(1-7) tan o (1+ tan’ a) 

‘ 1+ tan’o 


=(1-7n) tana 


| Example 55. Show that cos? 6 + cos” (a + 8) 
~2cos acos@ cos(a +8) in independent of 8. 

Sol. cos’ 6 + cos*(a +6) — 2cos & cos Acos(a + 8) 
= cos’ 6 + cos(a% +6) [cos(a + @)-2 cos & cos 8] 
= cos’ 8 + cos(a + 8) 

[cos & cos @ — sin & sin 8 - 2 cos a cos 8] 

= cos’ 6 ~ cos(a + 8) [cos & cos 6 +sin & sin 8) 
= cos’ 6 — cos(a + 8) cos(a - 8) 
= cos’ 6 — [cos’ a —sin’ 8] 
= cos’ 6 + sin’ 8 — cos’ & 


= 1 - cos’ a, which is independent of 8. 


[ Example 56. If 3 tan@ tan o='1, then prove that 
2cos(6 + >) =cos(8 — 9). 

Sol. Given, 3 tan 8 tan @ =1 or cot 6 cot ¢=3 

cos 6 cos 3 

sin@sind 1 


or 


By componendo and dividendo, we get 
cos 8 cos @+sinOsingd 3+1 


cos8 cos -sin@sind 3-1 
a cos(6 — 6) . 
cos(6 + 6) 
or 2 cos(8 + 6) = cos(8 - >) 
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| Example 57. Let A, B, C be the three angles such that 


A+B+C=rn. If tanA- tanB =2, then find the value of 
cos AcosB 


cos C 
Sol. Given, tan A-tanB=2 
Let ops coei dices B.S cone 
cos C cos(A+B) , 
[.: cos C = cos(m -(A + B)=—-cos(A +B)} 
cos A-cos B 


~ sin Asin B—- cos A cos B 
1 1 


= —_—-—— 1= 


~ tanAtanB-1 2-1 


cos 10° + sin 10° 2 
cos 10° —sin10° 


cos 10° +sin10° _it+tan10° tan 45° + tan 10° 
cos 10°~sin 10° 1-—tan10° 1- tan 45° tan 10° 
= tan(45° + 10°) = tan 55° (dividing by cos 10°) 


| Example 58. Prove that tan 55°. 


Sol. 


1 2 
| Example 59. If sin(A —8) = ——, cos(A+8) = —, 
P ee J10 te) 429 
find the value of tan 2A where A and B lie between 0 
and cad 
4 


Sol. tan 2A = tan[(A +B) +(A — B)] 


__tan(A +B) + tan(A ~B) w 
1 - tan(A +B) tan(A ~B) i 


Tt nt 
Given that,0< A< na and0< B< “i Therefore, 


0<A+B<~ 
2 
T T 1 
Also, -—<A-B<-— and sin(A-B)= 
4 4 vio 
Apes 
4 
; 1 
Now, sin(A — B) = —= 
10 
1 3 
=> tan(A - B)= ; ...(ii) 
2 
cos(A + B) = —= 
29 
5 wale 
=> tan(A +B) = ; ...(iii) 


From Eggs. (i), (ii) and (iii), we get 
a. 
2 3 1 
tn2A=—2 3th D air 
seyh 6 
e 2 
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{ Example 60. Prove that (1+ tan 1°) (1+ tan 2°)... 
(1+ tan 45°) =273. 
Sol. (1+ tan x°) (1+ tan(45° — x°)) 


1-—tan x° 
sities wire izes) 


1+ tan x° 
“. (1+ tan 1°)(1 + tan 44°) 

= (1 + tan 2°)(1+ tan 43°) 

= (1 + tan 3°)(1 + tan 42°) 


=(1 + tan 22°)(1 + tan 23°) 
=2 
(1+ tan 1°) (1 + tan 2°)...(1 + tan 45°) = 2” 
(as 1 + tan 45° = 2) 


[| Example 61. If cos(B - y)+cos(y — a) 
+ cos(a —B)=- Prove that 
cosa+cosB+cos y =sina+sinB+siny =0 
Sol. Given, cos(B — y) + cos(y — 2) + cos(a - B) = - ; 


or3 +2 cos(B - y) + 2cos(y — a) + 2 cos(a — B)=0 
or3 + Acos B cos y + sin B sin y) 
+ Acos y cos @ +sin y sin a) 
+ Acos a cos B + sin @ sin B) =0 
or(cos’ a +sin’ a) +(cos’ B + sin? B) + (cos” y + sin’ y) 
+ Acos B cos y +sin B sin y)+ Acos y cos a +sin y sin a) 
+ Acos a cos fH + sina sin B) =0 
or(cos’ & +cos’ B + cos? y +2 cos @ cos B +2 cos B cos y 
+2cos y cos ¥)+(sin’ a + sin’ B + sin’ y 
+2sina sinf'+2sinBsin y +2sin y sina) =0 
or (cos a + cos B + cos y)’+ (sin & + sin B +sin y)* =0 
which is possible only when 
cos a + cos B + cos y = Qandsin @ +sin B +sin y =0 


cos 25° + cot 55° 
[| Example 62. Find the value of ———————— 
tan 25° + tan 55° 
ze cot 55°+cot100°  cot100°+cot25° 
tan 55°+ tan100° tan100°+ tan 25° 


cot 55° + cot 100° 
tan 55° + tan 100° 
cot 100° + cot 25° 
tan 100° + tan 25° 
_ 1 ‘ 1 1 
tan 55° tan 100° ~— tan 55° tan 100° tan 100° tan 25° 


cot 25° + cot 55° 
tan 25° + tan 55° 


Sol, E = 


_ tan 25° + tan 55° + tan 100° 

~~ tan 25° tan 55° tan 100° 

Since, 25° + 55° + 100° = 180° 

tan 25° + tan 55° + tan 100° = tan 25° tan 55° tan 100° 
=> E=1 


| Example 63. Prove that 
100 


Y'sin(kx) cos(101 — k)x = 50 sin (101x) 
k=) 


100 
Sol. Let S = Yisin(kx) cos (101 — k)x 


ka} 
=> S=sin x cos 100x + sin 2x cos 99x 
+... + sin 100x cos x...(i) 
S=cos x sin 100x + cos 2x sin 99x +...+ 
sin x cos 100x ...(ii) 
(on writing in reverse order) 
On adding Eqs. (i) and (ii), we get 
2S =(sin x cos 100x + cos x sin 100x) 
+ (sin 2x cos 99x + cos 2x sin 99x) 


+ (sin 100x cos x +sin x cos 100x) 
= sin 101x +sin 101x +... + sin 101x (100 times) 
Hence, S = 50 sin (101x) 


| Example 64. If A =% then find the value of 
: 
Y) tan(rA)- tan((r + 1)A). 
r=l 


tan(r + 1)A— tan(rA) 


Sol. tan((r + 1)A - (rA)) = 1+ tan(r + 1)A - tan(rA) 


8 
=> S= > tan(rA) ‘tan(r +1)A 
ral 
8 1 8 
= Y(- 1)+ ¥ (tan(r + 1)A — tan(rA)) 
rol tan re} 
=-8+ ; -(tan 9A — tan A) 
tan A 
Now, tan9A= tan 
= ianl on = =) 
N 
=-— tan & 
5 
1 
=> S=-8+ (—2 tan A) 
an A 


| Example 65. Prove that 
sin® -sec 30 + sin 30 -sec 3° +sin 3° O-sec 3° O+... 


1 
upto n terms = : [tan 3°6 — tan] 
Sol. sin @ -sec 30 + sin 30 -sec 3’ 8 + sin 3°08 :sec3° 0 +... upton 
terms 


= Yisin 3°-' @-sec3’ 0 


r=! 


<1 2 cos 3°°'@-cos 3’ 8 


a r-1 s roi 
= ¥ 20083 6 sin3” 6 


14 __ sin(2-3'"' 6) 
5 eae tone st 
_ 1 $_sin('e -3' 8) 
2 <i cos 3°"' 6 - cos 3°8 
sin 3’ 8-cos3°'0 
1 W-—cos 3 0-sin 3'~' 8 
- 2 cos 3'-'@- cos 3’ 0 


¥i(tan 3 6 — tan 3'~' 6) 
[tan 7° — tan 6] 


Example 66, Ina triangle ABC, if 
sin Asin ils -C)=sin C sin(A —B), then prove that cot A, 
cotB, cot C are in AP. 

Sol. sin Asin(B —-C) =sin C sin(A — B) 

sin(B- C) _ sin(A —B) 

~ sin Asin B 


=> . . 
sin Csin B 


_. sin Bcos C -sin C cos B__ sin A cos B—sin B cos A : 
a sin C sin B , sin A sinB 
=> cot C —- cot B=cot B- cot A 
= 2 cot B=cot A +cotC 


.. cot A, cot B, cot C are in A.P. 


| Example 67. if0<B<a<1/4, cos(a+f)=3/5 and 
cos(a -B)=4 /5, then evaluate sin 2a. 
Sol. We know, sin(2a) = sin{(a + B) + (a — B)} 
= sin(a + B)-cos(a —B)+sin(a —B)-cos(a + B). 
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44 33 
=e $f ee 
55 55 
[using cos(a +B) =3/5, cos(a ~B) = 4/5 
= sin(a + B)=4/5,sin(a - B) = 3/5] 
16+9 . 
= =1 => sin2a =1 
25 


| Example 68. cosa =2{ x+ us) cosp=+ aes ; 
2, x) a" sy 


then evaluate cos(a — B). 


Sol. cosa = Le + 4 
2\ x 


2cosa + V4cos’a — 4 
=x? -2xcosa +1=0 > gm 20080 + y4cos' a - 4 


Z 
a ae 2cosa —— fas J-1=i} 
s x = cosa t isina 
Similarly, y=cosB +isinB 
Bagh SING: odior= Baten =f). - ki 
y cosB +isinB 
dnd. ee cosB + IsinB = cos(a — B) F isin(at -B) ...(ii) 


x cosa tisina 
On adding Eqs. (i) and (ii), we get 


~ 42 =2c0s(a - B) 
x 
: {x y' 
i.e. sl a ae 
Z\ i ) 5% 


| Example 69. If 2sinacosBsiny =sinBsin(a + y). 
Then, show tana, tanB and tany are in harmonic 
progression. 

Sol. We have, 2sina cosBsiny =sinBsin(a + y) 

or 2sinacosPsiny =sinB{sina cosy + cosasiny} 
= 2sinacosBsiny =sinasinBcosy + cosasinBsiny 
On dividing both sides by sina sinBsiny, we get 

1 1 


tanB tana tany 


2cotB = cota +coty or 


1 1 1 ; 
—., ,—— are in AP 
tana tanB tany 


or tana, tanB,tany are in HP. 
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Exercise for Session 6 


1. Ifalies in Il quadrant, f lies in Ill quadrant and tan (a + B) > 0, then (a + B) lies in .......... quadrants. 
cos (A-B) _ 9 


2. \f3 tan A tan B =1, then prove that =2, 
cos (A+ B) 


and tan B = ; 
2m + 


3. Iftana=—~ _ the find the value of a + 8. 
m+ 1 


{ \ 
4, Ifcos(a+P)= = sin(a—B) = 3 and a, B € (0. i} then find the value of tan2a 


5. a+B=— andB+y= a, then find the value of tan a 


6. Ifcos(@ - «) =a and cos(@- B) = b then the value of sin?(a —B) + 2ab cos(a — B). 


7. 2cos A=x +—,2cosB=y + then show that2.cos(4—B) =" + 7 
y 


8. Ify =(14 tan A)(1- tanB), where A-B = a then find the value of (y + 1)”*". 


Session? 
Sum of Sines/Cosines in Terms of Products 


Converti ng Pp roduct into Sum/ Above four formulas are used to convert product of two sines 
D iffe rence a nd Vi ce-Ve rsa and cosines into the sum or difference of two sines and cosines. 


Product into Sum/Difference Sum/Difference into Products 


1. 2sin Acos B=sin(A + B) +sin(A — B) | : L sin +sinB=2sinf 97 leos( A—2) 
2. 2cos Asin B =sin(A + B) —sin(A — B) ; : 
3. 2cos Acos B =cos(A + B) +cos(A — B) 2. sin A —sin B =2009{ 4 si =) sio( 4 3 *) 
4, 2sin Asin B =cos(A — B) - cos(A + B) : 
Proof We know that | 3, cos A +08 B =2e09( 9=2) cos 422) 
sin A cos B+cos A sin B=sin(A + B) ...(i) 2 2 
sin A cos B— cos A sin B=sin(A —B) ..(ii) A+B B-A 
cos A cos B-sinA sin B = cos(A +B) ..(iii) 4. cos A —cos B =2 sol 9 sie =) 
cos A cos B+ sin A sin B=cos(A — B) ...{iv) 
Adding Eqs. (i) and (ii), we obtain Proof (i) Let A=C +D and B=C—D, then C = ave 
2sin Acos B =sin(A + B)+sin(A —B) ..{V) 
Subtracting Eqs. (ii) from (i), we get and D= Boe 
2cos Asin B =sin(A +B) -sin(A — B) (vi) 2 
Adding Eqs. (iii) and (iv), we get L.H.S. =sin(C + D) +sin(C -D)=2 sin Ccos D 
2 cos A cos B= cos(A +B) + cos(A — B) ...(vii) = 2sin A+B cos A-B =RHS 


Subtracting Eqs. (iii) from (iv), we get 


2sin A sin B= cos(A ~ B) - cos(A + B) .{viii) Similarly we proof of (ii), (iii) and (iv). 


Some other Useful Results 


i ee ea ry: re ie where A, B #nt ime 

cos Acos B 2 

2. tan A- tan B= SA 8) where A, Benn +— 

cos Acos B ; 2 

3. cot A+cot B= A+B) where A, B#nt,n€z 
sin Asin B 

4. cot A -cot B= B= A) where A, B#nm,n€ z 
sin Asin B 


| Example 70. Prove that 
cos 55° + cos 65° + cos 175° = 0, 
Sol. L.H.S. = cos 55° + cos 65° + cos 175° 


2 5° — 65° 
S Sox 3 cos 2 + cos 175° 


=2co 
= 2 cos 60° cos(— 5°) + cos 175° 
=2x ; cos 5° + cos(180° — 5°) 
= cos 5° — cos 5° =0 


[ Example 71. Prove that 
sinA+sin2A+sin4A+sin5A 


—_ = tan Bd. 
cos A+cos 2A+cos 4A+cos 5A 


sin A +sin2A +sin 4A +sin5A 
cos A + cos 2A + cos 4A + cos 5A 

_ (sin5A +sin A) +(sin 4A + sin2A) 

7 (cos 5A + cos A) +(cos 4A + cos 2A) 

_ 2sin3A cos 2A + 2sin 3A cos A 

2 cos 3A cos 2A +2 cos 3A cos A 

7 2sin3A(cos 2A + cos A) wt 
2 cos 3A(cos 2A + cos A) 


Sol. 


an 3A 


| Example 72. Prove that (cos a + cos B)’ 


+(sina +sinB)? =4cos? (as*) 


4 


Sol. L.H.S. = (cos a + cos B)* + (sin a + sin B)’ 


seg ee pice | 


Chap 01 Trigonometric Functions and Identities 29 


1 Example 73. If sin A=sinB and cos A=cos B, then 
. A-B 
prove that sin ae =0. 


Sol. We have sin A= sin B and cos A = cos B 
or sin A ~sin B=0 and cos A- cos B=0 


or 2sin{ “= anf 4 <2) =0 
2 2 


Ace ; (A+?) 
sin =0 
2 2 } 


= B 
= 0, which is common for both the equations. 


and -2sin{ 


. A 
or sin 


| Example 74. Prove that sin 20° sin 40° sin 80° = 8 
Sol. LHS. = sin 20° sin 40° sin 80° = ; (2sin 80° sin 40°) sin 20° 
= + [cos(80° — 40°) — cos(80° + 40°) sin 20° 


(cos 40° — cos 120°) sin 20° 


—- £/[— Pile BA] R Hl & 


(2 cos 40° sin20° — 2 cos 120° sin20°) 


[sin(40° + 20°) -sin(40° - 20°) - a(- A sin 20° ] 


[sin 60° — sin 20° + sin 20° }= — sin 6° 


ro 
wo 


| Example 75. Prove that sin A- sin(60° — A) 
-Sin(60° + A) = : sin 3A 
Sol. LHS. = sin A -sin(60° - A) -sin(60° + A) 


= -sin Al2sin(60° + A)-sin(60? - A)] 


= =sin Alcos(60? +A ~ 60° + A) 
— cos(60° + A + 60° — A)] 


= = sin A(cos 2A ~ cos 120°) 

ump cos 2A sinA — 2 cos 120° sin A) 
4 

oe sin(2A + A) —sin(2A — A)- z ; sin A 
4 a , 


1 
=< (6in3A sin A ~sinA)=—sin 34 
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Exercise for Session 7 


7. Show that sin x +sin 3x + sin5x + sin 7x =4 sin 4x cos 2x cos x. 
2. Show thatsin A-sin(B -C) +sinB -sin(C —A)+ sin C -sin(A-B) =0. 
3. Show that cos a + cos B + cos y+ cos(a + B+ y)=4cos & = -COS bet -cos , - 
4. \fx andy are acute angles, such that cos x + cos y = ; andsin x +siny = - then the value of sin(x + y). 
5. Find the value of expression 2 cos — T cos sa + COS on + COs a 
) 13 13 13° 


‘cosA+cosB)" ( sinA+sinB ; 
ee ——— sinters nis an even) 


6. Find the value of | 
_ sinA-sinB cos A-cosB 


‘ f T 3n 7% 
7. Find the value of | 1+c08 4 1+Cos 7 1+ cos {1s cos z 


8. In atriangle ABC, cos 3A + cos 3B + cos 3C = 1, then find any one angle. 


Session 8 i 


EERSTE re Ee AP BS a er retort ast t 2 EE ST te er? is TS 


Trigonometric Ratios of Multiples of an Angle 


Trigonometric Ratios of ttanadn 284 whee An(enti)! 


Multiples of an Angle waar 
Proof sin2A =sin(A + A) =sinAcos A+cos AsinA 


Definition An angle of the form nA, where n is an integer 
[using the formula sin(A + B) =sin Acos B +cos Asin B] 


is called a multiple angle, for example 2A, 3A, 4A, ... etc. 
are multiple angles of A. 
In this session we shall express trigonometrical ratios cos 2A =cos(A+ A) =cos Acos A-sin AsinA 


of multiple angles of A in terms of trigonometrical ratios 


of A 
tan 2A =tan(A +A) 
Trigonometrical Ratios of 2A in term -—eee eS 
: ; : —tanAtanA |1-tan*A 

of Trigonometrical Ratio of A 

1 sin2A =2sin Acos A = Trigonometrical Ratios of 3A in terms 

2. cos2A =cos* A—sin’ A=1—2sin’ A of Trigonometrical Ratio of A 

5 1.sin3A=3sinA—4sin° A 
pease ae : ° : : o 
Letan? A. 2 = 4sin(60° — A) - sin A: sin(60° + A) 


2.cos3A =4cos? A—3cosA 


3. 1+cos2A =2cos’? A,1-—cos2A =2sin’ A 
= 4cos(60° — A)cos Acos(60° + A) 


1+cos2A 2, 1-cos2A_. , 
or ————— = cos" A, -——- = sin" A apes 
2 3. tan3A => tan A- tan A 


1-3tan’ A 


Proof 
1. sin3A =sin(2A + A) =sin2Acos A+cos 2AsinA 
=2sin Acos A-cosA +(1—2sin’ A) sin A 
=2sin Acos’ Atsin A—2sin’ A 
=2sin A(1-sin’ A)+sinA—2sin’ A 
=2sin A-2sin’ A+sin A-2sin’ A 
=Bsin A~4sin’ A] 
2. cos 3A =cos(2A + A) =cos2A:- Acos A—sin2Asin A 
=(2cos’ A-1)cos A-2sin Acos A-sin A 
=2cos’ A—cos A—2cos A(1—cos” A) 
=2cos* A-cos A—2cos A+2cos’ A 
feos” Ase A 
sin3A _ 3sinA-4sin’ A 
_ sin A(3—4sin’ A) _ tan A(3-4sin’ A) 
~ cos A(4cos? A-3) 4cos’ A-3 


3. tan3A= 


On dividing by cos’ A numerator and denominator 
_ tan A(3 sec’ A—4 tan’ A) 
- 4-3sec’ A 
_ tan A(3 +3 tan? A—4 tan’ A) 
. 4-3-3tan’ A 
_ tan A(3-tan’ A) _3tanA-tan’ A 
1-3tan?A 1-3tan’? A 


} Example 76. If sin A= where 0° < A <90°, find the 


values of sin2A, cos 2A, tan2A and sin4A. 
Sol. We have, sin A = : where 0° < A < 90° 


cos? A=1-sin’ A 
eo | 4 
=> cos A=+ yi -sin'A= f1- = == 
23 5 
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ued 


sin 4A =sin 2A cos2A =2x Xe 
25 25 625 

* 24 

svanoave S@ 

25 


and cos 2A = Ma 
25 


f 2 
1+ sin 20 1+ 6 
4 Example 77. Prove that : -| en | P 


1-sin2e | 1-tan@ 
1+sin20 _ sin’ @ + cos’ @ +2sin 8 cos @ 
1 -sin 20 


Sol. L.H.S. = - 
sin’ 8 + cos” 8 — 2sin@ cos 9 


(smoeerre) 1+ tan) 
sin 8 — cos @ , 1— tan ®@ 
[dividing numerator and denominator by cos 6} 


I~ tan’ F -] 
4 


i Example 78. Prove that ———-———~ ssin 2A. 
1+ tan’ (= - A) 
4 


( 
Tt 

1+ tan'{ =~] : 
\4 }) _1-tan*®6 


a ee an 
(7% 
1+ tan? (Ea) ieatat 


[ where z -A= 0| 
4 


ae eer oe 2A 
Ra 


sec 86-1 tan 80 
sec 40-1 tan 26 


| Example 79. Prove that 


Sol. We have, LHS = solace! 
sec 48 - 1 
| 
ox LHS = £08.88 _ 1~ cos 80 cos 48 
esol 1 cos88 1-cos8@ 
cos 48 
2 
=f LHS = 2sin 40 cose 
cos 88 = 2sin* 20 
2 
~*1—-— cos 80 =2sin’ > T2sin’ 48 
. 2 40 ely 
and, 1— cos 48 =2sin aoe 20 
=~ LHS= (2sin 46 cos 48) - a - 
cos 88 2sin* 20 
¢ . , Z ‘ 
= LHS= 2sin 40 mos 40), Bath 2 coe 
cos 80 2 sin” 20 


\ 
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=" tis = ( S220) (sos 


cos 80 


- sin 8 x (sone a ee 
cos 88) \ sin 20 


s-— off 
tall OV 


tan 20 


=>  LHS= = RHS 


| Example 80. Show that 


2+ 2+ J2+20058 =2cos 0 


Sol. We have, LHS = ,/2 + 2 + /2(1 +cos 88) 
SS 
=> LHS=,2+ V2 + «/2(2 cos? 48) 


[14+ cons = 20s 


=) LHS=1/2+ 2+ (4 cos? 48) 
Sen ee reer) 
=>  LHS=2+,/2(1+ cos 48) 
LHS = 2 +2 (2 cos? 20) [1+ cos 40 = 2cos’20] 
=  LHS=,2+2cos 20 =,/2(1+ cos 20) 
= 2 (2cos? 8) = 2 cos @ = RHS 
I Example 81. Show that V3 cosec 20° - sec 20° =4 
Sol. We have, LHS = 73 cosec 20° — sec 20° 


y 


y 


=>  LHS= 3 a 
sin20° cos 20° 
ae ro) 
ay LHS = V3 cos 20° — sin20' 
sin 20° cos 20° 
ee | 
24 — cos 20° ~ Pan 20° 
=> LHS = 
sin 20° cos 20° 
> LHS= Asin 60° cos 20° — cos 60° sin 20°) 
sin 20° cos 20° 
=  LHS= 2 sin(60° — 20°) = 2sin 40° 
sin 20° cos 20° sin 20° cos 20° 
7 4 sin 40° _ 4sin 40° _ , _ pHs 
2sin20° cos 20° __ sin 40° 


| Example 82. Prove that [1 + COs 4 ( +COs 4 


51 7% 1 
1+ cos — || 1+ cos — | =-. 
( all 5) 8 


Sol. We have, 


7h 18 T 
cos —=cos| 7 -—|=--— cos — 
8 ( 4 8 


51 ( =") 31 
and cos ——=cos| 7% —- — | =-— cos — 
8 8 8 


8 8 
.. LHS » @ + cos 4 (1 + cos “(1 — cos =) (1 — COs *) 
\ 8 8 8 8 


( 31 
= LHS=|1- cos’ =) (: —cos’ n 
\ 8 8 


=» (HS=dn? an? bad 
8 8 


= LHS ae ¢ sin? 4 (2 sin? *) 
4\ 8 8 


LHS = 2 [1~ cos #}(1~ cos 
4 4 4 


[1 cos =2sin | 


= ee fo-B)beaesl-d dom 


| Example 83. If tan? 6 =2 tan’ +1, prove that 
cos 20 + sin? 9=0. 


= 2 
Sol. We have, cos 20 Boni 
1+ tan’ 6 
t 
=> spin Ce) [. tan? 8 =2 tan’ >+ 1] 
1+2tan?o+1 
2 

=> cos 29 = tan’ _-tan'od_ 


2+2tan’o sec” 


cos 20 + sin’ 6 =0 


| Example 84. Prove that 
tana +2 tan 2a + 4 tan 44 +8 cos 8& =cot a 


Sol. We have, ie ign =" A 
tan 6 
_ 1-tan’ 6 _ {ic tan” | 
tan 8 “| 2 tan 8 | 
=> cot 8 — tan 8 = 
tan 20 
=> cot 8 — tan 8 =2 cot 28 (i) 


We have to prove that 
tan & + 2 tan 2a + 4 tan 4m + 8 cot 8& = cota 
or, cota — tana —2 tana — 4 tan 4a — 8 cot 8&& =0 
. Now, 

LHS = cot & — tan a@ — 2 tan 2a — 4 tan 4 — 8 cot 8% 
=' LHS =(cot @ — tan a) — 2 tan2a — 4 tan 40 — 8 cot 8 
= LHS =2 cot 2a —2 tan 2a — 4 tan 4a — 8 cot 8& 

[using (i) 
=> LHS = Acot 2a ~ tan 2a) — 4 tan 4a — 8 cot 8% 
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= LHS = 22 cot 4a) — 4 tan 4a — 8 cot 80 = sin(2x + 50°) cos(2x + 50°) =— sin 150° cos 50° 
[On replacing 8 by 20 in Eq. (i)] => 2sin(2x + 50°) cos(2x + 50°) = —2 cos 60° cos 50° 
= LHS = 4 cot 40 - 4 tan 4a — 8 cot 8a [‘.. sin 150° = cos 60°] 
=> LHS = 4(cot 4a — tan 4a) — 8 cot 80 => sin(4x + 100°) = sin(270 — 50°) 
= LHS = 4(2 cot 8x) -8 cot 8a => sin(4x + 100°) =sin 220° 
[On replacing 8 by 4a in Eq. (i)] = 4x +100 =220° > x =30° 


= LHS =8 cot 8 —8cot & = LHS=0=RHS 


| Example 86. Prove that 


| Example 85. Determine the smallest positive value of nx sin3x  sin9x 
x (in degrees) for which tan(x + 100° ) = tan(x + 50° ) = + 
tan x tan(x — 50°) 


cos3x cos9x cos27x 


1 
= — (tan 27x — tan x) 


sin x sin 3x is sin 9x 


Sol. We have, tan(x + 100°) = tan(x + 50°) tan x tan(x — 50°) Sol. We have, ———- + 


cos3x cos9x cos27x 


t + 100° 
foe 2 = tan(x + 50°) tan x° 
tan(x + 50°) = 


sin(x + 100°) cos(x — 50°) _ sin(x + 50°) sin x 
cos(x + 100°) sin(x — 50°) 7 cos(x + 50°) cos x 1 
sin(x + 100°) cos(x - 50°) + cos(x + 100°) sin(x ~ 50°) 2 | 
sin(x + 100°) cos(x — 50°) —cos(x + 100°) sin(x — 50°) 1 
_ sin(x + 50°) sin x + cos(x + 50°) cos x 2 

1 

~ 2 


sin 2x 


—_——— ee ee, 


sin(x + 50°) sin x — cos(x + 50°) cos x 
sin(x + 100° + x-50°) _—_cos(x +50° — x) 
sin(x + 100° — x + 50°) — cos(x + 50° + x) 
sin(2x + 50°) _ cos 50° 
sin 150° cos(2x + 50°) 


=> 


1 
= ean 27x — tan x) 


Exercise for Session 8 


1. This question has statement which is true or false. 


If <8< > then the value of /1-sin 20 =cos 6-sin 8. 


2. If mete” then find the value of ease 
2 1+ cos 28 


3. iftanx =- * lies in Il quadrant, then find the value of sin > 


4. Prove that sin‘ = + sin‘ sam sin as +sint am 
8 8 8 & 2 


5. If A=2sin? @-cos 2@and A «&[a, f], then find the values of « and B. 
6. Ifsinx +cos x = then find the value of tan 2x. 


3 
7. \iftan3A= staat A thenk is equal to 


1-3tan?A 
8. If tan A+ 2 tan2A+4 tan4A+ 8 cot 8A=k cot A then find the value of k. 


m? 2 
9. ifm? cos — a cos ste cos eget cos in, =n’, then find the value of ~ = . 


15 15 15 18 


10. \f(2" + 1)@=, then find the value of 2" cos @cos 2@cos 276...cos 2” 7'8. 


2 sin xX COS xX “ 2 sin 3x cos 3x A 2sin 9x cos 9x| 
cos3xcosx cos9xcos3x cos 27x cos 9x_| 
sin 6x o sin 18x 
cos3x cos x cos9xcos3x cos 27x cos 9x 
sin(3x- x) | sin(9x-3x) | sin(27x - 9x) | 
— f+ 


|}cos3x cos x cos9xcos3x cos 27x cos 9x| 


{(tan 3x — tan x) + (tan 9x - tan 3x) 


+ (tan 27x — tan 9x)} 
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Trigonometric Ratios o at Submultiple ofa an n Angle 


Definition 
An angle of the form i where nis an integer is called a 
n 


submultiple ys of A. 


For example 7 2. ..etc., are submultiple angles of A. 


In this session we shall express the trigonometric ratios of 
A in terms of the trigonometric ratios of submultiple 


AA 
angles zeae etc., and vice-versa. 


Trigonometric Ratios of A in Terms of 
Trigonometric Ratios of > 


(i) sin2A =2sin Acos A Putting - in place of A, we get 


sin A=2sin cos = 


(ii) cos 2A =cos’ A-sin’ A. Putting “ in place of A, we 


e —sin’ A 


2 


get cos A =cos’ — 


(iii) cos 2 A=2cos’ A~1 Putting “ in place of A, we get 


cos A =2c0s” = — 1 


(iv) cos2A =1-2sin’ A. Putting : in place of A, we get 


cos A=1-2sin? 4 

Z 

(v) tan2A=—— tan A 
—tan’ A 

Sane - 
. tanA= a putting - in place of A 

1- tan’ — 

2 


—— - ee Lawn 


2 tan n 
=e a 
(vi) sin2A= olen “sin A= 7 putting Fi 
1+tan° A janiane oe 
2 
in place of A 
~tan? A i- tan’ Ci 
(vii) cos 2A =. .. cos A cae putting — 
1+tan’? A fect tee 
2 
in place of A 
2 = cot? — 1 
(viii) cot 2A = eens “cot A= ee putting a 
2cot A 9 A 2 
cot — 
2 
in place of A 


Trigonometric Ratios of Ain Terms of 
Trigonometric Ratios of Z 


(i) sin3A =3sin A—4sin’ A. Putting . in place of A, we 


get sin A=3sin = — 4 sin’ 2 


(ii) cos3A =4cos* A-3cos A 


“cos A=4cos° -—3cos = putting “ in place of A 


wai A-tan°* : 
(iii) tan3A = ghoar en 2 putting 2 in place of A 
1-3 tan’ A 3 
3tan ~~ tan? A 
-tan ———— 
1-3 tan’? — 
: 3 


Values of cos sin ; and tan a in 


Terms of cosA 


ince? = 1+cos A Z ee aa fa +cos A 
2 2 2 2 


| 2 eee Biel 


ian LOO etacee 

2 2 2 2 
(iii) tan? — S18 ”. tan @ = 

2 1+cosA 2 
Note 


Ifcos Ais given, then there will be two values of cos - sin ‘ and 


tan 7 but if Ais given, then there will be only one value ofcos=. 


sin 7 and tan - because + sign or — sign before the radical sign 


can be fixed by knowing the quadrant in which - lies. 


Values of sin ; and cos ; in Terms of 


sin A 


A. AY a ee A.A 
cos — +sin — =cos —+sin —+2cos — sin— 
2 2 2 2 2 2 


=] 


, oe | 
cos — +sin — 
2 2 


Similarly, 


A A 
cos — -sin—=+ 
2 2 


+sin A 


=+tJl+sin A 


Adding Eqs. (i) and (ii), we get 


cos = 4 fitsin A t- 1-sinA 


Subtracting Eq. (ii) from Eq. (i), we get 


ane aes 
2 2 


Note 


: jlt+sin A Fo i-sin A 


1-sin A 


Ifsin Ais given, then there will be 4 values of sin 7 and cos : but 


if Ais given. there will be one and only one value of cos = and sing 


because the + or - sign can be fixed before the radical sign in the 


following way 


cos Os sina 8 (cost 
2 2 


Bests 


A) 
sin — 2 | 


= 2 (sin ee a= s2 fsin( E+ 4 
4 2 4 Zi 


Similarly, cos lee oe J? cos (x i *) 
2 2 (4 2, 


Thus the sign of cos 7 + sin : and cos : - sin 7 can be fixed by 


knowing the quadrant 


in which = + A lies. 
4 2 
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Values of Trigonometric Ratios of 


some Particular Angles 


I. (i) Value of sin 18° 
Let 8 = 18°, then 58 =90°.. 
or 28 =90° —36 .. 


28 + 38 =90° 
sin 20 = sin(90° — 38) 


or sin 20 =cos 30 or 2 sin 8cos 0 =4cos? 8 —3cos@ 


or 2sin0 =4cos’ 0-3 


or 4sin" 6 +2sin8 -1=0 


dies =e gee ee 
8 8 
Thus sin 8 Stee =1-45 
4 4 
° §@=18° 


[dividing by cos 6] 
or 2sin@ = 41-sin’ 6) -3=1-4sin’ 6 


4 


.. sin 8 =sin 18° > 0, for 18° lies in the 1st quadrant 


“. sin@ i.e., sin 18° = 


Mex] 
4 


(ii) Value of cos 18° 


3 
cos? 18° =1-—sin’ 18° “(32 
\ 


_,_541-2v5_ | 6-2v5 
- co... 
_16-642¥5 _10+2V5 
6 :t«*WG 


cos 1 = 2 10 +25 


(iii) Value of tan 18° 


[‘." cos 18° > 0] 


cscs SIE oS ST 10 +2V5 
cos 18° 4 4 
10 +205 
(iv) Value of cos 72° and sin 72° 
(a) cos 72° = cos(90° — 18°) =sin 18° ~ 


(b) sin 72° = sin(90° — 18°) =cos 18° = ; 10 +25 


II. (i) Value of cos 36° 


cos 36° =1—-2sin’ 18°=1-2x 


XN 


fie 
V5 


2 
=a 
4 
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16 
en 
4 
4 34+ 5 mee 
4 4 
V5 +i 
Thus, cos 36° = , 


(ii) Value of sin 36° 


"a 1 2 
+ 
sin? 36° =1—-cos? sera J 


1 842N5 _16-6-2V5 _ 10-205 
16 
sin 36° = : 10 ~2V5 [e sin 36° > 0] 
(iii) Values of sin 54° and cos 54° 


‘ 
(a) sin 54° =sin(90° —36°) =cos 36° = > +4 


(b) cos 54° = cos(90° —36° ) = sin 36° = : (/10 - 25) 
1° 
Hl. (i) Value of tan 7 a 


°o 
Let Ss) =7-, then 28 = 15° 


Now, tan8 _1—cos 20 
sin 20 
[1 -cos 20 =2 sin’ 6 and sin 20 =2 sin@ cos 8] 


_v341 
_1ncosi5°_ ava 


sin 15° si aot 
2/2 
_2v2 -V3 -1_ (2v2 ~ V3 -1) (V3 +1) 
3-1 (3-3 +0) 
_2v6 -3-V3 +2V2 - V3 -1 
4 
_ 2v6 -2v3 -4+2V2 
2 


= V6 ~ V3 -2 + V2 = V3(v2 -1) 
— J2(V2 ~1) 


= (V3 -/2) (v2 -1)) 


1+ 
1° ° 
Now, cos ag = Leos S' __va 


(ii) Value of cot 82 


fom) 


fe) 
cot 82 Le cot 90° -7 - 
2 \ 


4 


= tan 7 — =(03 ~ V2) (2-9) 


° 
(iii) Value of cot 7 


ie] 
Let 8 =75, then 20 = 15° 


2 ° 
Now, cot 9= 2159528 1+cos 15 


sin 28 sin 15° 
a N34] 
2 oh _2V2+V3 +1 
a ee 
ae 


(V3 - 1) (v3 +1) 
_2V6 +3 +3 +2V2 +3 +1 


3-1 
_2V6 +3 +2244 FB Bay 
4 
= V3(V2 +1) +-V2(v2 +1) 
= (V3 +2) (v2 +1) 
cot 7— =(V3 +2) (V2 +1) 


1° 
(iv) Value of tan 82 — 


‘ 


Fr 1° 
tan 82 — = tan| 90° —7 — 
2 2 


= cot 7—=(/3 +2) (2 +1 


° 
IV. (i) Value of cos 22 


. 
Let 8 =22 > then 20 = 45° 


2 2 
_v2+1_2+2 
2/2 4 


) 1° 4 
cos 22 = fa+V2 EE irs >0 


° 
(ii) Value of sin 22 
1 


a = 
’ 1 e v2—- 2-~v2 
gin? 9 oT c0s 45°C v2 _ v2 1_2-¥V 
2 2 2 94/2 4 
fe] ° 
. sinzai =! o- 2 -+sin22-- >0 
2 2° 2 
1° 
(iii) Value of tan ars 
7° 
tan22— >0 
Zz 
°o 4 ie] 
tan222-= 1—cos 45 
2 1+cos 45° 
Sunb= 1—cos 26 
1+cos 20 
1 
oe) seas 
ipute 2+1 
f2 


_|_Wa-0? _ |(e-1' 
“Yo2+n@a-1) VY 2-1 


= (V2 -1)? At 


V. Value of cos 67 - and sin 671 . 


fe] ° fe] ° 
e0s67=- tsin67 == 42 co bye tdi 
2 2 2 2 2 


v2 


( 1° 1° 
=+¥2 1 sin 45° cos 67 a +cos 45° sin 67 =| 


= ° ° 
= 2 sin{ 45°+672 |= 2 sin 12© > 


\ 4 
hg r 
“. COS 67 — + sin 67 — 
2 2 
xe 1° 2 ee ean 
= (cos sre +sin 67 =| = /1+sin 135° 


™ ve [een l4+2V2 
VY v2 V ve ~\W2- ave 
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1 fatev2 wai) 


= Se 


Again, cos 67). —sin67 = 2 snl 45° -67 | 
2 2 2 
1° 
-~2 sin 22— <0 
2 
o ° 
“. COS 67 Do sin 67 ze 
2 2 


fe} ° 2 
=- cos) SOTA. 
2 2 


=— v1 — sin 135° 


= hot ee ee 
. V2 V2 4 
1 fg —2N2 ..(i) 


Adding Eqs. (i) and (ii), we get 


2eos67— = 2 (Y4 +2v2 ~ 4 -2v2) 
3 cos 67 == (4 +22 ~ 4-22) 


Similarly, subtracting Eq. (ii) from Eq. (i), we get 


sin67—=1(f4 +242 +44-2y2) 


3° 
VI. Value of sin "s 


1° 
"Let @=157— *, 20 =315° 
Now, sin§ = fe —£08 20 E sin 157 —>0 


1 


oe 
_ [1=c0s 315° 1—cos 315° _ — cos t= cos 45° _ V2 
2 


~ -2 
Thus ES 


1+cos 28 
Similarly, cos 157 — ein 


aint - 


COS 7 -, 
2 


ag 
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All these values are tabulated as follows: 


oe ae 15° 18° 22.5° 36° 67.5° 13° 
sin Is—2J6 - 2s V3 -1 V5-1 Bad 10-25 J2+V2 ¥3+1 
4 2/2 4 9 4 2/2 
cos J/g 4 26 + 2V5 V3 +1 fio + 25 ee V5 +1 2-49 ¥3-1 
4 2/2 4 4 2v2 
tan (V3 ~¥2) (V2 - 1) 2-3 ae V2-1 5-25 v2 +1 2+V3 
v5 
cot = (V3 +42) (V2 +1) 2+3 (5+ 25) V2 +1 jt 2 V2-1 2-3 
j V5 
| Example 87. Show that =2+2cos(A —B)=2[1+cos(A —B)] 
ean : Be Ena Pe Nate 
2 nA oe 8 
i-tan2 cos 8 M2 2g | Example “a Prove that, 
2 .1 .5u 7M 
cos’ ~ +c0s* —-he0s* 2 +008" ee 
sin — 8 8 
1+ 5 
CGE eae J seine © Sol. L.H.S. -( cos 7 + cos* 72) + [cos = + cos‘ =) 
Sol. LHS. = Z f 
’ 6 Pe! | 4 
sin -- cos - — sin — =!cos —+cos ltl-— 
] = 2 8 8) | 
eat , 30 ; ( *)| . 
+|cos — + cos tC 
/ : 8 8 
d 4 ; 
; cos — + Sin — 3m 
= 2 = 2 cos‘ - +2cos* — [-- cos(2 — 8) = — cos 6] 
cos* sane’ i \2 ay 
¢ =2 (cos sy + {cost =) 
Pr: ee . 8 S) 8) 8 
cos’ -- + sin“ -- + 2sin -- cos — P fi 
= 2 _itsin ) _ .3 , F 
cos” a sin? 8 cos 8 1+ cos = 1+ cos a 
2 =2 4+ 
) tl is] 2 2 
1 + tan -- tan — + tan — 
: 2 4 n 06 LN y, 
Pirin Seat tt can 
1- tan > (=a tan > oie ad aa) 
2 v2) \ 42 
1+ tan : i 
Thus g = TREO a tan (+0) Ris ea). 1 1 1 
l—tan2 cos8 4 2 
. => =RHS 
| Example 88. Prove that, 


(cos A+cos B)’ +(sin A+sin B)? =4cos’ 


Sol. L.H.S. = (cos? A + cos? B + 2cos A cos B) 
+ (sin? A +sin? B + 2sin A sin B) 
= (cos? A + sin? A) +(cos’ B + sin’ B) 


+ A%cos A cos B +sin A sin B) 


| Example 90. Find the value of tan : 


Sol. Let @ =~, then 20 =~ 
8 4 


2 tan 8 


Now, a 
1- tan’ 6 


tan26 = 
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2tan © Now, sin?@ = 170089 = hig _ cos 15°) 
tan — = 2 2 2 : 
1 tan’ = =i{1-B 44). Ace V3 - 
2x Tv : av 
=> 1=—*., where x = airs _ 22 - - 
=> 1-x’=2x 42 
=> x? +2x-1=0 Eo us in0 San 
uo 2 
-2+£2 | 2 
= x -14-42,-1- 42 _ 1 fav2-v3-1_ 1 
A sin 7— = = —/3 - 2v6 - 2V2 
- i - 2 4/2 4 
x=tan == 2-1 [stan 2 >o] 
: . Ss | Example 93. If o =112°30’, find the value df sin a 
4 n ’ and cos a. : 
| Example 91. if tanx=--, —<x<z, then find the 
32 Sol. Given, & = 112°30 
= x x 2 
value of sin —, cos — and tan =. ahiaed 
2 2 2 or cos 20 = cos 225° = cos(180° + 45°) 
Tl 1 1 
Sol. Here <cx<n 3. ecxX <2 i aca! 
2 4 2 2 2 
os OS ae 
Hence sin 5700s . tan = will be all positive. Now, sin'a = 3 
Since @ lies in the 2nd quadrant .*. sin @ is positive 
we 4 
5 zs 
F sina = |} cosa _ | | V2 
2 1 2 
3 _ fyeri_ 2+ 2v2 
. no ~\ ave 2 
Given, tanx =-—and—<x<7 
5° 2 __ a+ane 
Hence, sin & = 
cos x =—— 
But cos & is negative in 2nd quadrant 
woe.. 7 aHe = Hin 0 saan, {Lees a 
2 2 - 2 Y 2 
<2 zs 
= tee 2 = 2v9 x 
2 s 6S 7 


| Example 94. if tan : = (apne tan = , prove that, 


_ acos p+b 
~ a+bcos @ 


23m Sol. Given, tan . = |° ; tan : 
| Example 92. Find the value of sin —. . 
24 a: a-b. 49 
237 a Tt ic pital rr ae 
Sol. sin SE sin — | min sin 7 Now, cos @ = 4 = = 
a4 7 24 2 l+tan?— 14+ 7— tan? 2 
2 a+b 2 


Let@ =7—, then 29 = 15° 
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(a + b) cos’ 7 —(a—))sin’ 


(a + b) cos” 3 +(a-—b)sin’ 


rw 16 |v 1S 


a{ cos" $ ® ~ sin? 2). +b lees? 9 +sin? £ 
5 2 


a (coe ; +sin’” ar +b [cos = sin? + 


‘ 1\f 1 . 
lain 18° + - | —+ cos 36°| 
\ 2/\ 2 

[cos 72° = cos(90° — 18°) = sin 18°] 


rec teas ew | fe rm aa 
4 k 4 2 2 4 
E sin 18° 5-9) and cos 


_1 (v5 +1) (¥5-1)_ (5-1) 


5 ON 
4 


“4 4 4 64 
aD ig RS 
64 16 


_ om . 4n 
| Example 97. Prove that sin sin om gin a sin 


5 
_acosptb =— 
a+bcos@ 16 
Sol. We have 
cos @ — COS . um ., 2 . 3 . 42 
| Example 95. If cos 8 = MOS Gees P then prove LHS = sin — sin — sin — sin — 
1-—cos a cos B 5 5 5 
Q a B nig ai onan n~ 2 \infa —% 
that one of the values of tan — is tan — cot =. 5 5 rr ks 
_ cos a — cos B 2 27 


29 1-cos8 
2 1+ cos8 


_ _1=-cosa cosB 
|. cosa —cosp 
1— cosa cosB 
_1-cosa cos B - cosa +cosB 
~ 1=cosa cos B + cos & — cos B 
_ (1- cos @) + cos B(1 - cos a) 

~ (14 cos &) — cos B(1 + cos &) 

_ (1= cos &)(1 + cos B) ic E 


© cot 
~ (1+ cos &)(1 + cos B) 2 


B 


6 a 
.. tan — = t tan — cot — 
2 2 


1+ 


Hence one of the values of tan : is tan - cot B 
| Example 96. Prove that 
cos 6° cos 42° cos 66° cos 78° = — 
Sol. We have 
LHS = cos 6° cos 42° cos 66° cos 78° 


= = (2 cos 66° cos 6°) (2 cos 78° cos 42°) 


bi [cos(66° + 6°) + cos(66° — 6°)] 
4 


x [cos(78° + 42°) + cos(78° — 42°)] 


= =(c0s 72 + cos 60°) (cos 120° + cos 36°) 


2% 
= sin’ — sin? — 
5 


[.- sin(7 — 8) = sin 6] 
= (sin 36°)’ x (sin 72°) 
= (sin 36°)’ x (cos 18°)? 
[sin 72° = sin(90° — 18°) = cos 18°] 
(10- 2v5) . (10+ 2v5) _ (100 - 20) 


Se = SO 


16 16 (16 x 16) 
10 - 2V5 
*” sin 36° = Yio - 25 
4 
10 + 2V5 
and cos 18° = —————_ 
* 80 
(16x16) 16 


| Example 98. Find the value of 
(i) sin 22°30’ (ii) cos 22°30’ 
(iii) tan 22°30’ 


Sol. (i) sin? 6 = ee 


° [1-4] 
=> sin *aze30) = OS) v2, _ 2-1 


=> sin(22°30’) = 
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Hore eS 1-tan?~ = 2tan* 
2 = 2 ig De teak 
1 2x 2 
1+ 1+tan°— 1+ tan” — 
= cos’(22°30’ ) (1+ cos 45°) = v2 = (v2 t 1) -P ot 1 
2 2 2v2 Let tan * st, en. +——=- 
2 1+f? 14+t? 2 
> cos(o0rs0') = 2 #2 5: Pa eoeK iste 
\ 2v2 3 
sin*(22°30°) _(v2-1)__ (2v2)_ = wane ee 0< <2 tanZ 
(iii) tan 2(22°30") = Sn $22 30) Wwe) 2 3 2 2° 2 
cos’(22°30") (2v2) (v2 +1) : 
x 
_v2-1_ (v2-1), W2-1) 7 2 tan | 
~ Vee. (ati) (2-1) Oy Ee 
1 - tan* — 
= (V2 - 1)" q 
, 
=> tan(20°30") =(V2 - 1) [2427 
- 4 2) © xe+vi) 1-27 
| Example 99. If 0<x<zandcos x+sin Xa then ; (24) 1+2u7 1-27 
find the value of tan x. a, 
1 4+v7 
Sol. Given, cos. x +sin x= 5 oe tan x = — ara 


Exercise on Session 9 


1. If ta <] =cosec x —sin x, then find the value of tan( 2) 
; a(t 
2. Find the value of cos*| ~ | 
\8) 
; : 1 1 
3. Find the value of expression ——— + 


cos 290° 3 sin 250°. 


4. Iifx+ A, =2cos @then find the value of x” + ae 
x x 


5. Show that sin 47° + sin 61° —sin 11° -sin 25° =cos 7°. 


6. If wand B be two different roots of equation a cos 6 + b sin 6 =c, then show that sin(a + B) = Zap 
a 


2 +b? 
Z | = ate 
7. \fsina +sinB =a andcos a+cos B =b, then show that tan SF) a 


8. Show thatcot 42 = /2+/3-2-V6. 
B 


ecco , then prove that one of values of tan : is tan > tan 2 


9. Ifcos @= 
1+ cos acos B 


10. Find the value tan ~ = +2 tan = +4cot =. 
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Trigonometric Ratios of the Sum of Three. 


or More Angles 


Trigonometric Ratios of the 
Sum of Three or More Angles 


ellAt B+C) =e ef ef 


=> cos(A+B+C)+isin(A+B+C) 
=(cos A + isin A) (cos B + isin B) (cosC + isin C) 
cos Acos BcosC + iZcos A: cos BsinC +i” 
LeosA:sinB-sinC +i°>-sinA-sinB-sinC 
=cosA-cos B-cosC: 
{1+iLtanA+i’? DtanA tanB+i°-tanAtan BtanC} 
Now, equating real and imaginary parts, we get 
cos(A + B+C)=cosA-cos B-cosC -{1— tan A tan B} 
sin(A + B+ C)= cos A cos BcosC 
{2 tan A — tan A tan B tan C} 


and 


Generalising Using this Method 
cos(A, + A, +...+A,) +isin(A, +A, +...+A,) 
=cos A, -cosA,...cosA, {1+i-Ztan A, +i’ 
Ytan A, tanA, +i>Z tan A, tan A, tan A,+...i" 


. tanA,- tanA,...tanA,} 
(i) On comparing real and imaginary parts, we get 
cos(A, + A, +...+A,) 
=cos A, -cosA,...cosA, -{1—ZtanA tanA, 
+ZtanA, -tanA, tanA,-tanA,...} 
(ii) (sin(A, + A,+...+A,) 
=cos A, -cosA,...cosA, -{X tan A, —ZtanA, 
-tan A, - tan A,+...} 
(ili) tan(A, + A, +...+A,)=S, —S,+5,... 
LS, ao, HS pak 
S, =ZtanA,, 
S, =Ztan A, - tanA,; 
S, =X tan A,.tan A,.tanA, 


where, 


[| Example 100. If tan6,, tan@,,tan@,,tan@, are the 
roots of the equation 
x* —(sin2B)* + (cos 28)x? — (cos B)x — sinB =0 
Then, tan(6, +8, +6, +6, ), is equal to 


Sol. tan(6, +8, +6, +0,) os NS =9; 
L= 5, 0, 
_ sin(2B)-cosB _ cosB(2sinB — 1) _ 


Multiple Angle Results in the General 
Form 


Using the De-Moiver’s theorem, 
(cosna + isinna) =(cosa +isina)” 
="C,-cos"a+"C,.cos"”* & (isin) + 


2 n 


"C, cos" *a(isina)’ +...+ °C, (ising) 
= cos(n&) +isin(na) =("C, cos” a — 
"C,cos"”~* asin’? a +"C,.cos” * a-sin*‘ o...) 
+ i("C, -cos”” a- sina — "C, cos” *a.sin® a 


n-5 


+"C,cos"-*- sin’ a...) 


On comparing real and imaginary part, we get 
cos(nc.) =cos”a(1-"C,-tan’a+"C, tan* a...)...(i) 
and sin(na) =cos" a ("C, - tana — 
"C, tan 04 "C.tan Giz.) ..(ii) 
On dividing Eq. (ii) by Eq. (i), we get, 
ae °C) ="C, tan 4 "Cy.tan’ @. =. 
1-"C, tan?a+"C, tan‘a—"C, tan’a... 
On adding and subtracting Eq. (i) and Eq. (ii), we get 
sin(n) + cos(na) =cos" & {1+ "C, tana + 
"C, tan?a-"C, tan’a+"C, tan‘a+"C, tan’a...} 
and _—_sin(na) —cos(na) =cos" a{-1+"C, tana 


+"C, tan’a-"C, tan*a-"C, tan‘a+...} 


| | Example 101. Express sin’ 6 in term of sin(n@);ne N. 
Sol. We know, 
sin@ = sl? - “| using 


e'® = cosO + isin® =z 


fat \5 
sin’ = lal? - +] 
ai Zz 


= 1 Iso, C2 + °C z- c+] 
iz 


32i | 


ad -3) 2 - 5) +10{2-2} 
32i |’ ai z)| 
- = {2i sin 5@ — 5(2i sin38) + 10(2i sin®)} 

z 


= —(sin30 — 5sin36 + 10sin6} 


Summation of Series Containing sine 
and Cosine of Angles Forming an AP 


(i) Sine of angle forming an AP 
Let the series be, 
S =sin(a) + sin(a +B) +sin(a +28) + 
... tsin(a@ +(n—1)B) 


On multiplying and dividing by asin 


P sina - sal?) +2sin(a +B) sin 5) 
+...4+2sin(a +(n—1)B). an( 8) 


6-8-9) 


ev 


—_— 
ee 


“an(? 


“ial 


ative | 


( B Shea 3B 
[cor(a+8) ee } 


ah. +costa+(n-2)8)- cos n— A 
1\ 
| 
/ 


\ 


(2-8) oa 


\ 


“2s 


B 
2. 
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. sing +sin(a +B) +sin(a + 2B) 
+... ¢sin[(a +(n —1)B)] 


{f B : 
sin! nf sin a+(n _18 
Pa 6) ce a | 
Sl BY 
2) 
(ii) Cosine of angle forming an AP. 
Let, 


5S =cos(a) + cos(a +B) +cos(a + 2B) + 
ee +(n-1)B] 


On multiplying and dividing by asin BI we get 


S= 


? sin B -cos(a) + mt) -cos(a+PB)+ - 


\ 


1 
2 Gel | 
\2 


asin( -cos(a + 2B) + +2sin{ &) cos(a +(n+ pl 
2 een 


(emote 


/ 


" 1 
asin( 2 
L2 


re 4 


+... + sin aC -5| 6| sin aG -5| | 


cos} & +(n—-1) 


... $c0s(% +(n — 1)B) 


= es n- (B))| 
“ma | [++0-0(F)} 
\2 
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II Method 
Let S =sina +sin(a +B) +sin(a + 2B) + 
... tsin(a +(n—-1)B) ...(i) 
C=cosa +cos(a% +B) +cos(a + 28) + 
..+cos(a% (n —1)B) © ...(ii) 
C+iS =(cosa +isina) +(cos(a +B) + isin(a + B)) 


oo 


+(cos(a + 2B) + isin(a + 2B)) +...+(cos(a +(n —1)B) + 4. 


isin(a +(n —1)B)) i(a +(n- 1B) 


=e" +e 


oe ee © 
=e ee | 
= ie [cos(nB) —1+isin(nB) 


cosB -1+isinB 


loi? sin zit sin'(nt | +2i-sin( nf )-cos(n?) P) +2r “( 7 cos(n®) 
< 2 2 | 


On 


ia 


=e 
- . fay tor vee 
21 -sin*{ e) +2i- sin cos} (2) | 
2 
2sin| cos (»f) +i- a(n B) 
= —_\ 2) \ 4 
disin( st Patt si 
L 2) 
en sin n( nb aoe sn @ = mi 
| ("5 fas(22 P] 


si 0b ; 
ae ae ‘[a+o-n/ 5} 10. 


11. 
si nP| 
27) if (B 
and Coa sn(a+enn(2))} 
“ev ey 
.2) 12. 
1. sin(A + B + C) =sin Acos BcosC +cos Asin BcosC + 
cos Acos BsinC —sin Asin BsinC 
or sin(A + B+ C)=cos Acos Bcos C(tan A + tan B + 13. 


tan C — tan A tan B tanC) 
2. cos(A + B + C) =cos Acos BcosC — sin Asin BcosC — 
sin Acos BsinC —cos Asin BsinC 


i(a + B) + ela+ B) + + ela+ @-18) 5. 


. tan(A, + A, +...+A, jee 


cos(A + B+ C) =cos Acos Bcos C(1— tan A tan B—- 
tan B tan C- tanC tan Ax 


. tan(A + B+C) 
_ tanA+tan B+ tanC —tanA tan BtanC 
~ 1—tanAtan B-tan BtanC -tanCtanA 
In general; 
sin(A, + A, +...+A,) 


=cos A, cosA,...cosA,(S, -S, +S, —S, +...) 
cos(A, + A, +...+A,) 
=cos A, cos A,...cos A _ S, +S, -S, +...) 
=5, +5, 554i. 
155 65, = 5.4... 
where; 
S, =tan A, +tanA, +...... +tanA, 
= tan sum of the tangents of the separate angles. 


S, =tanA, tan A, + tan A, tanA, +... 
= the sum of the tangents taken two at a time. 

S, =tanA, tan A, tanA, + tanA, tanA, tanA, +... 
= sum of the tangents three at a time and so on. 


If A, =A, =...=A, =A, then : 
S, =ntanA 
S,="C, tan’ A 
S,="C, tan’ A,... 


. sinnA = cos” A("C, tan A—"C, tan? A+"C, tan’ A...) 


. cosnA =cos" A(1—"C, tan? A+"C, tan* A-...) 


.tannA 


"C, tanA—"C,tan?>A+"C, tan’ A... 
7 1—"C, tan?’ A+"C, tan‘ A—"C, tan® A+... 
sinnA +cosnA =cos” A(1+"C, tanA—"C, tan’? A- 
"C, tan? A+"C, tant A+"C, tan° A—"C, tan A...) 
sinnA —cosnA =cos" A(-1+ "C, tan A 
+"C, tan? A-"C, tan’ A 

—"C, tan‘ A+’C, tan° A+ "C, tan‘ A..} 

sin(a) + sin(a +B) +sin(a + 2B) +...+sin(a +(n—-1)B) 
_ sinfa +(n —1)(B /2)} - sin(nB / 2) 
sin(B / 2) 

cos(at) + cos(% + 8) + cos(a + 2B) +...+cos(a +(n—1)B) 


a cos(a +(n —1)(B /2)) - sin(n(B / 2)) 
sin(B / 2) 


Sol. Here, 


| Example 102. Let n be an odd integer. In 
sinné = 5'b, sin’ 8, for all real @. Then, find b, and b,. 


r=0 
Sol. Here, sinn@ = b, + b,sin@ + b,sin’6 +... ..(i) 
Putting @ = 0, we get 


0=b, ...(ii) 
Again, on differentiating Eq. (i) both sides w.r.t. 8, we get 
ncosn® =0 + 6, cos6 + b,2sin8-cosO +... 
Again, putting 6 = 0, we get 
n= b, v(t) 
.. From Eqs. (ii) and (iii), 
b, =Oandb, =n 


| Example 103. If cos 58 = acos* 6 +bcos* 8 + ccosé. 
Then, find the value of c. 

cos50 = acos*@ + bcos*@ +ccos@ isi) 

On differentiating Eq. (i) w.r.t.8, we get 

—5sin50 = a(5cos‘8)(—sin@) + 3cos’8)(—sin®) — csin® 


tT 


Tt Tt 
Putting 9= a Seinen =-csin— as cos— =0 
2 2 2 2 


c=5 


[Example 104. If sin® xsin3x = )'c,,.cos mx is an 
m=0 
identity in x, where c,,’s are constants, then find the 
value of n. 


— sin3x 


3sinx : 
‘sin3x 


Sol. Here, sin’ xsin3x = 


3 1 
= 5 asin xsin3x) - sin’ 3x) 


w 


= —(cos2x — cos 4x) - (1 — cos6x) 


a 


1 ‘ 
ee ry ee ee i) 
8 8 8 8 


n 
Also, ¥\¢,,.Cos mx =¢, + ¢,cosx +c, cos2x 


m=0 
+... $C, cosmx | ..{ii) 
On comparing Eqs. (i) and (ii), we get 
—n=6. 
e 


n-1 rm} 
| Example 105. Evaluate Y‘cos’ — | 


r=) \ / 


1S/ 
= jee 
S(t] 


Sof. Sum 
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1 an 4u = 
=-(n-1)+ 1 ose 4 cos tt 4. eee 
2 2l on n n 
(an an | 
i i in aee {) +(n-2 = 
=-(n-1)+-. A. cog Ee 
2 2 : 2 
sin — 
n2 


Using, cosa + cos(a +B) + cos(a + 2B) +... 
+ cos[a +(n — 1)B} 
__ np 


sin — 2 


 (n-1)n 


“COST 


Maye te 
~ on a sin(1/n) | 


(sn®\(-n -1) 


1 
=—-(n-1)+- 
2 2|  sin(n/n) 


| Example 106. Evaluate Sine eS oasine e a: t6 
n n n 


n terms. 
_ um «, 3n . SD 
Sol. sin— + sin — + sin— +... to n terms 
n n n 
int 2 
on. 2-—+(n-1)-— 
= “sin 
» Qult P] 
sin — 
2.n 


Using, sina + sin(a +B)+... + sin(a +(n — 1B) 


é sinnB/2 2a +(n -1)B| 
sinB/2 | 2 «| 
sin tt in| AAT 
ino 


sint/n an } 
- 2 
sin’ 1 
=— =0 
sint/n 
3m 57 
nee: + sin— + sin— +... ton terms =0 
n n n 
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Exercise for Session 10 


. IfA+B+C =180°, then prove that sin2A+sin2B + sin2C =4 sin Asin B sin C. 


1 

2 6 B C , , 
2. IfA+B8+C =180°, then prove that tan? — = tan > tan 2 when cos @(sinB +sinC)=sin A. 
3. IfA, B, Care angles of a AABC, then prove that sin2 A + sin2B -sin 2C =4 cos Acos BsinC. 
4 


> Wibeeanee: ATES BSN oi cot cot = then find the value of A. 


sinA+sinB -sinC 


5. ia Ba 6 ave0* insane tne vatieet OS 
sinBsinC sinCsinA  sinAsinB 
= C 
6. In AABC, show that TEC AES LCS 2 tan a cot —. 
1-cos C +cos A+cosB 2 2 


In a AABC, if tan (=+£-*) tan oes tan [A28=©) = 1, then find the value of cos A+ cos B + cos C. 


8. Ifina AABC, cot a + cot es + cot a =A cot A cot a cot g then find the value of A. 
2 2 2 2 2 
9. IfA+B+C =, then show that cos 2A + cos 2B + cos 2C =1-4sin AsinBsin C. 


B B.. 9 


10. If c+B+y =2n, then show that tan + tan= + tan” = tan tan” tan. 
2 2 2 2 2 2 


Session11 RA 
Maximum and Minimum Values of 
Trigonometrical Functions 


Conditional Trigonometrical Identities —@ii) 16. 4+ B+ C= 7, thencos(A +B) 


We have certain trigonometric identities like, =cos(m —C) =—cosC 


sin’ @ +cos’@ =1and 1+ tan’ 6 =sec@ etc. Such Similarly, cos(B +C) =cos(m — A) =—cos A 
identities are identities in the sense that they hold for all and cos(C + A) = tan(x — B)=—tanB 
value of the angles which satisfy the given condition (iv) If A+ B+C=n, then tan(A + B) 
among them and they are called conditional identities. 
If A, B,C denote the angle of a AABC, then the relati is ala oS 
,C denote the angle of a , then the relation -— _ AUR, 

A+B+C=m enables us to establish many important similarly, tant C) = ten A) == tana 
identities involving trigonometric ratios of these angles. and, tan(C + A) = tan(n — B) =—tanB 

(i) IfA+B+C=n, thn A+B=n1-C, (v) IfA+B+C=n, then == pk 

essays saad 2. #@ 
(ii) If A+ B+C=7, thensin(A + B) and of we and ae Toe 


=sin(m —C) =sinC c) 
Similarly, sin(B + C) =sin(m — A) =sin A 3 rs 
MS 

and sin(C + A) =sin(7 — B) =sin B (hen Be ae C 
; J =ccs FE) asin ©) 


A) = C\ in( C 
cos =cos| ——-—|]=s1In/| — 
2 > 9 5) 


w(te8) anf 


All problems on conditional identities are broadly 
divided into the following four types : 


(i) Identities involving sines and cosines of the 

multiple or sub-multiples of the angles involved. 

(ii) Identities involving squares of sines and cosines of 
the multiple or sub-multiples of the angles involved. 

(iii) Identities involving tangents and cotangents of the 
multiples or sub-multiples of the angles involved. 

(iv) Identities involving cubes and higher powers of 
sines and cosines and some mixed identities. 


_ TYPEI Identities involving sines and cosines of the 


2 multiple or submultiple of the angles involved 
Working Method 
Step 1 Use C and D formulae. 


Step 2 Use the given relation(A + B+C=7) in the 
expression obtained in step 1 such that a factor 
can be taken common after using multiple angles 
formulae in the remaining term. 


Step3 Take the common factor outside. 


Step 4 Again use the given relation(A+B+C=n7) 
within the bracket in such a manner so that we 
can apply C and D formulae. 


Step 5 Find the result according to the given options. 
TYPE Il Identities involving squares of sines and 


cosines of multiple or sub-multiples of the 
angles involved. 


Step 1 Arrange the terms of the identify such that either 
sin’ A-sin’ B=sin(A+ B).sin(A — B) 
or cos’ A—sin’ B=cos(A + B) cos(A - B) can be 
used. 

Step 2 Take the common factor outside. 


Step 3 Use the given relations (A + B +C =) within the 
bracket in such a manner so that we can apply C 
and D formulae. 


Step 4 Find the result according to the given options. 
Type III Identities for tan and cot of the angles 


Working Method 


Step 1 Express the sum of the two angles in terms of 
third angle by using the given relation 
(A+B+C=7) 
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Step 2 Taking tangent or cotangent of the angles of both 
the sides. 


Step 3 Use sum and difference formulae in the left hand 
side. 

Step 4 Use cross-multiplication in the expression 
obtained in the step 3. 

Step 5 Arrange the terms as per the result required. 


' Example 107. if A+B+C=rn, then, find 


sin2A + Sin 2B + sin2C. 
Sol. sin2A + sin2B + sin2C 


= ain{ 4 , 2) cos =) + sin2C 


= 2sin(A + B) cos(A ~ B)+sin2C 
= 2sin(x —C)-cos(A — B)+sin2C 
[-At+B+C=2,At+B=n-C 
”. sin(A + B)=sin(m - C)=sinC] 
= 2sinC cos(A — B) + 2sinC cosC 
=2sinC [cos(A — B) + cosC] 
= 2sinC [cos(A — B) — cos(A + B)] 
[.. cos(A - B) — cos(A + B) =2sinA sinB, 
by C and D formula] 


=2sinC [2sinA sin B] 
= 4sinA sinBsinC 


! Example 108. If A+8+C =r, then, find 


tanA+ tanB+B+tanC 
Sol. A+B+C=n 


A+B=n-C = tan(A+ B)=tan(r -C) 


tanA + tanB 
——_—_—_—— = - tanC 
1-tanA tanB 
=> tanA + tanB=-— tanC + tanA-tanB-tanC 


tan A + tanB + tanC = tan A: tan B- tanC 


Maximum and Minimum Values 
of Trigonometrical Functions 


As we have discussed in previous article that —1<sinx $1 
and—-1S cosx SL 


If there is a trigonometrical function of the form 
asin x + bcos x, then by putting a =rcos6, b =rsin®, we 
have 


asinx + bcosx=rcosOsinx +rsin8-cosx 


=r(cos@sin x +sin@cos x) 


=rsin(x +6), where r=,a’ +b’, tan@ sf 
a 
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Since, -1Ssin(x +8) $1 =1+ Fpcos0 + sin) + V2(cos@ + sin®) 
x -r Srsin(x +6) sr , \ 
ae 2 : 2 2 =1+ ei xo (cos® + sin®) 
or ya +b° Sasinx +bcosx Sa‘° +b’, forall x. E- j 
Hence, the maximum and minimum values of acid (=. + J2)\-sficos{ @ " rn) 
trigonometrical functions of the form asin x + bcos x are V2 
Ss i 
Ja? +b* and -Ja’ +b’, respectively. ”. The maximum value of 1 + & + V2 |-v2 = 4. 
\v2 


Note | acosA+ bsinA| < Ja + 0°. 
| ‘ | Example 113. Find the maximum and minimum vals 


of cos’ 6 —6sinOcos6 + 3sin? 6 +2. 
Sol. We have, cos’@ — 6sin9 cos@ + 3sin?0 + 2 
=(1-sin’6) — 3sin20 + 3sin’0 + 2 
= 2sin’@ — 3sin20 +3 


i = 
Also, cosA# sinA= sin] = + A)= J2cos (43 = 


| Example 109. Find the maximum and minimum value 
of 3sin2x + 4cos 2x + 3. 


Sol. As we know, 


=a’ +b’ SasinA + bcosA S Ja’ +0’ = (1 - cos20) —3sin26 +3 
ae — = 4 —(cos26 + 3sin26) wi) 
= —y3" + 4° S3sin2x + 4cos2x Ss y3" + 4 As we have, —J/10 S$ cos280 + 3sin26 s 10 
=> -5 S$ 3sin2x + 4cos2x $5 tie -J10 < —(cos20 + 3sin20) < V10 
-5 +35 3sin2x + 4cos2x +3$5+3 ; ss 
ee rn eae or 4-10 <4-(cos20 +3sin20)<4+-10 __...(ii) 
‘. From Egg. (i) and (ii), 
| Example 110. Find the maximum and minimum value 4 — 10 < cos?@ — 6sin®@ cos@ + 3sin?6 +2<4 + V10 
of 6sin xcos xX + 4c0S 2x. 
SME Wie hue eaneesiacuacueon | Example 114. The minimum value of cos 26 + cos 6 
an Aci Ox 4 Acokx for all real values of 6. 
~ 32 + 4? <3sin2x + 4cos2x <3? + 4° Sol. cos28 + cos@ = 2cos’6 — 1+ cos 
( 1 \ 
=>  3sin2x + 4cos2x € [-5, 5] =/ieh2| ost i 


Hence, the maximum value is 5 and minimum value is —5. 


( 1 i 2) 

=-1+2|cos’6 +—cos0 + — - — 

[| Example 111. Prove that i 2 16 6) 
7 ‘ 


Tl 2 
-4<5cos0 + 3cos [e+e |+3st0 for all values of 8. ==142{ cost +3) cain 
4 8 
/ : ‘ 
Sol. We have, 5cos@ + 3cos! 6 + =) ees 4: a{ cosé + 1) ae, 
3 8 ~ 8 
=> 5cos0 +3cos@ cos— — 3sin@sin— 9 
aes avs an il a So, the minimum value of cos26 + cos@ is re 
=> 2 sé - 3 sine => ee 2 os0 — “3 sind $7 sin 3x ; 
2° 2 2 2 | Example 115. If f(x)= ,X #nm, then find range 
=> ~-7 S$ 5cos@ +3cos(6 + 1/3) <7, for all 8. ¢ es 
=> —-7+3S5cos 8 +3cos(6 + 1/3)+3S7 +3, for all. 9 fx), a 
= -4 <5cos0 +3cos(0 + 1/3) +3 < 10, for all. Sol. f(x) = sin3x Pi a i 
Hence proved. sin x SUE. 
=> f(x) =3- 4sin’ x. (i) 
| Example 112. Find the maximum value of We laiowe0 asin? eee ine Sowa An) 
I \ a: \ 
1+sin{ F+0) + 2cos| 7 —6 | for all real value of 6. or -1$-sin’x <0 
\4 4 } or -4$-4sin’x<0 or 3-453-4sin’x <3 
’ ‘ ; 
Sol. We have, 1+sin{ £40 | +2004 © 0] or -18$3-4sin’x<3 = -1S f(x) <3 


Hence, range of f(x) € [—1, 3). 


Application on Quadratic Equations 
As we know, ax” + bx +c =0, represents the quadratic 
equation whose, 


s 
sum of roots = —. 
a 


product of roots = — 
a 


—b +b? ~- 4ac 


(a, B) roots = 3 


and if we want to form quadratic equation whose roots 
are given. 


= x’ —(sum of the roots)x + (product of the roots) =0. 


As above mentioned results are basics for quadratic 
equations, we discuss certain application on trigonometry. 


| Example 116. Find cos(a + B), if tan and tant are 


roots of the equations 8x? - 26x +15 =0. 


Sol. It is given tan— and tant are roots of 8x” — 26x + 15=0. 


15 
= ge a ene ode 
2 2 2 
i 
a+ 
es i sf) 
cos(a +8) = + : 
ne 1+t fa +B) 
an j 
L. 2 
a+B tan + tan® 
where tn{ 27P ntE). 5 
1—-— tan —tan— 
2 
13 
or tn( 228) =a = 
2 15 7 
1-— 
8 
(676. 
(49). 627 
> cos(a + 8) = ———< = —— 
oe) (676\ 725 
fe puaninting 
49 | 
-627 
= cos(a +B) = —— 
(a +B)= = 


| Example 117. if the solutions, for @ from the equation 


sin? 8 —2sin@ + A =0 lie in [am (ane tins | 


Then, find the possible set ‘alles of i. 


24.4-4A 


Sol. sin?6 - 2sin@ + A =0 = sin® = =1tJ1-A. 


For real values, 1—A20,ie.A 1. 
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As -1Ssin@ $1,sin® =1-./1-A. (neglecting 1+ 1 - A) 


From question, sin® > -5 
1 
3 <1-ql-AS1 
3 —— 
or ~3<-{i-hs0> fi-2 <5 


= fete ny, Cree 
2 4 


Thus, 


I Example 118. If ABCD is a convex quadrilateral such 
that 4sec A+ 5=0, then find the quadratic equation 
whose roots are tan A and cosec A. 


Sol. sec =— 2. So, <A<n 


Hence, tan A = - : and cosecA = : 


. Required quadratic equation is 


\ 
x-(-242}c4(-2} x30 
4 3) 4) 3 
ee a toniex -11lx-15=0 
12 4 


| Example 119. If seca and cosec are the roots of 
x? — px+q=0, then show p’ = q(q+2). 
Sol. Since, seco. and cosec @ are the roots of x’ - px + q =0 


, seca + cosecQ = pandseca coseca =q 


F ; ; 1 
sina + cosa = psinad cosa and sind cosa = — 


a) 


sing + cosa = P 
q 


On squaring both sides, we get 
2 


sin’ + cos’@ + 2sina@ cosa = , 


or eee 
q 


| Example 120. Find the number of values of x in the 
interval [0, 51] satisfying the equation 
3sin? x -7sinx+2=0. 

Sol. 3sin’? x -7sinx +2=0 


74¥49-24 745 1 
=> sing = 2tV9-%4 745 1, 


sinx =- (where, 2 is not possible). 


sing = =sina;(0<a < 1/2) 


x=0,7-GC,2N+0,3N -A,4N7+A,5N-A 
Thus, the number of values of x is 6. 
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| Example 121. 0<a< 3, 0<b< 3. and the equation, 
x’ +44 3cos(ax + b) = 2x has atleast one solution, 
then find the value of (a+b). 
Sol. x? - 2x + 4 =—3cos(ax + b) 
=> (x-1)'+3=-3cos(ax +b) (i) 
As — 1S cos(ax + b) S$ 1and(x —1)’ 20 
.”. Eq. (i) is only possible if, 
cos(ax + b) = -1and(x — 1) =0. 


So, a+b=1,3n, 57,... 
and 3m > 6 
where at+bs6 
= at+b=t 


| Example 122. Find the values of p if it satisfy; 
cos8 = x+ _ xeéR for all real values of @. 


Sol. x’? - cosOx + p=0 


re cos® + ,/cos?@ - 4p 


=> 
2 
For realx, cos°@-4p20. = 4p cos’6 
4p Scos’6 $1. 
=> p < = forall values of 6. 


| Example 123. Find the set of values of A eR such 


that tan? @ + sec 6 =A holds for some 0. 
Sol. tan°@ +sec8=A => sec’6 +secO -(A +1) =0 


—14 1+ 4(A +1) 


sec§ = 
2 
altar $5 
2 
For real secO, 4A +520, 
5 
i.e. A2-- ...(i) 
4 
Also, sec@ 21 or sec8 s$—1 
-1+/4A 45 
rt J4n45 
2 
-1+/4A 45 
or rIt 4A +5 oy 
2 
=> -1+,/4A+4+522 
or —1+/j4A+5<5-2 
=> 4A 4529 
or 4A4+5>1 


=> A21 
or x 2 a 1 
From Egs. (i) and (ii), 


ABR andd21 


or h2-2andA2-1 


A21 o0rA2-1 
dé [-1, ©). 


Proving Trigonometric 
Inequality 


Jensen's Inequality | 
(i) Suppose that ‘f’ is a convex function on [a, bJé R, for 
al xp Ki5 5 5 ones Cae] 
we have 
‘ ‘ 
ha 
flx,) + fle,)botflx,) 2m f | Ae 


\ n / 


Proof If f(x) is concave up, 


¥ Anns fXp)) 


Here, G 


(x, tx, 4.4", f(x,) aes 


\ n n 


aa A *: te Kg teccEX: A* eee, Sara, } 


\ n n 


From figure, ordinate of G 2 ordinate of P. 


9 \ 


f(x.) + f(x,)h.+f(x,) > fl x, x SEx, 
n q n 


4 


f 


F(x.) + fle.) + f(x, )2n- f 


X, +X, +...+X, 
n 


N 


(ii) Similarly, suppose that f is concave function on 
[«, bJe R, for all x,,x,,x,,...x, € [a,b], we have 


{QD tflxer. +h yan: fi 


\ 


Pag ad 


a n 
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cosA +cosB+cosC [A2e**) 
——_—_—_—_—— $ cos a ae 


| Example 124. If 4,8, ce(-%,5] Then prove that ; 


3 3 
cos AcosB+ cos C S =. fe Reba ee erie Capes at ie Cain 


Sol. Since, for a function which is concave downwards 
[Set 5) 5 Lx) + fx) + fxs) 
3 3 


and we know that the graph of y = cos x is concave 

downwards for all x € es *) 
2°2) 

Let P(A, cos A), Q(B, cos B) and R(C, cosC) be any three 

points on y = cos x, then it is clear from the graph 

GM s ML 


Exercise for Session 11 


Prove that the minimum value of 3 cos x + 4sin x + 5is 0. 
lfsin 6, + sin @, + sin 6, =3, then find the value of cos 6, + cos 8, + cos 8). 
. Ifx =rsin cos 9, y =rsin Osin > andz =r cos 6, then prove that x? + y? + z” is independent of @ and 9. 


. Find the least value of 2 sin? 6 + 3 cos? @. 


A A WH m 


a, B, y are real numbers satisfying « + B + y = 7. The find the minimum value of given expression 
sina + sinB + sin y. 


> 


If A=sin? 6 + cos‘ 6, then find all real values of 0. 
7. Find the minimum value of sec?6 + cosec’6 — 4. 


8. If P =cos (cos x)+ sin (cos x), then the least and greatest value of P respectively. 
(a) -1and 1 (b) 0 and 2 (c) -¥2 and /2 (d) 0 and 2 


/ \ : 
9. LetOe 0, a and t, = (tan 6)" °, t, =(tan 6)*° t, =(cot 6)" ° and t, = (cot 6) ®, then show that f, >t, >t, >t. 
\ 


10. Find the ratio of greatest value of 2 -cos x + sin? x to its least value. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


er a ee nme ae: 


@ Ex. 1. In the inequality below, the value of the angle is 
expressed in radian measure. Which one of the inequalities 
below is true? 

(a) sinl< sin2 < sin3 

(c) sin2 < sinl< sin3 
Sol. (d) We have, sin1 — sin2 


(b) sin3 < sin2 < sin1 
(d) sin3 < sinl< sin2 


= Dane eae <0 
2 2 


I | | 
1 
sin2 


sin3 sin 1 
A sin 1 < sin2 
Similarly — sin1 — sin3 ...(i) 
=-2cos2sinl1>0 
=> sin] > sin3 ...{ii) 


From Eqs. (i) and (ii), we get 
sin3 < sin] < sin2 


@ Ex. 2. InaAABC, ZB< ZC and the values of B andC 
satisfy the equation 2 tan x —k (1+ tan? x) =0, where - 
(0 <k <1). Then, the measure of ZA is 


Tl 21 
a) — b) — 
ile ge 
rt 3n 
c)— d) — 
oe a5 
Sol. (0) k= ees = sinax 
1+tan’x 
=> sin2C = sin2B 
But ZC > ZB 
= 2C =" -2B = B+C=* 
giu™ 


2 


@ Ex. 3. IfM and mare maximum and minimum value of 


2 
the function f(x) = UE Sab LU ad then(M +m) 


1+tan’ x 
equals 
(a) 20 (b) 14 
(c) 10 (d) 8 
2 
Sol. (c) Given, f(x) = ee 
1+ tan’x 
2 
1+ tan’ x 1+tan’A 


= 2sin2x + 4cos2x +5 


R, = (V5 -V20,5+ 20) 


Hence, (M + m) = 10. 


Alternate Method 
tan’ x 4tanx 9 
fl) = ee im 
1l+tan°x 1+tan°x i1+tan'x 


_=sin? x + 2sin2x + 9cos’ x 


= 1+ 4(1+ cos2x) + 2sin2x 
=5 + 2sin2x + 4cos2x 


@ Ex. 4. The value of 4 cos —3 sec —tan— is equal to 
10 10 10 


(a) 1 
(b) V5 -1 
(c) V5 +1 
(d) zero 
Sol. (d) We have, 4 cos18° — — 2 tan 18° 
cos 18° 
__ 4cos?18° —3 ~ 2sin 18° 
7 cos 18° 
_ A1 + cos36°) — 2sin 18° —3 
7 cos 18° 
_ A1+ cos36° — sin18°) —3 
. cos 18° 
a1 + | —3 
aa 
cos 18° 


@ Ex. 5. For0<A< . the value of 


‘ 
log , — + is equal to 
7 \1+2cos’ A 


sec’ A+2 
(a) 1 (b)-1 
(c)2 (d)0 
1 “3 3 
Sol. (ad) As, | ————_ + —-—_- 
” (ste sec’ A +2, 
of 4 2cos’ A 
\1+2cos?A 1+2cos?A 


_ (14+ 2cos’ A) _ 
(1 + 2cos* A) 
Hence, log, (1) = 0. 


2 


® Ex. 6. The sum mae. ee re ae 
sin 45° sin 46° sin 47° sin 48° 
+ is equal to 


sin 133° sin134° 
(b) cosec (1°) 

(d) None of these 
sin( 46° — 4 < 


+ —_—_—_—_——__ +... 
| sin 49° sin50° 

| (a) sec (1°) 

, (c) cot(1°) 


=” [cot 45° — cot 46°] 
sin 45° sin 46° sin 1° 
ae — 47°) 


sin 48° sin 47° : 


Sol. (b) T, = aa 
sin 1° 


: 1 
leer 

1 
sin 1° 
|e = ve} 


sin 133° sin 134° 


[cot 47° — cot 48° ] 
T,=- 
sin 1° 

1 
sin 1° 


[cot 133° — cot 134°] 


On adding 


DT, - 


r=l 


[{cot 45° + cot 47° 


sin 1° 


+ cot 49° + ...4 cot133° 
— {cot 46° + cot 48° + cot50° + ...+ cot134°}] 


= cosec 1° 


[all terms cancelled except cot 45° remains] 


Ex. 7. The range of k for which the inequality 
k cos’ x —kcos x +120 V x € (9, ©), is 


(a)k<— (b)k <4 


-1 1 
—Sks4 d)—<Sk <5 
aS i): 


Sol. (c) We have 
k cos’ x —kcosx +120V x €(-©, 0) 
=>  k(cos’x —cosx)+120 


y\2 
] 1 
But costs ~cosx=(cosx- 2) -- 
2 4 
ee 
=> Sees x—-cosx $2 


“. We have, 2k +12 0and-~ +120 


Hence, - ; Sk 4. 


© Ex. 8. if (8) 2S then value of 
2cos 26 


(IT?) « £(34°) equals 


3 1 
(a) — (b) (c) ri (d)1 
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1 —sin20 + cos20 
Sol. (a) f(8)= =e 
_ (cos6 - sin8)’ + (cos’@ — sin’@) 
A&cos® — sin®) (cosO + sin®) 
_ (cos® — sin®) + (cos@ + sin) 
7 AcosO + sin®) 


2cos8 7 1 
. AcosO + sin8) 14 tan@ 
° co ia 1 1 
See (1+ tan11°) (1 + tan34°) 
_ — 1 
~ (14 tani?) (1+ tan(45° - 11°)) 
e i> 1 
1+ tan11° 
- 1 1+tanii?_ 1 
~ (1+ tan11°) 2 2 


@ Ex. 9. The variable ‘x’ satisfying the equation 


|sin X COs x| +2 +tan? x +cot? x = V3, belongs to the 


interval 
Tt | ca: 
| b)| —, — 
alo | IF | 
(d) Non-existent 


Sol. (d) sin x cos x| + |tan x + cot x| = V3 


3 


=> |sin x cos x| + —————_ = 
|sin x cos x| 


but |sin x cos x| + 22 


sin xX COS x| 


Hence, no solution. 


@ Ex. 10. Leta bea real number such that0 Sa <n. If 
f(x) =cos x +cos(x +) +cos(x + 20) takes some constant 
number c for any x € R, then the value of [c +a] is equal to 
Note (y] denotes greatest integer less than or equal to y. 
(a) 0 (b) 1 (c)-1 (d) 2 
Sol. (d) f(x) = cos x + cos(x + 22) + cos(x +a) 
= 2cos(x +@) cosa + cos(x + &) 
=(2cosa + 1)cos(x + a) 
As cos(x + &) can take any real value from — 1 to 1,VxeE R 
‘. f(x) is constant, so(2cosa + 1) =0 must hold. 


2 
=> a =—andc =0 
3 
[oon 
0+—|=2 
R 3 


Hence, {[c+a]= 
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@ Ex. 11. Ina AABC, if 4cos AcosB + sin2A 
+ sin2B + sin2C = 4, then AABC is 


(a) right angle but not isosceles 
(b) isosceles but not right angled 


(c) right angle isosceles 
(d) obtuse angled 


Sol. (c) We have, 4cos A cos B + 4sinA sin BsinC = 4 


_ 1-cosA cosB 


=> sin 
sinA cosB 
=> 1<sinA sinB+cosA cosB 
= cos(A — B)21 
= 2 
=> A=Bandsinc = 1° 4 - 
sin" A 
C =90° 
Tt 
and A=B= oo 


(fo am\, 
Ex. 12. For6,,9,,...,6, €| 0,— |, if 
2) 


In(sec6, —tan@,)+ln(secO, —tanO,) +...+ 
In(sec8, —tan®,)+inz =0, then the value of 


cos ((secO, + tan@,) (sec, +tan@,)...... (sec@, + tan@, )) 
is equal to 
[aco 2) (b)-1 
(nx 
(c) 1 (d) 0 


Sol. (b) In {(sec6, — tan8, )(sec8, 


= tan6,) ie (secO, a tan, )} 


salt) 


Tt 
(i) 
ii) 


(7%) 
[Note If O exe. ieee } 
2 cos x 
”. (sec8, — tan®,)(secO, — tan®,)...(sec8, - tan8,) = — 
Let (sec8, + tan6,)(sec@, + tan8,)... 
(secO, + tan8,) =x 
On multiplying Eqs. (i) and (ii) we get 
x 
l=— 
T 
aA x=T7 
*. cos((secO, + tan@,) (secO, + tan8,) ... (sec8, + tan8, )) 
=cost=-1 


@ Ex. 13. If A, B,C are interior angles of AABC such that 
(cos A +cosB+cosC)? +(sinA + sinB+sinC)’ =9, then 


number of possible triangles is 


(a) 0 
(c) 3 


(b) 1 
(d) infinite 


Sol. (d)(Z cos A)’ +(Zsin A)’ =9 
Xcos’ A + sin’ A) + &{Lcos A cos B + sin A sin B) 
3 +22 cos(A ~ B)$3+2(3)= 
Equality holds if A = B=C 
= AABC is equilateral => Infinite many equilateral: 
_ [Note We can vary side length of equilateral triangle] 


T T 7 ™ 
@ Ex. 14. Ifcosec — +cosec oe + cosec = +cosec 3 + 
1 . 


Tt Tt ; 
cosec a =cot re then the value of k is 


(a) 64 (b) 96 (c) 48 (d) 32 


f- 
ae - °) ‘ 


Sol. (a) T, = 8= 
(a) T, = cosec oe 


‘ sin— sin® 
2 
T, = cots — coté 
T, = cot® — cot20 
T, = cot20 — cos2’6 


T, = cot2’6 — cos2°0 
T,=1 


um = 1+ cot ~ cotte 


Sum =1+ cote — cot8d 


T 
=1+ (tee ot = gre: =cot— .. k=64 
64 4 k 


5 
@ Ex, 15. LetS= 2 costae —1) ~ and 


P= [Joo(2 =) n) then 


r= 
Me Pan (b) P =3S 
(c) cosec S > cosec P (d) tan’ P < tan”'S 


Sol. (d) We have, ¥ costar - a 


r=) 


31 51 On 
= cos + cos—~ + cos + cos—~ + cos— 
11 11. 
cosine series 
2.CO «(5% ) snl =) sin{ 22") 
. ‘nh AD Se Ve eee | 
2+ sin — 2 in =) : 
\1l 
 % 61 
Also, Ficos! 2 a eek fg as dese gee 
r= ( 15) a. 15 15 15 
id 
in{ 227) s fan + 2) 
6) ee ae 
z sin( =) 16 sin{ 2 | 
(15 (15) 


Therefore, tan” P < tan”'S. 


@ Ex. 16. Set of values of x lying in[0, 27] satisfying the 
inequality | sin x |>2 sin’ x contains 


(a) 0 | uf rm (b) [a 72) 


()= Fi . (d) None of these 


Sol. (a) | sinx |>2sin? x 
=|sin x|(2|sin x|-1)<0 


‘ 1 
—>0<|sin-x|<— 


@ Ex. 17. The number of ordered pairs(x,y), when 
aa 


x,y € [0,10] satisfying sin’ x —sin r+ 2°" Sis 


(a) 0 (b) 16 
(c) infinite (d) 12 
cc \2 
Soi) ein Sing ee (sin x5) $ he Vx 
V 2 2, 2 2 


7 


and sec’ y 2 1, Vy, so 2**'Y > 2. Hence, the above inequality 
holds only for those values of x and y for which sin x = — 


and sec’ y=1. 
Hence, x =f * = <r an and y = 0, 7, 21, 3m. Hence, 


required number of ordered pairs are 16. 


© Ex. 18. The least values of cosec” x + 25 sec’ x is 
(a) 0 (b) 26 
(c) 28 (d) 36 

Sol. (d) cosec” x + 25sec? x =26+ cot? x +25 tan’ x 
= 26 +10 +(cot x -5 tan x)’ 236 


© Ex. 19. Ifxsina+y sin 2a +z sin 3a =sin 4a 
x sinb+y sin 2b +z sin3b=sin 4b 
x sinc +y sin 2c +z sin 3c =sin 4c 
Then, the roots of the equation 


e-(2) z\2_ (= {257} =0,0,b,em, are 
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(a) sin a, sin b, sinc 

(b) cos a,cos b, cos ¢ 

(c) sin 2a, sin 2b, sin 2c 

(d) cos 2a, cos 2b, cos 2c 

Sof. (b) Equation first can be written as 

xsina+yX2sin acosa+tzXsin a3 — 4 sin’ a) 
= 2 X 2sin a cos acos 2a 

=> x+2ycosa+2(3+ 4 cos’ a—4) 
= 4 cos a(2 cos? a~1) assina #0 


= 8 cos’ a— 4z cos’ a—(2y + 4) cos a+ (z— x) =0 


( re 
= cos? a~(2) costa-(2*#) cos a+(2—*) =o 


which shows that cos a is a root of the equation 


t? (Z| (2): (2=*)-0 
2) 4 ) 8 


Similarly, from second and third equation we can verify 
that cos b and cos care the roots of the given equation. 


@ Ex. 20. Leta and be any two positive values of x for 
which 2 cos x,|cos x|and1—3cos’ x are in GP. The 


minium value of | a +B is 


18 Tt 
(a) 3 (b) Pa 
(c) : (d) None of these 


Sol. (d) °“ 2. cos x,| cos x |,1—3 cos’ x are in GP. 
cos? x =2cos x -(1-3cos’ x) 


=> 6cos’x+cos? x-2cos x=0 


cos x Gwe 
3 
m del. ) ss 
x =-—,-—, cos -- *’@, D are positive 
Ds = [.'a, B are p } 
Tt 1 
If a=—,B=— 
on 3 
Tt 
Then, | ers 


@ Ex. 21. Let n be an odd integer. If sin n®@ = 'b, sin’ 6 


r=0 
for all real®, then 
(a) b, = 15, =3 (b) b, =0,b,=n 
(c)b, =-14b,=n (d) b, =0,b,=n?-3n-3 


Sol. (b) Given, sin n® = }'b, sin’ 6 = b, + bsin 8 + b, sin’ 6 


r=0 


+...+ 5, sin’ 6 ...(i 


Putting 6 = 0 in Eq. (i), we get 0 = 5, 


56 = Textbook of Trigonometry 


Again, Eq. (i) can be written as sin nO = ¥ b sin’ 6 


r2Q 
am Sb, sin’”' 6 
sin6 


On taking limit as @ — 0, we get 


._ sin nO 
7 sin® 
. Xf ‘ 
=> mn wees = b, 
ones n8 /\sin®@ 
= n=b, 
Hence, b, =0;b,=n 


@ Ex. 22. The minimum and maximum values of 
ab sin x + b(1-a@’) cos x + c(|a|<1,b >0) respectively are 


(a) {b-—c,b +c} (b) {6 +¢,b —c} 
(c) {c -b,b +c} (d) None of these 


Sol. (c) absin x + by(1 - a’) cos x 
Now, (ab)? + (by(1 - a”)? 
= [ae + Pe) 
=bj(a°+1-a’)=b 


=> — b{(asin x + (1 — a’) cos x)} 


Let, a=cos G, 
(1- a’) =sin a 
=> bsin (x + a) 


—1Ssin(x +a) $1 
oo c-bsbsin(xt+a)t+csbte 
“. bsin(x +a)+cEf[e—b,c +b] 


cos 8 


© Ex. 23, ifSit 8 =c0s'8 cos 
(1+cot? 6) 


sin 8 —cos 8 

—2 tanOcot® =-1,6 € [0,27], then 
tt 4 (1 37 
ee/o,=|-32 b)0el =, n|-J=% 
si e( 4 (Ft dae ©. " ra 


3n 51 ™ 1 
(c)6e (+, “4 - {=| (d)@ € (0, m) - {*, ‘| 


sin’ 8 - cos’ @ 


Sol. (d) = sin’ 6 + cos’ 6 + sin® cos 0, 
sin 8 — cos 8 
jan 
4 4 
=1+sin@ cos 0 
and cosh cos) sin @ cos@ V0 (0,2) 


(1+ cot?@) | cosec® | 


and —2tan@ cot =-2042 


Hence, LHS =RHS 
| But 6# a cag x 
4 42 
Hence, 6 E(0, 1) ~ kg Ls 
, la 


7 
@ Ex. 24. ifcos x + sin v=a(-Zex<—4} thencos 2x 


is equal to 


_ aja’ 
(b) a,/(2 + a) 


/ 
Sol. (d)*. - 7 <x<- ; ‘ M<2x<— * ie, in I quadrant] 


(b) a,/(2 - a) 
(d) ay(2 - a’) 


=> cos x+sin x =a 
: . . . 2 
Squaring both sides cos’ x + sin’ x +2cos x sin x =a 


=> sin 2x =(a’ — 1) 
cos 2x =4/1 -(a’ — 1) 
= a"(2 - a’) 


= ay|(2 -a’) 


-—1)t 
® Ex. 25. ifS =cos’ 5 feos’ 20 oe aseee? (a-1)% then 


n n 
S equals 
. n (b) 1 
2(n + 1) 2(n — 1) 
n 
¢) An - 2) 5 


T 2n Tt 
Sol. (c) S = cos’ — + cos’ — +... + cos’*(n— 1) — 
n n n 


ont 4n 67 
1+ cos — +1+ cos — +1+ cos — 
n n n 


2 1 
+..+1+4 cos &n -1)— 
n 


1 n-1 
= 3] 14 Son 


k=l n xl 


ee ee oe 
a ae a2) 


© Ex. 26. Ifcos58 =acos8+bcos* 6 +ccos* 0 +d, then 
(a) a = 20 (b) b = — 30 
(clatb+c=2 (djat+b+c+d=1 

Sol. (d) Put 6 = . in the given inequality, we get d =0 
Put 6 = 0 in the given inequality, we get 


at+b+ctd=1 w(i) 
So, (d) is correct and (c) is not correct. 


Now differentiate both sides with respect to 8, we get 
~5sin @ =— asin —3b cos’ 6 sin@ 


— 5c cos‘ 6 sin ...(ii) 


(iii) 


Put e=5, thena=5 


i Tt, ; : : 
Again putting 8 = i in the given expression or in (2), we 


get 

4at+2b+c=-4 
From (i), (iii) and (iv) we have b= ~ 20 and c= 16 
[Note We have found correct answer at the second step 
only however the complete solution is desired for better 
understanding of the solution.] 


Alternates Solution 
cos 58 = cos(20 + 30) = cos 20 cos 36 — sin 20 sin 30 
=(2 cos’ 6 ~ 1)(4 cos’ 6 —3 cos 6) 


—(2sin @ cos 6) (3 sin 8 — 4 sin’ 9) 


=8 cos’ 0 — 10 cos’ 8 +3 cos 8 — XA1 — cos’ 8) 


cos {3 — 4(1 — cos” 6)} 


=8 cos’ 6 — 10 cos’ 6 +3 cos 8 — Acos 8 — cos’ 8) 


(4 cos? 8 — 1)=16 cos’ 8 — 20 cos’ 8 + 5 cos 8. 


@ Ex. 27. if A and B are acute positive angles satisfying the 
equations 3sin” A+2sin’ B =1and 
3 sin 2A — 2 sin3B =0, then A + 2B is equal to 


1 n 
(a) 7 (b) 3 

31 20 
(c) me (d) ie 


_ Sol. (b) From the given relations, we have 


sin 2B = 2 sin2A and3sin? A =1-—2sin’ B= cos 2B 


so that 
cos(A + 2B)= cos A cos 2B- sin Asin 2B 


=cosA:3sin’ A—- ) sin A sin 2A 


=3cos Asin? A —3sin’ A cos A =0 


A+2B=— 
2 
2 : 
cos’  cosasina 
© Ex. 28. IfA= and 
cosasina  sin’a 
B= cos?B cosBsinB 
cosBsinB  sin’?B | 


are two matrices such that AB is the null matrix, then 


(a)a =B (b) cos(a - B) =0 
(c) sin(a - B) =0 (d) None of these 


.-.(iv) 
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Sol. (b) AB=0 
=| cos’ cosa sina cos’B ~— cos B sin i 
cosasina sin’a |lcosBsinB  sin’B 
_fo 0 
[0 0 


=| cos B cos(aa -B) cosa sin B cos(a — 7 

cos B sina cos(a -B) sina sin B cos(a — B) 
1 O° 

0 0 


= cos(a — 8) =0 


@ Ex. 29. ifk, =tan 270 —tan@ 


eli es sin§8 § sin 30 . sin 98 a 


* cos380 cos90 cos 270 

(a) k,=k, 

(b) k, =2k, 

(c)k, +k, =2 

(d) k, = 2k, 
Sol. (b) We can write 

k, = tan 276 — tan 96 + tan 96 — tan 36 + tan 38 — tan 8 
sin 38 cos 8 — cos 36 sin 8 


But tan 36 — tan 8 = 


cos 30 cos 8 
_ sin 20 
cos 38 cos 8 
_ 2sin 6 
cos 38 
seh sin 98 ” sin 36 % sin 8 = 2k, 
cos 278 cos98 cos3# 
(x 
© Ex. 30. Ifa’ —2acos x +1=674 and tan *) =7 then 
\ 
the integral value of a is 
(a) 25 (b) 49 
(c) 67 (d) 74 


is tan'( =) 


1+ tan’ (=} 
2 


1-49 
1+ 49 


Sol. (a) 674 = a’ - 2a +1 


=q’ -2ax +1 


de fie Died? gat 
50 
=> 25a’ + 48a-673x25=0 


(a ~ 25) (25a + 673) =0 


=> 
=> a=25 (taking the integral value of a). 
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@ Ex. 31. The maximum value of (cos .,)(cos @,) ... 
(cos @,) under the restriction0 $Q,,Q,,...,, <2 and 


(cot &,) (cot a,)...(cota,) =1is 


1 1 
(a) = (b) > 
2? 
(ji (d)1 
2n 


Sol. (a) From the given relations we have 
n (cos &,)= nl (sin &,) 


=> I (cos? a) = I (cos a, sin a,)= n{ 5%) 
i=l 12] TN 2 


7 
Since, 0Sa,S> = 0S20,Sn 


ni (cos’ a,) $ = as max. value of sin2a, is 1 for all i. 


: 1 
=> II (cos a,)s— 
‘ 92 


, as 

So, the maximum value of the given expression is —. 
92 

>x ~~ cos’ x 


® Ex. 32. The value of expression oS lp 


1+cosx 1-sinx 


is/are 


(a) V2 cos| - | 
(9 sin] =x] 


sin’? x 
coal 


(b) V2 cos E +x 


(d) None of these 


cos’ x 


Sol. (a) Let = A, then 


l1+cosx 1-sinx 


, _ (sin® x + cos* x) +(cos* x - sin‘ x) 
cae (1+ cos x)(1—sin x) 
{(sin’ x + cos* x)} 

|(cos x +sin x)(cos x - sin x)| 
7: (cos? x +sin’ x) | 
7 (1+ cos x)(1—- sin x) 

(sin x + cos x) {(1 — sin x cos x) 

+ (cos x —sin x)} 


or 


or A= - - 
1+ cos x —sin x —sinx cos x 


or A=sin x + cos x 


or A= vi[ sin x + cor] 
V2 v2 , 


(i) 


or A =4/2 


wv. _ 1 
cos eo ike aaa x 


~isn[ E+ . 


Again, by Eq. (i) 


. ut, Tt 
A=¥V2 SUE SEEDS COs 


Tt 
=V¥2cos|—-x 
4 | 


® Ex. 33. Let0.<@ Sand x= XcosO+Y sin®, 


y =X sin® -Y cos@ such that x? + 2xy ty” =aX’ +bY’, 


where a and b are constant, then 


(aja=-1b=-3 (b) 8 = 


(c)a=3,b=-1 (d)6 = 


wla Nia 


Sol. (c) x+y? =X? +Y’, 
xy =(X’ - Y’)sin 0 - cos 6 — XY(cos’ 6 — sin’ 6) 
x? +4xyty? =X’? 4+Y?+AXx’-Y”’) 
sin 20 — 2XY cos 0 
= (1+ 2sin 26)X* +(1-2sin20)Y° — 2 cos 20 - XY 
From the question, 
a=1+ 2sin20, b=1-—2sin 20, cos 20 =0 


cos 20 =0>6 =7 then 


a=142sin ~,b=1~-2sin ~ 
2 2 


a=3,b=-1 


© Ex. 34. If0 <x<o and sin” x +cos” x 21, then 


(a)n € [2,e) (b)n €(- 2%, 2] 
(c) n € [— 1, 1] (d) None of these 


Sol. (b) Since, 0 < x < 


0<sin x <land0<cos x <1 
when x = 2,sin" x + cos" x =1 
when n> 2, bothsin” x and cos” x will decreases and hence 
sin" x + cos" x <1. 
when n > 2, both sin” x and cos” x will increase and hence 
sin" x + cos” x >1. 


Thus, sin” x + cos" x 21forn $2. 


® Ex. 35. ifa=sin Lil sin ad sin al and x is the solution 
18 


the equation y = 2[x] +2 andy =3[x— 2], where[x] 
denotes the integral part of x, thena = equal to 


(a) [x] (b) — zie 

a 

(c) 2[x] (d) [x] 
Sol. (b) a=sin Ld sin wi sin Li 
18 18 18 


= sin 10° sin 50°sin 70° 
1 
= - [2 sin 70° sin 10°] sin 50° 


1 
2 ; [cos 60° — cos 80°] sin 50° 
= 1 
= — sin 50° — — (2 cos 80° sin50°) 
4 4 
| oe 2 : . oO 
= Fi sin 50° — Fe 130° — sin30°) 


1 | 
= — sin50° — oo 50° + 


y =2[x]+2and y =3[x —2] 
= 2[x]+2=3[x-2] 
=3[x]+3[-2] > [x]=8 
1 


a=— 


[x] 


® Ex. 36. if the mapping f(x) =ax + b,a <0 and maps 
[-1,1] onto[0, 2], then for all values of 8, A=cos’ 8 + sin‘ 8 
is such that 


@s(|sasso — WsOsass-2 
se 
(°) s(2] SASF) (FL) <ASF(-2) 
Sol. (a) Given, f(x) = ax +b 
Faia 


Since, a <0, f(x) is a decreasing function 


fl-1)=2 and f(t) =0 


= -a+b=2andat+b=0 
E! a=-landb=1 
Thus, f(x)=-x+1 
{1\ 3 
Clearly, 0)=1, f| —|=-—, f(- 2) =3, 
y f(0) ve pe ) 
ray. 2 
~|= ", f(-1)=2 
s(3}=5s-0 
2 
Ais, an tice ,(io cs) 


1 1 1 1 1 
=—+—cos 200 +——--—cos 200+ — cos’ 0 
2 2 4 2 4 
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3 1/1+ 
3 mr cos tee@)a7, Lad Lah 
4 8 


4 
a 0) SAS f(0) 
Aa) 
@ Ex. 37. The value of cos = +cos = +cos = is equal to 
(a) 1 (b)-1 
1 I 
b) — ae 
(b) ; a 
Sol. (a) cos jan + cos (=) + cos (=} 
es ( 7 


aa xi 6xt 74m ~ 4nt = 6x) 
_e’ te’ te’+e’ +e? +e? 
2 
f 2x ani oni = 2Ri = ant 7) 


— Teli ee? se! ie The eT +e? 


\ 
2 
— 1+ (Sum of seven roots of unity) 


© Ex. 38. The number of integral value of k for which the 
equation7 cos x +5 sin x = 2k +1 has a solution is 


(a) 4 (b) 8 
(c) 10 (d) 12 
Sol. (b) Since, - Ja° +b? Sasinx+bcosxs Ja’ +b’ 
ss ~ V74 $7 cos x +5sin x $V74 
So, -V74 <2k+1<V74 


Therefore, 2k +1=1+8+7,+6.,+1,0 
So, k=-4,+3,+2,+1,0, so, 8 values of k. 
sin‘ x -cos‘ x +sin’ xcos’ x 


® Ex. 39. fy = _ —_— ’ 


sin’ x +cos* x +sin’ xcos’ x 


xe (0 oH} then 
2 


3 1 ] 
(aj-—Sys- b)isys- 
adr - (b)isy 3 
()-=sys1 (d) None of these 


_ sin’ x —cos‘x + sin’ x cos’ x 
Sol. (d) y= ———__—__, —_— 
~ sin‘ x + cos’ x + sin? x cos? x 
«2 2 <2 2 <2 2 
(sin’ x — cos” x)(sin’ x + cos* x) +sin” x cos x 


(sin? x + cos’ x)’ —sin® x cos’ x 
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— cos 2x + sin’ 2x 
Locate 
4 
_ — 4 cos 2x + 1— cos’ 2x 
7 4-14 cos’ 2x 
_ 1-4 cos 2x - cos’ 2x 
7 3+ cos’ 2x 
=> (1+ y)cos’ 2x +4cos2x +3y-1=0 


Since cos 2x is real, we have 
16 - 4(3y -1)(1+ y)>0 
or 3y’ + 2y-550 


or (By +5)(y-1)S0 => -3sys1 


But y = l implies cos 2x = — lie. x = - which is not 
permissible. 
@ Ex. 40. The distance between the two parallel lines is 1 
unit. A pont ‘A’ is chosen to lie between the lines at a 
distance d’ from one of them. Triangle ABC is equilateral 


with B on one line andC on the other parallel line. The 
length of the side of the equilateral triangle is 


(a) f+ d+1 (b) Jens 
(c) 2d? -d+1 (d) Jd? -d+1 


Sol. (6) From, figure 


Sol. (a) asin x + b cos(x + 8) + b cos(x - 8) =d 
=> asin x +2b:cos x-cos@=d 


=> |d|< fa? + 4b? - cos? 6 


<cos’@ = |cos8|2 


=> 
4b 2|b| 


@ Ex. 42. The set of values of XE R such that 
tan’ 6 + sec6 =A holds for some 8 is 


(a) (- °°, 7] (b) {= > 1) 
(c) > (d) (1, -) 
Sol. (d) °° tan? 6 +secO =A 
— sec’ 0 +sec0-1-A=0 
seco = bE WGA +9) 


5 
for real sec 8, 4X4+520 ie 42-7 


d®*—@’ Ja -a@? 


21 


But we know that 
sec6 <—1landsec8 21 

-1+ Gat <1 and 1 ns) 
= —1- (4. +5) <-2and-1+./(44 +5) 22 
> (4A +5) 21and (44 +5) 23 
=> V40 +523 
or 4X4+529 or A221 
“. AE [1, 2) 


x cos(6 + 30°)=d 
and xsin@=1-d 


* (i) 
..(ii) 
ee 1+d : wy ‘ 

Dividing v3 cot @ = ia squaring Eq. (ii) and putting the 


Y' sin” and 


n=0 


© Ex. 43. Ford <6,%, ifx= Ficos” hy = 
or ae ores by 


z= . cos” sin” 0, then 
value of cot 8, we get py : . 
(b) xyz = xy +y 
(d) xyz=yz+x 


(a) xyz =xz+y 
(c)xyz=xtytz 
Sol. (c) We have, 


x= “(ad ~ 4d +4) 


x= Yi cos™ 6=1+ cos’ >+ cos‘ o +... 


a=0 
a ee 
. Pe eae 
60's6 1-cos’ 9 sin’ 
Similarly, y=——__= 2 
© Ex. 417. Ifa sin x + bcos(x +6) + bcos(x —6) =d, then 1-sin"@ cos’ ¢ 
the minimum value of|cos ®| is equal to and ne: eee 
r 1 faa 6 1 igce 1- sin? o cos” x 
a) —— d’-a —d’-a 
2|5| 2|a| pipe 
ae ica at 
Os 4 ¥4 -a (d) None of these x y 


© Ex. 44. IF= cosa +7 sina =1,— cos B+ sinB=1 and 
a a 


cosacosB , sina sinB 


; 5 =0, then 
a 
b*(x? +’) 
(a) tana tanB = ay? +B?) +B) 


(b) x? +y? =a’? +b’ 
a 

(c) tana tanB = a 

(c) None of the above 


Sol. (b) = cos a + * sin a =1...(i) 
a 


~ cos B + Y sin B=1 ..-(ii) 
a b 
cos & acd " mea see = 
a 
From Eqs. (i) and (ii), we get 
sin a —sinB 


(iii) 


sin(a. — B) 
aed ee HERS Dees 
sin(a - B) 
Now Bh dys a’(sin a —sin B)’ + b’(cos B — cos a)’ 
sin’(a. - B) 


a*(sin’? o sin? B) + b*(cos’ a + cos’ B) 


_ — Aa’ sina sin B + 6’ cos @ cos B) 


sin?(a - B) 
as a*(sin® a +sin’ B) + b’(cos’ & + cos’ B) 
sin*(a - B) 


[from Eq. (iii)] 
a*{sin? a + sin’ B —sin’ (a — B)} 
+ b?{cos? a + cos’ B — sin’(a - B)} 


=a’ +b? + 
: sin’(a — B) 


sin? a +sin’ B — sin? @ cos’ B i 
a’| — cos’ a sin’?B +2sina sinB 
| cos O cos B 
‘cos? a(1 — sin’ B) 
pet cos’ B(1 — sin’ a) 
+2sin a sin B sin 
sin B cos & cos B 
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2a’ sin o sin B cos(a — B) 
+ 2b" cos a cos B cos(at — B) 
sin’?(a — B) 
2a°b’ cos(a — B) 
sin’(a. — B) 
‘sina sinB cosa cosB 
ee 


=a +b +0=a'+b° 


=a’ +b? + 
=a +h + 


[from Eq. (iii)] 


Thus, ty =a’ +’ 
Now, xety=a +b’ 
= x’ -q@’ =-(y’ -b’) 
2 2 
> ~ ae 
y — 
ms Bi(x?-a')_ 


= tan a@ tan B [from Eq. (iii)] 
Ex. 45. Ifa, B, y are acute angles andcos 8 = sin B/sin a, 
cos d= sin Y/sin @ andcos(@ ~ 6) = sinB sin y, then the 
value of tan’ « - tan’ B-tan’ ¥ is equal to 
(a) —1 (b) 0 
(c)1 (d) 2 
Sol. (b) From the third relation we get 
cos 8 cos $+ sin 6 sin 6 =sin B sin y 
=> sin’ @ sin’ 6 =(cos @ cos $ — sinB sin 7)" 
= (a8) 
sin’ © , sin’ © | 
/ 2 
(sin Bsiny _ sin B sin 7 
sin’ a 
= (sin? a —sin’ B)(sin? a — sin’ y) 
= sin’ B sin’ y (1- sin’ a)’ 
=  sin‘a(1—sin’ B sin’ y) 


- sin’ a(sin’ B + sin’ y - 2sin’ B sin’ y) =0 


rae <2 - 2 za 
; sin’ § +sin” ¥ —2sin’ p sin 
ate B Re = B Y 
1-sin’ B sin’ y 
1- sin’ B - sin’ y + sin’ B sin’ 
and re a a a : at — B Y 
1-sin’ B sin’ y 
- 2 Pat } + 2 - 2 2 Cie 3 
sin’ B - sin’ B sin’ y + sin’ y — sin’ B sin 
tant? = 8 B sin’ y sin“ B sin* y 


cos’ B ~ sin? y (1 — sin’ B) 
sin’ B cos’ y + cos’ B sin’ y 
= cos” B cos’ Y 
= tan’ B + tan’ y 
=>  tan’o -tan’B-tan’y=0 
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© Ex. 46. if /2 cos A=cos B +cos’ B, and 
V2 sin A=sin B—sin? B then sin(A — B) = 
1 


(a) £1 (b) + Fy 
1 1 
+ - d)+— 
(c) r (d) ; 
Sol. (c) V2 cos A = cos B+ cos’ B ...(i) 
and V2 sin A= sin B- sin? B (ii) 


=> /2 sin A cos B- V2 cos A sinB 
= (sin B— sin’ B) cos B -(cos B + cos’ B)sin B 
=-sin Bcos B 
= sin(A —B)= an 2B 
2v2 
Now squaring and adding Eqs. (i) and (ii), we get 
2=cos* B+sin’B+cos* B+sin°B 
+ Acos* B—sin‘ B) 
=> 1=(cos? A +sin’? A)’ -—3 cos’ Asin’ 
A(cos’ A + sin? A) +2cos 2B 


=> paged 2 aie 2B +2cos 2B 
\4) 


=> —3sin? 2B +8 cos 2B=0 
=> 3 cos’ 2B +8 cos 2B—3=0 
=> eevee 
3 
=> Saipan 
3 
; 1 
oa aa 


© Ex. 47. If x, and x, are two distinct roots of the equation 


acosx+bsinx=c, thentan it is equal to 
a b 
a) — b) — 
(a)° ce 
(-)= (d) = 
a c 


Sol. (b) acos x + bsin x =c 


( x 
s Nees =) Sb tan 
= es a 


1+ tan? ~ 1+ tan? = 
2 2 
= (c +a) tan? ~ — 2b tan —~+c-a=0 
2 2 
= an Speen A 
2 2 cta 


ae tan — + tan —2 
Thus, tan : ) = = 
2 1— tan — tan — 
2b 
eta b* 


@ Ex. 48. The minimum value of the function 


sin Xx cos x 
f(x) = 5 i aes 
1-cos’ x yl-—sec’ x 
tan x cot x a : 
————— + ——__—. whenever it is defined is 
ysec?x-1 cosec? x-1 
(a) 4 (b) -— 2 
(c)0 (d) 2 
Sol: () fijs ee 
yi-cos?x Ji-sin? x 
tan x cot x 
$$ 
ysec?x-1  cosec? x-1 
_ sinx 4 £08 X tan x cot x 
lsinx| |cosx| |tanx] |cotx| 
4, x € Ist quadrant 

— 2, x € 2nd quadrant 

0, x € 3rd quadrant 

—2,x © 4th quadrant 
Ci) ae =-2 


@ Ex. 49. if0<a< e then a(cosec «) is 


(a) less than 7 (b) greater than 7 


(c) less than 7 (d) greater than = 


Sol. (c) In the graph of y = sin x. Let 
Sufeod (mn | Oo 
A =(aq, sina), B= {= >sin —_ 
6 6 


@ Ex. 50. In which one of the following intervals the 


inequality sin x <cos x < tan x <cot x can hold good? 


(a) & 2n| 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


@ Ex. 51. if x € (0, 1m) andcos x + sinx = > then tan x is 


equal to 
haat 4+7 
a) ——— b 
(a) ; (b) ; 
~(4+47) ~4+47 
(c) ——_— (d) ——— 
3 3 
Sol. (c,d) Given, cos x + sinx =; 
; 1 
=> 1+sin2x =— 
4 
: 3 
ea => 2xe(n, 27) 


=> xe(%.n] => tanx<0 


=> 3t?+8t+3=0, wheret =tanx 


Bt Y64 - 36, 
23 

_ 84 ¥28 

a. a 


oe tT) 


3 
= 447 
3 


t 


or 
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Sol, (d) In the second quadrant, sin x < cos x is false, as sin x 


is positive and cos x is negative. 


In the fourth quadrant, cos x < tan x is false, as cos x is 


positive and tan x is negative. 
5 


In the third quadrant, i.e. (=, =) if tan x < cot x then 


tan? x <1, which is false. 


% 


f 
‘ : . T 2 
Now, sin x < cos x Is true in| 0,7 jand tan x < cot x Is 


also true. 
(sin x) 
(cos x) 


Further, cos x < tan x, as tan x = and 


@ Ex. 52. The value of the expression 


4 27 47 8m. 
tan— + 2 tan— + 4tan i neSOr is equal 


27 2 
(a) cosec a + cot 


cos x <1. 


to 


TT Tt 
(b) tan— — cot— 
14 14 


. 20 718 27 
ara 1+ cos 7 + way 
erences Tene 7 a AF 
(c) an a ra 
1- cos — sin— + sin— 
7 7 7 


on 4m 8r 


Tl 
Sol. (a,c,d) tan— + 2tan— + 4tan— + 8cot— =co 
7 7 7 7 7 


T 
t— 


{tan@ + 2tan26 + 4tan 46 + 8cot8@ = cot® when®@ = A 


(a) cosec 20 + cot20 = pelisoid 
sin 


Tt T Tt 
(b) tan — — cot — = - 2cot— 
14 14 7 


, 2m . 1 Tt 
sin — 2sin — cos — - 
aaa ta eee = 7 =cot— 
1- cos— 2sin’ — 7 
7 7 


if an \ t 
e + cos—it ae 
(d) 


A . 
2sin — cos— + sin— 
7 7 7 


Tt T 
2cos*— + cos— 
7 7 


Tt 
= cot— 
7 


2sin ual re + } 
i 2 


tl 
= cot®@ = cot— 
7 


(where, 6 = *) 
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@ Ex. 53. Two parallel chords are drawn on the same side 
of the centre of a circle of radius R. It is found that they 
subtend and angle of 8 and 26 at the centre of the circle. The 
perpendicular distance between the chords is 


(a) 2R dace dine 
2 2 


{ re) 0) 
b)| 1- — || 1+ 2cos—IR 
mk cst | 2) 


8Vs_ 2cos®) 
(c) ( + cos 2cos ar 


(d) SReine sine 
4 4 
i) 
Sol. (b,d) OM = p,=R a 
ON = p, = Rcos® 
{ 86 
MN = p, — p, = es - cos8 


= R2sin = aie (d) 
4 4 


Again convert cos = 2 cos? — land factorise, we get 
= R(1- cos 6/2)’ (1+2cos 6/2) 
@ Ex. 54. If2x and 2y are complementary angles and 
tan(x + 2y) = 2, then which of the following is(are) correct ? 
(a) sin(x + y)= : (b) tan(x — y)= : 
(c) cotx + coty =5 (d) tanx tany =6 


Sol. (b,c) We have, 2x +2y = 
= xt+y== => geese 
4 V2 
Aaa Deel 
Ce 


f on 
So, tan(x + 2y) = tan| x + r - 22] 
f p' 
= tan| © = a cot x 


1 
2=cotx = tanx=- 


2 
f 
Similarly, x= 7 - y] 


( \ 1+t 
So, tan(x + 2y) = tan| Lae let soi 
\4 } 1-tany 
= oa) + any = tany = 
1-tany 3 
coty =3 


. 1_i 
tanx-tany _ 2 3 
Also, tan(x — y) - iatnetany: ak (1)(1) 
(2)l3) 
-(2 (§)_1 
6)\7) 7 


Now, verify alternatives. 


@ Ex. 55. If2cos8 + 2/2 =3sec 8, where @ € (0, 21), then 


which of the following can be correct? 


(a) cos8 = z - (b)tan6 =1 
(genes 7 (d) cot8 =—1 


Sol.-(a,b,c,d) 2cos® + 2/2 =3sec0 
2cos?@ + 2Vv2 cos@ -3=0 


_ -2v2 + ¥32 _ -2v2 + 42 
4 


4 


os8 
1 ae 
cos6 = —= or cos®@ = — —= (rejected) 
V2 2 
Gin ene => sind=- - 
404 2 


cot8@ =—-1; tan8 =1 


@ Ex. 56. The value of x in(0, 1/2) satisfying the equation, 


a= aT ak. 


+ 
sinx cos xX 
18 57% 
a)— b) — 
ae ers 
71 11% 
c)— d) — 
oF; Se 
- + 
Sol. (ad) 2 NBA 
2v2sin x 22 cos x 
. 1 1 e 
sin — cos x + cos — sin x =sin 2x 
12 12 
Tt 
Pere el 
\ 
oxaxt— 
12 
or Si Sa 
12 
12 
11 
or Aju 
12 
T 117 


© Ex. 57. Which of the following statements are always 
correct? (where, Q denotes the set of rationals) 
(a) cos 20 € Q and sin20 € Q = tanO € Q (if defined) 
(b) tan6 € Q > sin20, cos 20 and tan20 € Q (if defined) 
(c) If sin® € Q and cos8 € Q = tan36 € Q (if defined) 
(d) If sine Q >cos38EQ 


Sol. (a,b,c) 

(a) tan@ = ios => (a) is correct 

sin20 
a. 2 

(b) sin20 = 2tan8 : 1 ee. 

14+ tan’ 1+ tan’6 
tan 20 = it => (b) is correct 

1— tan’@ 


sin30 


(c) tan36 = ——— = (c) is correct 
cos 


(d) sind = ; which is rational but 


cos30 = cos@(4 cos’6 — 3) which is irrational => (d) is 


incorrect. 


@ Ex. 58. In AABC, tan B + tanC =5 andtanA tanC =3, 


then 
(a) AABC is an acute angled triangle 
(b) AABC is an obtuse angled triangle 
(c) sum of all possible values of tanA is 10 
(d) sum of all possible values of tanA is 9 


Sol. (a,c) tan A + tan B+ tanC = tanA tanBtanC 
=> tanA +5=3tanB. 
— 5+tanA = X5-— tanC) 
= 5+tanA =15- d 
tanA 


=>  tan’A-—10tanA+9=0 
=> tanA =lortanA =9 


14 1 . 
=> tan Band tanC are 2, 3 or ae respectively 


=> AABC is always on acute angled triangle and sum of all 
possible values of tan A is 10. 


@ Ex. 59. (m+ 2) sin@ +(2m-—1) cos 8 = 2m +1, if 


3 4 
tan@ =— b) tan8 = — 
(a) tan ; (b) tan ; 


(c) tan = (d) tan8 = 


m 
(m’? - 1) (m’? + 1) 
Sol. (b, c) The given relation can be written as 

(m + 2) tan 8 + (2m — 1)= (2m + 1) sec 8 

=>(m +2) tan? 6 + Xm + 2)(2m — 1) tan 8 + (2m - 1)’ 


= (2m + 1)’ (1+ tan’ 6) 


=> [(m + 27) —(2m + 1)"] tan? 0 + &m + 2) tan @ + (2m —-1) 
—(2m +1) =0 
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=> %1—-m’) tan’ 0 +(4m’ + 6m - 4) tan 8 — 8m =0 
= (3 tan 8 — 4){(1—- m)’ tan 0 + 2m]=0 
2m 


which is true if tan 8 aS erie = —__—_, 
3 (m? - 1) 


@ Ex. 60. Ifxcosat+y sina =xcosB 


+y sinB=2a (0 Jat then 
‘ 2) 


4ax 
(a) cos & +cos B = ——— 
x+y 

Bs at 

(b) cos a cos B = = y 
x +y 

(c) sina +sinB = aa 
x+y 

= 54 

(d) sina sinB = “4 * 
x'+y 


Sol. (a, b, c, d) We find out the given relations that a and B 
are the roots of the equation 


x cos 8 + ysin® = 2a 
=> (x cos 8 - 2a)’ =(— y sin 6)’ 
= x’ cos’ @ — 4ax cos @ + 4a’ 

= y’ sin’ 8 = y"(1— cos’ 8) 
=  (x’+y*)cos’ @ - 4ax cos 6 + 4a’ - y’ =0 
which, being quadratic in cos 9, has two roots cos @ and 
cos B, such that 


4ax 

cos & + cos B = ——— 
x+y 

7 4a’ - 2 

and cos & cos B = — a 
x+y 


Similarly, we can write (1) as a quadratic in sin 0, giving 
two values sin & and sin B, such that 


4a 
sin & + sin B = — y_ 
x+y 
: : 4a’® — x’ 
and sin & sin B = ———. 
x'+y 


@ Ex. 61. Lety =sin’ x +cos‘ x. Then, for all real x 
(a) the maximum value of y is 2 
(b) the minimum value of y is 
(c)y $1 
] 
d)y2— 
ayes 


Sol. (b, c) y= cos‘ x -— cos? x +1 


2 
= ae <2 
2) 4 
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3 iy. 
“Vein = ; and y is maximum when| cos’ x - - is then 
maximum 
1 3 
rae 1 


@ Ex. 62. If in AABC, tan A + tan B + tanC =6 and 
tan A tanB=2, thensin’? A:sin’ B:sin’ C is 


(a)8:9:5 (b)8:5:9 
(c)5:9:5 (d)5:8:5 
Sol. (b, c) tan A + tan B+ tanC =6 (i) 
= tan A tan BtanC =6 
2tanC =6 
tanC =3 
sin oe : 
1+tan?C 14+9 10 
From Eq. (i), tan A + tan B=3and tanA tanB=2 
tan A —tanB 
=+,/{(tan A + tan B)’ — 4 tan A tan B)} 
=+1 
we get, tan A= 2, 1 and tan B= 1,2 
sin 2 eee ci and sin 2 eas ee! 
1+4 1+] 1+11+4 
=> Stan 2S > ara ip Pe 
10 10 10 10 


sin? A:sin? B:sin?C =8:5:9 or 5:8:9 


@ Ex. 63. If0 <x, y $180° and sin(x — y) =cos(x + y) = ; 


then the values of x and y are given by 
(a) x = 45°, y = 15° (b) x = 45°, y = 135° 
(c) x = 165°, y = 15° (d) x = 165°, y = 135° 


Sol. (a, d) sin(x -— y) = ; => x—y=30° or 150° (1) 


1 
and i lla => x + y =60° or 300° (2) 


Since x and y lie between 0° and 180°, (1) and (2) are 
simultaneously true when x = 45°, y = 15°, or x = 165°, 


y= 135°. But, for the values given by (b) or (c), (1) and (2) do 
not hold simultaneously. 


© Ex. 64. Ifsina + sinB =,cosa cos B =m and 


tan( 2) ene | ( B } = n# 1), then 


(a) cos(o: ~ B) = cima? 
(b) cos(c. + B) = o 
mo +i 


(d)o +B == if =m 


Sol. (a, b, c, d) Now, I’ =sin’ a +sin’?B +2sina sinB and 
m? = cos’ a + cos’ B +2cos a cos B 
2cos(a —B) = 1? +m? -2 
=>  2cos2a+cos28) =m’ -l’ 
=  2cos(a +B) cos(a —f) +2 cos(a +B) =m’ — 1’ 
a 
m+? 


(by adding) 
(by subtracting) 


=> cos(% + B) = 


@ Ex. 65. Let f(x) =ab sin x + b1—a’ cos x +c, where 


|a|<1,b>0 then 
(a) maximum value of f(x) if b isc =0 


(b) difference of maximum and minimum values of f(x) is 
2b 


(c) f(x)=cifx =-cos'a 
(d) f(x) =c if x =cos'a 

Sol. (a, b, c) f(x) =absin x + by1-a@’ cos x +c, where 
Ja]<1,b<0 


f(x)= ya’b > +b? — b’a’ sin(x + nee) +c 


= bsin(x +a) +c, where tana = 


ab a 
Se ee ee eer ee eee 
bi - a? 
_ a 
Fer 
f() nx — CX) pin =O +B — (¢ —b) = 2b 


f(x)=cifx+a=0 
or x=-Q or x=-cos'a 


cd —tan (2) = 2b, 
2) 2, 


A 
(b) tan — = + (y + bx) 
sete ON 


@ Ex. 66. If(x—a)cos8+y sin® 
=(x-a)cosot+y sind=a and tan{ 


then 


(a) y? = 2ax -—(1- b?)x? 


(c) y? = 2bx —(1-a’)x? (dV tan g = - (y — bx) 


(©) and tan ($ a B, so that a —B = 2b. 


bl of 1-’ 2B 
Similarly, cos 6 = ——— and s. = 
ilarly db 7B in 1+ B 


Therefore, we have from the given relations 


1-0? 20 | 
(x -a) ey > |=a 
1+o +a? 
= xa.” - 2ya + 2a- x =0 
Similarly xB’ — 2y8 + 2a =0 


We see that & and are roots of the equation 
xz’ - 2yz + 2a-— x =0, 


2a — x) 


So that aipe2 ndepe! 
x 


Now, from(a +B)? =(a — 8)’ + 408 , we get 
=> @ =(2b)’ + 4(2a ~ x) 
x) x 


=> y® = 2ax —(1-b’)x” 


JEE Type Solved Examples : 


Statement | and Il Type Questions 


© Ex. 68. Statement I tan 50 — tan 30 -tan 20 
= tan 56 tan 30 tan 26. 

Statement Il x =y +z 

= tanx-tany —tanz=tanxtany tanz 


(a)A (b) B 
(c)C (d)D 
Sol. (a) °: 50 = 30 + 20 
=> tan 50 = tan(30 +20) = tans plang 


1 — tan 36 tan 20 


= tan 50 — tan 50 tan 30 tan 26 = tan 30 + tan 20 
= tan 50 — tan 39 — tan 20 = tan 50 tan 36 tan 20 


@ Ex. 69. Statement | The maximum value of 
sin 8 +cos@ is 2. 
Statement II The maximum value of sin 9 is 1 and that of 
cos 6 js also 1. 
(a) A (b) B 
(c)C (d)D 
Sol. (d)*. - V2 <sin @ + cos 0 $v2 
“. Maximum value of sin @ + cos-0 is ¥2 


But maximum value of sin @ is 1 and that of cos 8 is also 1 
which is always true. 
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Also, froma +B = 2Y anda — B = 2b, we get 
i 


a=~+band p=2-5 
x x 
=> ee pees 
2 x 
and tan 2 ly — bx) 
2 x 


® Ex. 67. Ifcos(B - y) + cos(y - a) + cos(a — B) =~ ; then 


(a) Z cos a =0 
(c) Z cosa sina =0 


(b) Z sina =0 
(d) X (cos & + sina) =0 
Sol. (a, 5, d) The given expression can be written as 
2 [cos B cos y + cos ¥ cos &@ + cos & cos B] 
+2[sin B sin y +sin y sina + sina sin B} 
+(sin’ a + cos’ a) + (sin? B + cos’ B) 
+ (sin? y +cos’ y) =0 
= (cos & + cos B + cos y)’ + (sin & + sin B + sin y)’ =0 
=> cosa =Oand Zsina =0 
=> xX (cosa + sin a)=0 


ee 


@ Ex. 70. Statement I /fa, b,c € Rand not all equal, then 
(bc + ca + ab) 
(a? +b? +c?) 
Statement II sec@ S$ —1andsec8 21 
(a)A (b) B 
(c)C (d) D 
Sol. (ds a’ +b’ +c? ~ ab - be - ca 


sec§ = 


i ; (ab)? +(b—c)§ +(e - a)"}>0 


= a+b’? +c’? >abt+bet+ca 
oe ab+bc+ca 

ath tc? 
=> sec 8 <1, which is false. 


@ Ex. 71. Statement ! Ht (1+ sec 2’ @)=tan 2"6 cot 8 


Statement II I cos(2"~' eye) 
ee 2” sin® 

(a) A (b) B 

(c)C (d) D 
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n TI (1 + cos 2 8) 
Sol. (a) - Tl (1+ sec 2’ 6) = EA _____— 
‘ I] cos 2’ 8 


n 2 cos’ (2~'6) 
TI cos(2’8) 


2" - n cos(2’~'®) r cos(2’~' 8) 


HI cos(2~'6) 


cos 
zsin(Z0) 
2” sin 8 
cos (2"8) 
tan(2"8)- cot 6 


os 6 


@ Ex. 72. Statement I cos 36° > sin 36° 


Statement II cos 36° > tan 36° 
(a)A (b) B 
(c)C (d) D 


Sol. (b) Since, cos 8 > sin 9 forO sO ; 


So, Statement I is true. 


Now, cos 36° > tan 36° 
r ° 
= cos 36° > sues 
cos 36° 
=> cos? 36° > sin 36° 
= 1+ cos 72° > 2sin36° = 2 sin(30° + 6°) 
= 1 +2sin 9° cos 9° > cos 6° + 2 cos 30° sin6° 
which is true 
3 3 27 
@ Ex. 73. Statement I cos’ @+cos’ | a+ — 
4 4n 
+cos at 3 


21 ) f sam 
=3cosQcos| @ + — cos| a+ 


3) 
Statement Il fa+b+c=0<a’ +b’ +c’ =3abc 
(a)A (b) B 
(c)C (d) D 


gg 
Sol. (a) °° cos @ + cos ¢ + =) + cos bc + *) 


\ 


nT 
= cos & + 2 cos(% + 7) cos 3 


1 
= cos @ +(— 2 cos @) () =0 


iy ( 4n 
“.cos’ a + soles + cl ly. a te + =) 
\ 3) 3 


( *") ( ‘n) 
=3cosQ@ cos: a@ + — | cos] @ + — 
3 \ 3 


\ 


© Ex. 74. Statement I sin 2>sin3 
( N 
Statement Il /fx, yé e m x <y, thensinx >siny 


Sol. (a) 


y-axis 


e@ Ex. 75. Leta, B, y > Oanda+B+y =~ 


Statement I 4 


tan Btany— 2 


a! 
tancntea Ee 


+ <0, where n!= 1.2....n, then tana tanB, 


c! 
tany eta 


tan B tan y, tan y tana are in AP. 
Statement II tana tanB + tanB tan y + tan y tana =1 


Sol. (d) Statement I a + B = - -¥ 


tana+tanB 1 
1-tanatanB tany 


— x tana tan B =1 
.. Statement II is true. 


a! 
Statement I tan @ tan B = re 


b! 
tanB tan y = — 
2 
c! 
and tan a tanB = = 
a! 6b! le! 
—+—+—=1 
6 2 3 
=> a!=1b!=1c!=1 


= tan a tan, tan y tan @ and tan B tany are not in AP. 
. Statement I is false. 
Hence, (d) is the correct answer. 


@ Ex. 76. Statement I The triangle so obtained is an equi- 
lateral triangle. 

Statement II /f roots of the equation be tan A, tan B and 
tanC, thentanA+tanB+tanC = 3¥3 
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Sol. (b) tan A + tan B+ tan C =3V3 
and tanA tanB tanC =3 
tan A + tan B+ tanC 
: # tan Atan BtanC 
=> triangle does not exists. 


@ Ex. 77. Let us define the function f(x) =x? +x+1 


Statement | The equation sin x= f(x) has no solution. 


Statement II The curve y =sin x and y = f(x) do not inter- 
sect each other when graph is observed. 


2 
iw 


2) 


Since, ~1sin x Standy=[ x43 


It is clear from the graph that no two curves intersect each 
Sol. (a) Let y=sin x and y=x’?+x+1 aiher 
JEE Type Solved Examples : 
Passage Based Questions 
Passage I or = kx? +(k +1)x + (3k +3) >0V x 
(Ex. Nos. 78 to 80) k>0] 
n 
Consider, f(x) =(x +2a)(x + a—4)(aeé R), D< 0| 
g(x) = k(x? + x) + 3k + x(k € R) and Here, D =(k +1) -— 4k. Xk +1) <0 
h(x) = (1 -sin@)x? + 2(1 - sin6)x — 3sin8 => k? + 2k +1-12k’ -12<0 
\ 2 _ 
[oe R-(ans+)z.ne!] = ciate 
2 ) = (k + 1)(11k —1)>0 
‘ 1 
@ Ex. 78. If f(x) <0 for-1S x $1, then a’ satisfies - ee lee 7 
1 1 1 1 , 
hose 3 b)-— <a<— => k>— (-. k > 0) 
me eas (b) 5 a 5 ii 
1 1 
(c)-3 <a<- 3 (d)-3<a< 3 © Ex. 80. If the quadratic equation h(x) =0 has both roots 


Sol. (a) Given, f(x) = (x + 2a)(x +a—- 4) complex, then® belongs to 


=x’ +(3a—4) x +2a(a- 4). 
F(-1)<0| 
f()<o| 


On solving, we get ; <a<3 


Sol. (d) Given, (1 — sin®)x” + 2(1 —sin6)x — 3sin@ =0 has both 
roots complex, then D <0 


@ Ex. 79. If g(x) >-3 for all real x, then the values of k (1 — sinO) (1 + 2sin6) <0 
are given by ind A) iesmi@ +1)>0 
1 (-) ve number 
(@)~1<k<— (b)-1<k <0 a er 
. 1 sin8 < — : 
aaa Kee 2 
Sol. (d) g(x)=k(x’ +x)+3k+x>-3Vx = o¢(72, 2) 


=> k(x +x)t3k+xt+3>0Vx 
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Passage II 
(Ex. Nos. 81 to 83) 
Let f(6) = sin@ — cos*6 — 1, where@ € R andm< f(8)< M. 


@ Ex. 81. Let N denotes the number of solution of the 
equation f(8) =0 in(0, 47] then the value of 


\ 
log (N) + log sh is equal to 
1 
“ (b) 1 
1 
nid ii 
(c) P (d)-1 


Sol. (c) f(8)=sin® — (1 -sin’6) -1 
=sin’6 + sin® -2 


\ 
= [sind +3 | gk 
2 4 
f -\? 
={sind +5] ine 
\ 2) 4 
9 -9 
6). =0-—-=— 
F(8) in a 
-9 
=> m=-=—— 
4 
1) 9 9 9 
feu = (142) —-—=-—--—=-=0 
=> M=0 
Hence, m=—, M=0 
Now, f (8) =0 
= (sin® + 2) (sin8 — 1)=0 
= sin8 =1 
=> ah, got 
2 2 


Hence, N = 2, i.e. number of solution s of sin® = 1 in [0, 47}. 
\ 


log (N) + lea a3 
4 


N 2 
= log,..| Fests = log, nj (2) 


@ Ex. 82. The value of (4m +13) is equal to 
(a) 0 (b) 4 
(c) 5 (d) 6 


Sol. (b) Asm= =. so (4m + 13) = 4 


@ Ex. 83. Sum of all values of x satisfying the equation 


ae Aer ar nue cals 
[m|” V[m|- Y[m| 


1 2 
a)-— b) — 
_ ( 3 . 
3 4 
c)= d) — 
is wre 
4 lq 4 
Sol. x=,/-— 44 |e od SNe ead Retin oo 
(d) Stas 
14 
=> x=,/-—+x 
9 
=> x’=—4+x 
9x7 =44+9x 
=> 9x? -9x -4=0 
=> 9x? -12x+3x-4=0 
= (3x — 4) (3x +1) =0 


x= ; and x = = (rejected) 


Passage III 
(Ex. Nos. 84 to 88) 


The method of eliminating ‘8’ from two given equations 
involving trigonometrical functions of ‘6’. By using given 
equations involving ‘0’ and trigonometrical identities, we shall 
obtain an equation not involving 8’. 

On the basis of above information answer the following 
questions. 


© Ex. 84. If x sin’? 6+ ycos* @=sin@ cos 8 and 
x sin® — y cos 6 =0 then(x, y) lie one 


(a) a circle (b) a parabola 
(c) an ellipse (d) a hyperbola 

Sol. (a) We have, x sin’ 6 + y cos’ 6 =sin 8 cos 8 (i) 
and xsin@-ycos@=0 (ii) 


From Eq. (ii), tan 8 = i 
x 


3 3 
; y x 
From Eq,, (i) x X —~—— + yX ——— 
(x? + y’)? ry y 
ey 
(x? +y’) 
2 2 i 
ey 2 ; => (x? +y’)? =1 
= + ) 
(x? +y’)? (x y 
or x’ + y’ = 1 which is a circle 
e Ex. 85. | y ...(i) 
lier cos @ “5 sin® 
and ey =a’ —b’, then(x,y) lie on 
cos@ sin® 
(a) a circle (b) a parabola 
(c) an ellipse (d) a hyperbola 
Sol. (0): Be pead mi 
te) acos@ bsin® o 
and SL! Se (ii) 
cos@ sin® 


From Eq. (i), tan 6 = na 
bx 


bx 
From Eq. (ii), 
ax i. by a ee 
a = (a° — b’) 


(b?x? + a’y’) V(b x? +a’y?) 


=> (a? — b’)./(b?x? + a’y*) = aka’ — b’) 
= bx? + a’y’ =a’b’ 

Es tts = 1 which is an ellipse. 

a 


® Ex. 86. [ftan@ + sin®@ = mand tan @ — sin 8 =n, then 


(m? =n)? is 


(a) 4vmn (b) 4mn 
(c) 16Vmn (d) 16mn 


Sol. (d)*« m+n=2 tan 0, m-n =2sin 6 ...(i) 


and mn = tan’ 0 - sin? @ = sin’ O(sec’ 8 — 1) 
= sin’® tan’0 
\2 x2 
ee from Eq. (i 
( ; }( ag [ q. (i)] 


(m? - n’)' =16 mn 


Chap 01 Trigonometric Functions and Identities 71 


© Ex. 87. Ifsin®@ +cos8 =a andsin’ 6 +cos’ 0 =5, then 
we get ha’+ ub + va =0 when A, u,v are independent of 8, 
then the value of’ +° +v° is 


(a) -—6 (b) -— 18 (c) -— 36 (d) — 98 
Sol. (5) sin6 + cos8 =a ...(i) 
sin’ 8 + cos’ 8 =b ‘ .».(ii) 
From Eq. (i), 
sin? @ + cos’? 0 +2sin 6 cos @ =a’ 
: a’ ~1 “a 
or sin 6 cos 8 = se (iii) 
From Eq. (ii), 
(sin 8 + cos 8)’ + 3sin 8 cos @(sin @ + cos 8) = 
2 — 
= a’ - ss a=b [from Eqs. (i) and (iii)] 
= 2a° —3a° +3a=2b = a’ +2b-3a=0 


On comparing, we get 
A=1p=2v=-3 
A+ut+v=0 
NM +p? + v? =3Apv = H(1)(2)(— 3) =— 18 
© Ex. 88. After eliminating 8’ from equations 
x cos 8 res sin 8 


=1andx sin® —-ycos@ 
a 


=4/(a’ sin? 6 +b’ cos’ 0, we get 


2 
(a)x? +y? =a? +b? Geta 


y’ = 2 on 2 
ma (d)x° +y° =(a+)) 


xcos@  ysin® 


x 
c) + 
a(a + b) 


Sol. (0: =4..4) 


and x sin® — y cos @ = y(a’ sin’ 6 + b” cos’ 6 ...{ii) 


Squaring Eq. (i), we . 


axy 


2 
~ cos’ 942 sin’ 8 + —— sin 8 cos 8 
b? ab 


a’ 
=1=sin? 6 + cos? @ 


ox (2-1 co o+( 2-1 faint 


a 
+ ey sin 8 cos 6 =0 ...(iii) 
ab 
and squaring Eq. (ii), we get 
x’ sin’ 6+ y’ cos’ 8 — 2xy sin 6 cos 6 
=a’ sin? 6 + b’ cos’ 8 
(x? -— a’) sin’ 8 +(y’ - b*) cos’ 6 — 2xy sin 8 cos 8 =0 


2 
b Jos ) 


4 


f N 
x?-d 


dee 
Jsin?@ + 
\ 


, ab 
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2xy . : 
~— — sin 6 cos@ =0 ...{iv) 
ab 


Adding Eqs. (iii) and (iv), we get 
(x? -@ sin'@ | cos’ oti 
a b a | 2b 


JEE Type Solved Examples : 
Matching Type Questions 


SR 


© Ex. 89. Match the statement of Column | with values of 
Column Il. 


Column-IlI 
(p) 1 


Column-! 
(A) The number of real roots of the equation 
cos’ x + sin‘ x =1lin(- 12, m)is 


(B) The value of V3 cosec 20° — sec 20° is (q) 4 


(C) 4 cos 36° — 4 cos72°+ 4sin 18° cos 36° (r) 3 
equals 
(D) The number of values of x where (s) 2 


x €[-2n, 27], which satisfy 
cosec x =1+ cot x 


Sol. (A) — (r), (B) > (q), (C) > (x), (D) > (s) 
(A) cos’ x+sin* x =1 
cos’ x =(1+sin’ x) cos’ x 


= cos x =Oorcos® x =1+sin’ x 


m 1 
cosx=0 => x5. Gi cos’ x= 1+ sin’ x 


= x =0 [.- LHS $ 1 and RHS 2 1] 
ee ey 
2 
(B) V3 cosec 20° — sec 20° 
= V3 ee _ V3 cos 20° — sin 20° 
~ sin 20° cos 20° _—sin20° cos 20° 


(aR Re ‘, 
2 33 cos 20° — 4 sin 20° 
2 2 _4sin 40° _, 


sin 20° cos 20° sin 40° 
(C) 4 cos 36° — 4 cos 72° + 4 sin18° - cos 36° 


g 4 ™ eg » 
+ - = +1 
-4{8 1)-4{4 1) +4{8 (8 | 
4 4 4 4 

\ X\ 4 X\ 7N 4 

=V¥5+1-¥54+1+1=3 
1 sin x + cos x 
(D) cosec x = 1+ cot x; —— = ———_—_——_ > 
: sin x sin x 


sin x + cos x = landsin x #0 


“(4 


7 TT 
= x-—=-2n+~,— 
4 4 


‘sin?@ cos? °| 
ot =0 
b a 


2 2 2 2 


x -a@ ,y <b 
b 


2 2. 
or —~ =0 or +2 =(a+5) 
ab 


x-el-on-Z on -* 
4 i” 4 


3% 
=> x=-—, 
2 


@ Ex. 90. Match the statement of Column | with values of 
Column Il. 


Column-I 
(p) No solution 


Column-I 
(A) The number of solutions of the equation 


] cot x] =cot x + —_(o<x<n) 
sin x 


(B) Ifsin @ + sin §=—and cos 8+ cos $=2, (q) ; 


then cai S rm ¢) 
2) 


(C) awa ae sin| 5 - a] () 1 
\3 3 


(D) Iftan @=3 tan 9, then maximum value of (s) 4 
tan?(6— 6) is 


(A) > () (B) > (8), (C) > @), ©) > 


1 
(A)| cot x | = cot x + —— 
sin x 


Sol. 


= 


™ 
ERIS op coue a 


= 
sin xX 


So, cot x = cot x + = 0no solution 


sin x 


1 
If — < cot x <7,-—cot x =cotx + 
2 sin x 


2 cos x 1 


— = 90 


sin x sin x 


1#2c0s x =0and x #0=9 x= 


(B) Since, sin @ +sin8 = ; and cos 8 + cos ¢ = 2 has no 


solution. 


(C) sin’ o + sn( 2 - a) -in( 2 + 3 


as. acta! . 2 1 + 2 _3 
= sin’ a +sin® — -sin’ a =— 
3 4 


(D) tan®@ =3 tan > 


aneoe= tan 8 - tan > . aung 
1+tan@tand 1+3tan’ > 
2 


= ——__——__—- : Max of tan 0 > 0 
cot d+3 tan > 


coor > 3 (using AM 2 GM) 


=> (cot 6+3tan >)? 212 = tan’(6- 6)< 


Wir 


@ Ex. 91. Match the statement of Column | with values of 
Column II. 


Column-II 


(p) 1 


Column-I 
(A) The tangents of two acute angles are 
3 and 2. The sine of twice their 
difference is 


(B) 


Ifn oes, then tan @ tan2q tan 3a... 
4a 


tan(2n — 1)a is equal to 

Cc 

©) ixeqceste ances then 

3 3 

xytyzt+zx= 

(D) The ratio of the greatest value of (s) 
2—-cos x + sin’ x to its least value is 

(t) 13 


Sol. (A) > (s), (B) > (P), (CF) 9 @, DO) (ft) 
(A) Given, tan & =3and tanB = 2 


=>  sin(a - 8) = 5 and cos(a — B) = ao 


sin 2(a — 8) =2sin(a - B) cos(a —- B) 
pipes tet oe 
¥50 ¥50 25 


/ \ 
1 
(B) We have, tan & -tan(2n — 1)a = tang -tan| — -1 lo 
(2a) 
/ ‘ 
{ 7 \ 
= tana: tan| —--@ |=tana cota =1 
\2 


.. The given expression = 1. 


(C) We have, x = y cos = = ZCOS = = k (say) 


cos 2 cos == 
wm NG eae ie eta 
x ky kK °2 k 
ae | if ‘t) 
Sa SS] Ta COs.=—st cos = 
x y z k\ 3 
k 2 2 


=> xytxztyz=0 
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(D) We have, 2 - cos x +sin? x =2— cos x +1- cos’ x 


2 
=~(otct cons) +3=—| (ow x42) fle 


13 ( ) 
=—-|cos x +- 
4 2 


7 1 bes 
.. Maximum value occurs at cos x = — 5 and it is 1 
13 - es 
ri and minimum value occurs at cos x = 1 and it is 


‘ ae: 
. The required ratio is rr 


@ Ex. 92. Match the statement of Column | with values of 
Column Il 


Column-! Column-Il 
(A) Ifa, B, y and are four solutions of the ) 2 
/ \ 
equation aint 8 + ri 3 tan 38, no two of 
which have equal tangents, then the value 
of tan @+ tanB + tany + tan dis 
3 z = 
(B) 1 £0918, - 9.) , £05(8, + 94) _ 9 then (y) V3 


cos(@, + 8,) cos(8, - 8,) 
tan 6, tan 6, tan 8, tan 8, = 
(C) If sec(a— B),sec @ and sec(a + B) are in 
AP. (with B # 0), then cos asec . — 


D = 
©) eos a= FEOSP (0 <a<B < mh then 


tan = 

z is equal to 
tan? 

2 


(A) — (s), (B) > (r), (C) > (p), 0) > (Q) 


(A) Using tan( 0 ,%)_1+tan8 
\ 4) 1-tan6@ 


= 3 
saa Sian _3(3 tan @ ten 6) 
1-3 tan’ @ 


Sol. 


— 


the given equation becomes 
3 tan‘ @ —6 tan’? 6 +8 tan@ -1=0 
If tan &, tan B, tan y and tand are the roots of this equation, 
then the sum of these roots, tan @ + tan B + tan y + tand 
equals zero, since the coefficient of tan’ @ is zero. 
(B) The given equation can be written as 
cos 8, cos 8, + sin 6, sin 8, 
=> ——————  —$ 
cos 8, cos 8, - sin 8, sin ®, 
cos 8, cos 8, —sin@, sin 8, 
cos 8, cos 8, + sin 8, sin 8, 
1+ tan 6, tan 8, 1- tan 6, tan 0, wih 
1-tan@, tanO, 1+ tan@, tanO, 
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2+2tan@O, tan6O,tan0,tan@, _ eens B 
(1- tan 6, tan@,)(1+ tan 6, tan 6,) = eget Se 2 
Showing that tan 8, tan 8, tan 8, tan8, =- 1. 1+2sin’ = 
(C) For the given A.P., we have 8 _B 
2sec & =sec(a — 8) + sec(a +B), which gives 1+ 2sin’ — — cos’ 2 
2 1 1 = —____2___2 
a ee 2 
cos a ers 8) cos(a + B) 1+2sin’ 2 
2 cos a cos B B BT 
ee 2 - -—sj _ 
cos? @ — sin? B 1+2sin" — Bl Sl ; 
2 rer eee 2 = 
=> cos’ a —sin’ B= cos’ a cosB ieee 
=> cos’ a(1 — cos B) = sin’ B 
2B 
> cos’ @| 2sin* Bl agint Baas B ao eae ' 
2) 2 2 => sin a: (ii) 
. B 1+2sin’ — 
=> cos’ a sec? — =2 2 
oe : a Dividing equation (ii) by (i), we get 
1+ cos@ =1+ ————_ 2a 2B 
(D) 2- cos B tan Ree 9 
2-cosB+2cosB-1 1+ cosB a 
= UF tan — 
2-cosB 2- cos B sa 2 = 
cos’ B tan — 
22 2 . 2 
=> cos’—= iB antl) 
2 442sin?= 


JEE Type Solved Examples : 
Single Integer Answer Type Qu Questions 


i 


@ Ex. 93. tan 46° tan 14° — tan74° tan14° + tan74° tan46° = @ Ex. 94. Maximum value of the expression 
is equal to log ,(9 — 2cos” 6 — 4 sec’ 8) is equal to 


Sol. (3) tan 46° + tan14° _ tan(46° + 14°) = V3 (i) SOM. (1) For the expression a cos’@ + bsec’@ if b > a, then 


1 — tan 46° tan 14° minimum value attains at cos?6 = sec?6 = 1 
tan74° — tan14° 


2 2 ca 
Gao = max of {9 — (2 cos’@ + 4sec’@)} =3 


So, maximum of log,(9 — 2cos’® + 4sec’6)) = 1 


= ¥3 ...(ii) 
ANE See tan(74° + 46°) @ Ex. 95. Let xe 0, — n) and log 44 in, (24 cos x) ==, = then 
1 — tan74° tan 46° 2) 
=-8 .(iii) _find the value of cosec’ x. 
From Eqs. (i), (ii) and (iii) Sol. (9) (24sin x)” = 24 cos x 
ade ianide ee 46° + tan 14° = 24 (sinx)*? = cosx 
3 => 24sin’ x = cos’ x =1-sin’x 
tan74° wie = oe Put sin x = t, we get 


24t°+t?-1=0 
tan74° + tan 46° 
tan74° Se => (3t — 1) (8t? + 3t + 1)=0 


>0 
*, tan 46° tan 14°— tan74° tan 14°+ tan 74° tan 46° = 3 
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1 9 3 ‘ ; 
=> t=- == coo) + cos{ 2 + coo) 
3 8 8 7 7) a a 
peewee age @ 4 y 
3 3 fuses =" oof 15 
> cosecx =3 / 
=> cosec’x =9 24,32! 
8 16 16 
@ Ex. 96. If x andy are non-zero real numbers satisfying  @-b=21-16=5. 
xy(x? -y’)=x? +y’, then find the minimum value of 
ee ® Ex. 98. In any triangle, if 
Y- (sin A + sinB+sinC) (sin A + sinB—sinC) =3sinA sinB, 
Sol. = =r si 
My Fute Si eosi ahd y= sing then the angle c (in degree). 
Hence, we have to minimise r’? 10 
Now, r’ cos@ sin®r(cos*® — sin*@) = r’ - Sol. (6) We have, (sin A + sin B)’ — sin’?C =3sin A sin B 
r’ sin20 cos20 =2 sin’ A -sin’C +sin’? B=sin A sinB 
pzsin 40 _ 1 sin(A + C)sin(A - C) + sin? B=sinA sinB 
4 sin B{sin(A — C) + sin(A + C)]=sinA sin B 
ee [using, sin (A + C) = sin B] 
sin 48 2sinA cosC =sinA (sin B # 0) 
r? = 4cosec’40 Pe ie es coe 
, 2° 10 10 
r°min = 4 
oe @ Ex. 99. Find the exact value of the.expression 
@ Ex. 97. Using the identity 
3 1 1 T= sin40°  sin80°__ sin20° 
sin‘ x= - —cos 2x +—cos 4x or otherwise, if the value of singc? sin20°__sin 40° 
8 
1 
: i Sol. (3) We have, + 4 cos 40° cos20° — 
sn (2) + sin‘ (=) + sin‘ (=) = ° where a and b are @) 2cos 40° -  2co0s20° 
7 


eo d | +2(cos6o + cosa) 


coprime, find the value of (a — b). 2| cos40° cos 20° 


Sol. (5) sin (2 )- a scos( =) + scos( $2) (i) 1] cos20° 40° | 
Lis 8 ska 8 OL ie a cose 
2| cos 40° cos20° 
and sin‘) ey cos) + scos( 2) oe : 
7) 82 \7) 8 \7 2 ni +1+2.cos20? 
or sin‘ eee scos{ 2) ~~ cos (=) (ii) oat ie si 
& $2 MT) 8 kF * =.“ ee +1 + 2c0820° 
(sn) 3 on) 1 (20n ame 
Similarly, sin‘] — | =~ - 008 — |+- cos 2 sin 10° 2sin 10° cos 10° 
7 8 7 8 7 = ——_—__—_—_—_———_ + 2 cos20° +1 
cos 10° 
or sin‘) ee + me) 22 cos( =) ..-(iii) = 2(1— cos20°) + 2cos20° + 1=3 
7 8 2 7 8 7 : ‘ 
: 2sin 20° cos20° _ ; 
On ar Eqs. (i), (ii) and (iii), we get Alternatively T, = ere aa 2-2-sin 10°-cos20° 
sn'( )+ sin‘ (=) + sin) = Asin30° — sin10°) 
c : T, =1-2sin10° 
= ; + al = soo) + scoe{#) = scos( + <2 sin 80° = 2sin 40° cos 40° 
scos( 2) = scos( 2) = 4 cos20°-cos 40° 
2 7 8 7 T, = 2[cos60° + cos20°]= 1+ 2 cos20° 
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7 -sin2e_ @ Ex. 102. If sina, sinB, siny are in AP and 
stnaG™ “1icos20 cos a, cos, cosy are in GP, then the value of 
. = 2 2 Ps . . _ 
. T=T,+T,+T, cos‘ & +cos ae 2 sind siny . shes 
= (1 —2sin10°) + (1 + 2cos20°) — 1—2sin’B 
2 cos 20° a 
1 B #—, is equal to 
= 2 + 2(cos20° — sin 10°) — 4 
2cos 20° : : : ; 
i Sol. (4) Now, sing + siny = 2sinB and cos*B = cosa. cosy 
= 2 + 2(cos20° — cos80") — > cos 20° _ cos’ + cos’y + 4 cosa cosy — 2— 2sina siny 
1 : 1-2sin’B 
= 2 + 2-2sin50° sin30° - 2c05 20° oes sin’a — sin’ y —2sina siny + 4cosa@ cosy 
i 1 — 2sin’B 
=2 + 2sin50° - : ee? 
2cos20° _ —(sina +siny)° + 4cosa cosy 
T=24 4 sin50° cos20° — 1 . 1 —2sin’B 
2 cos20° _ — 4sin®B + 4cos"B _ , 
2 cos20° 
i e 
= 24 25 T o41 33 Ex. 103. Let : = 
2 cos 20° 51 nt 3 5} = 3° 
I] tan] —}| 1+ =k II cot} —] 1- 
a 3h Bet) Oe a 
@ Ex. 100. ifcot(® — a), 3cot6, cot(8 +a) are in AP ee : . 
mt 2 si 2 4 . . as 2 v8 a a 
(where, 6 # Pie + kn,n,k € 1), then _ : is equal to On solving equation, we get, 1-3 tan [— = beat 
na \ 
Sol. (3) We have, 6 cot® = cot(® — a.) + cot(8 +a) (a, b€ 1), then value of (a — b) is equal to 
ig 6 cosO sin20 Sol. (5) We have, 
‘ Or eT ; SI Fic r 51 r 
sin —_sin(6 - a) sin(8 + a) Hitaa| "1+ )= Hes {1 3 ) 
ii 6cos@ _ _2sin@ cos® ee eR Se ee Le. Saye 
sin@ _—_sin’@ — sin’a és 7 ; 
e = 
=> 3 (sin’6 —sin’a) =sin’@ 3% —-1 
- 2n _ . 2 51 fi * f \ 
or . 2sin’8 = 3sin°a ital = +0. | uae lek 
2 sin?@ ay MSY 
" sin? a =- 3! tan 30 
peel 
2 2 +2 2 . ; rt tan® 
@ Ex. 101. If 4sin* x +cosec’x,a, sin’ y + 4cosec’y are in _tan@, | tan@, tan®,, 
AP, then minimum value of (2a) is tan®, tan®, tan@,, 
Sol. (9) 2a = 4sin’ x + cosec’x + sin’ y + 4 cosec’y , ie oe 
=(2sin x — cosecx)’ + 4 + (siny — cosec y)’ _ tan@,, 3" -1 


+3 cosec’y +2 : tan® 
= 6 +(2sin x — cosec x)’ + (siny — cosec y)’ + 3 cosec’y 


.. Minimum value of 


tan| 3x + —— 
2a =6+3=9, au 8. ie =a 
when 2sin x = cosec x is Tl 
< 50 
and sin y = cosec y 3" -1 


= 


ei ito ae 


A 
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@ Ex. 106. ifsin x, + sin x, +sin x, +...+ SIM Xoo, = 2008, 


> 2008 * 2008 s . 2008 
then find the value of sin™™ x, + sin™ x, + sin™ x, 
an us HAIN Kage: 
/ 


Sol. (2008) We know that, sinx, <1 Vi 


T ' ; ; 
Let, a= Fa : = Sin x, +Sin X, + Sin X, +.... + SIN X45, S 2008 
~ Thus, equality holds only when each of the terms is 1 
tan 3a ; ; : 
k=—-; le. sin x, =1Vi=1, 2,3,..., 2008. 
tana 
and consequently 
2 
1-3tan'a = 1 cos x, = 0,Vi = 1,23, ..., 2008 
+ 2008 -_ 2008 *.. 2008 *_ 2008 
, So, a =o Now, sin™™ x, +sin™ x, +sin™™ xX, +...Sin”” Xaog, 
a-b=5 =1+1+1+...+1= 2008 


© Ex. 104. ifsec A tan B+tan A secB=91, then the value © Ex. 107. if4sin 27° = Jo + VB, then the value of 


of(sec A sec B + tan A tan B)? is equal to (a +B-aB+2)‘ must be 
Sol. (8282) (sec A sec B+ tan A tan B)’ Sol. (400), We know (cos 27° +sin 27°)’ 
— (sec A tan B + tan Asec B)’ =1+sin 54 =1+ cos 36 
= bo] ; o- ° an 
| _[14sinAsinB ee a Pawn T = cos 27° + sin 27° =,/(1 + cos 36°) [. LHS > 0] 
| | cosAcos B \ cos A cos B Also, cos 27° — sin27° = y(1— cos 36°) 


['." cos 27° > sin 27°] 


_1+sin’ A sin’ B- sin’ B- sin’ A 

- Gost Aboe B 2. 2sin 27° = J(1 + cos 36°) — (1 — cos 36°) 

_ 1-sin’ Bcos’ A -sin’A _{, v5 +1))_ (bat 
cos’ A cos’ B = = 4 i 


cos’ A cos’ B 
i * 4sin27° = (5 + ¥5) - y(3- V5) 


cos’ A cos’ B 


=>(sec A sec B + tan A tan B)’ =(91)’ + 1 = 8282. On comparing, we get 


a =5+ 5,8 =3- V5 
@ Ex. 105. If(25)’ +a’ +50acos 8 Fe a +B =8 af =10-2V5 
=(31)? + b? +62 bcos 0 =1and ao +B -o8 +2=2V5 
775 + ab +(31a + 25b) cos 0 =0, then the value of cosec’ 6 is 1. (a +B -aB +2)' = 400 
Sol. (1586) We can write (a + 25 cos 0) + (25)° — (25 cos 8)’ = 1 
and : @ Ex. 108. IfO<A <= andsin A +cos A+tanA 
=> (a +25 cos 6) = 1 — (25 sin 8)’ 2 
Similarly (b+ 31cos 6)? = 1 — (isin 8) +cot A+secA vee! and sin A andcos A are the 
eee roots of the equation 4x" ~3x +a =0, then the value of 25a 
Multiplying we get 


[(a + 25 cos 8) (b + 31 cos 8)}* = [1 — (25 sin 8)” ] must be 


(1-(31sin6)?] SO. (28) sin A and cos A are the roots of the equation 
4x’ —3x +a=0, then 
=>  [ab+(3la + 25b) cos 6 +775 cos’ 6} 


: a a : 

= 1 - (625 + 961) sin’ 6 + (775 sin’ 8)’ sin A + cos A = ? sin A cos A = ; w=(i) 

= 2 Ai? = +2 +2 Qy2 

mm (PaaS seoss Oh ele Tas bane O Zee 8) Also, sin A + cos A +tanA + cot A +sec A+ cosec A =7 
= cosec” 6 = 1586 
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1 1 
.. The given expression = ———- ~ —-————_ = A 


=> (sin A +cos A)+ sin 20° 3 cos 120° 


f . 
sin A i cos A 
.cosA sinA 


1 1 aii 1 cos 60° 2 
° (— A : 4 a! sin 20° sin 60° cos 20° 
sin 60° cos 20° — cos 60° sin 20° _ n 


sin 20° cos 20° sin 60° 
sin(60° — 20°) 


inAt A => 
=> (sin A +cos ibe". Cn ose) os 


sinA cos A sin A cos A 


=> ————— =X 
=> 3 4,32, sin 40° | v3 
4 a a 9 9 
3°. 7 
4 a 4 
7 2 
=> IE ca = 4? . 16 
a 4 4 3 
epee Then, 90! +8102 +97 =9 x 20 4.81 x 8 4.97 
9 3 
2 2 sin8 = - 
@ Ex. 109. Given that, f(n6) =, and = 256 + 432 + 97 = 785 


cos 20 —cos 4n0 
i @ Ex. 111. if! inx +l Shae 
Ff (8) + (28) + (38) +... + f(n8) ___sinA@ | then the flog, sin x +log,, cos x =—1an 


. . | ans ‘ ae 
sin 8 sin log ,,(sin x +cos x) = Pew nat then the value of ‘n/3’ is 
value of u — A is 2 
2 sin 20 cvascvcee 
Sol. (1) f(n8) = —— a 
cos 20'—'cos 4n Sol. (4) Given, log,, ( =~] 
= 2 sin 20 ; 7 
2 sin(2n + 1)@ sin(2n — 198 os oN ae 
2 10 
_ sin((2n + 1)6 —(2n — 190) 1 
sin(2n + 1)6 sin(2n — 1)8 OF sin 2x = 5 
sin(2n + 1)8 cos(2n — 138 ( n ) 
: OBol -. 
_ 1 nm 
= = eisai Wenlen tN. Also log,,(sin x + cos x) = uo 
sin(2n + 1)8 sin(2n — 1) 
= cot(2n — 18 — cot(2n + 190 or log,,(sin x + cos x)’ = log,, (=) 
. f (8) + f (20) + f(38) +... + f(n8) 
= cot 8 — cot(2n + 1)8 or 1+sin2x= a 
_ sin(2n + 138 cos 8 — cos(2n + 198 sin 6 i tg Br 0 We 
sin(2n + 1)0 sin @ or ate a5 ae 
sin 2n8 n 
*—_...... 2 or —=4 
sin(2n + 1)0 sin 8 
RA nm =2n andy =2n+1 
Hees a= oh ee @ Ex. 112. If 498 [16 cos x +12 sin x] = 2k +60, then the 
maximum value of k is 
@ Ex. 110. (— hn =), then the value of Sol, (4950) 16 cos x + 12sinx = 16” + 12° cos(x — a), & 
cos 290° 3 sin 250° (3) 
9M +817 +97 must be =e (=} 
Sol. (785) Here, cos 290° = cos(270° + 20°) = sin 20° and => |2k+60|<S 498 x 20 as|cos(x—a)|<1 
sin 250° = sin(270° — 20°) = — cos 20° => k < 4950 


== = T ti | 


© Ex. 113. ifatana+ (a? 1) tanB 
+ Va? +1) tan Y = 2a, where a is constant anda, B, y are 
variable angles. Then the least value of 2727(tan’* a + tan’ B 
+tan’ y) must be 
Sol. (3636) We have, 2 
(a tan B - ya? ~ 1) tan a)? + (f(a? ~1) tan y 
- (a? +1) tan B)? + (ya? +1) tana —atan y)’ 20 


=(a’ +a? —-1+ a’ +1)(tan’ a + tan’ B + tan’ ¥) 
~{atana + (a? -1) tan B + va? +1) tan y}’ 20 
(using Lagrange’s identity) 
=> 3a’(tan’ o + tan’ B + tan’ y) —(2a)’ 20 
Xtan’ @ + tan’? B + tan? y) 24 
Hence, 2727 (tan’ a + tan’ B + tan’ y) 2 3636 
.. Least value is 3636. 


tany tanz 


"© Ex. 114. fe = SAY = 


»xty+z=nN and 


tan’ x+tan? y + tan’ z=— then K =..... 


Sol. (3) tan x = 2t, tan y = 3t, tan z =5t 

Also x+ytz=T 

“tan x + tan y+ tanz=tan x tan y tanz 
1 


= t?=- 
3 

=> tan? x + tan’? y+ tan? z=07(4+9 +25) = 382’, 
K =3 


@ Ex. 115. If tan (=) +4 sin( 22 A, then the value of 
11) 11) 
1+? +A‘ +A° must be. 


Sol. (1464) Let A = tan | am + 4sin (=) 
La) 11 
sin( +4 sin( =) cos (2=}} 
i M1 11) 


1 
3x) (=) _ {2m \ (2) 
‘= sin| —|+ 4 sin! — | cos| — 
1 11 Lal) 11 
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cos” (2) = sin: (#2) 16 sin? (= = eos (=) 
Mt i i) 


(= (37 \ (=) 
+8sin | — [sin ' cos 
a1) 11 


4n 8r 
+ 4]| cos — — cos — 
11 11 


-((f) (B+ 


=9+I11cos (=)- 44cos (=) cos (4m) 
11 ene La) 


() (®) (=) 
+ cos| — |+cos| —]|+ cos} ——]; 
11 11 11 J| 
67 
=9 + 11c05(*)- 
11 


=9 +11 cos( =) +2 
All 


= 11] 1+ cos (=) |- 11] 2 cos’ (=) 
11}, 11 


Me=11 
Then, 1+ A? +A‘ +A°=1 4114 121 + 1331 = 1464 
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Subjective Type Examples - 


—_—- . es a ES eS Re EE 
ee A - ~~ — — 


@ Ex. 116. For all® in[0, 2/2], show that gsinx + cosx > 9-V2 
cos(sin@) > sin(cos8). [asin x + cosx 5 o-V2/2 
Sol. We know, ; - : as 


ie [sin x+cosx > g7uv2 ...(ii) 


From Eqs. (i) and (ii), 


gsin x rs gcosx 


cos8 +sin8 = AS —=cos6 lueees 
/2 V2 


a : 
= V2 sin e080 + cos —sin8 
4 4 | 


> af 2sin x +e0sx > g-uv2 


of 
= vPsin| 7 + 6] 5 gsin x + 20% > 9g v2 
4 Pe 
‘ i 1-1V2 
=> cos® +sin@ < V2 < 5 {as V2 = 1.414 } NF a ee for all values of x. 
asin? @ + bcos’@ =m 
6 <~sind 2 2 
=> cos , bsin" 9 + acos° d=n 
On taking sine both sides; and atan® = btano 
( Po ee 2n _ 2 
‘ an(cosO\iecial nT snd | Sol. Dividing asin”8 + bcos’ 8 = m by cos"9, we get 
\2 atan?6 + b= msec’0 
= sin(cos@) < cos(sin@) -" (a— m)tan?0 =(m — b) Ai) 
Py cos(sin@) > sin(cos8) ean “36 ral P 
Almeateeckod Dividing bsin“ 6 + acos” = n by cos” >, we get 
et 2 2 
Be ee btan“ 6 + a= nsec’ 
2 or (b—n)tan® > =(n - a) ...{ii) 
x 2sinx --{i) On dividing Eq. (i) by Eq. (ii), we get 
Replace x by cos®, we get 
d e (a-m) (tan@ ) m-b 
cos@ 2 sin(cos8) ..-{ii) = ——. 
(b-n) Vane, n-a 
Also, we know cos6 is decreasing for0 <6 < = a-m) b? -m-—b 
2 = 3 = [given, atanO = btan4] 
As®, <8, =>cosO, > cos@, when6,, 9, € [0, 2/2] ve P= 
2 —p*(h— re 
.. Taking cos on both side of Eq. (i) and putting 8 for x, we a aa) 
get or b7{(m +n)a—a* — mn} = a"{(m + n)b — b? — mn} 
a: BPs 
cos9 $ cos(sin®) ...{iii) ( sis i ae i a ie - 
Use Bassi d (iii), - or mtnjaho-—a)t+mn(a—- oat d)= 
sing Egsstib) anastil) or (m +n)(ab) = mn(a + b)[a — b #0] 


cos(sin8) = cos®@ 2 sin(cos@) 
= cos(sin8) > sin(cos®@) 


® Ex. 119. LetcosA +cosB+cosC = 2 ih, a AABC, show 
2 
. l-—= j 3 P 
e Ex. 117. Show that 25'"* ve 00s x >? J2 for all real xX. that the triangle Is equilateral. 


ce sinks 7 ; Sol. In a triangle, A+B+C=n7 
Sol. Clearly, 2°"°* and 2°°°* are positive, so their AM 2 GM Ae 
=> cos A + cor B+ cosC = 2c0o 5 } 


gain x & gcosx 


> asin x gcosx eas fain + cosx (i) 
( - *) 3 
cos + cosC = - 
As we know, 2 2 
j 2>- (xn C = 
sinx + cosx 2-42 , ” 2e05{ © — &).coo 4 )+1-asintS = 3 
[using ~Ja? +b? Sasinx + bcosx S$ a’ +b") . 2 2 
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—— 7 
=> 2sin* — — 2sin Cha i 1+-=0 = oa > 0, using number line rule. 
2) 2 3k -1 
i fA. + , = + 
= asin? - tsin( € Joos A= *) +1=0 ..(i) 413 t 
sow: Eq. (i) is quadratic in (sin C/2) and is real. which shows k <1/30rk >3 
D20 
= = ® = 
- + tsae'(4 *) naeencs cosi( 4 *) Sa Ex. 121. Let A, B,C be three angles such that A = 1/4 and 
tan BtanC = p. Find all possible values of p such that A, B,C 
ad se ia a 9 are the angles of triangles. 
Sol. Let us assume AABC. 
He A+B+C=n 
which is only possible if cos” x an 
= B+C=n- 1 = ry ...(i) [A = 1/4, given] 
‘ oa 
ra aM 2 oe Also, 0<B,C <3n/4 
A-B - => aneane’ =p 
2 => sin B-sinC = £. 
=> A=B (ii) cosB-cosC 1 
Similarly, we can show B = C, C = A. Hence, the triangle is es panes = ch HE ae 
equilateral. cosB-cosC -sinB-sinC 1-p 
m cos(B-C)_1+p 
; 9 a ws are 
@ Ex. 120. yl Bf =k, show that snes eae. and ne +C) 1-p 
tanA sinA k-1 +p 31 | 
1 = cos({B=- C)a| + —— |cos 1) 
hence or otherwise prove that either k >3 ork <-. Te - 
3 [using Eq. (i), B+ C = 31/4] 
Lt : e 
Sol. tan3A = scene, A =k = cos(B-C)= ae (ii) 
tanA . 1-3tan2A tanA 2p - 1) 
3-tan?A_, Since, B or C can vary from 0 to 31/4. 
= iia “ 0<(B-C)<3n/4 
1 NS gues 
a (3 - tan? A) = k(1 - 3tan? A) => “ao ...(iii) 
aad (3k - 1)tan? A =k -3 From Eqs. @ and (iii), we get 
k-3 ; oan 
=> tan? A =| —— ..(i) 
" (+ 2 , c V2(p -1 
sin3A _ 3sin.A - 4sin’ A al is cs, 
N . ____ S 3 = 4 A ee 
= sin A sin A PF re V2(p ~ 1) )- * 2p- 2(p — 1) 
4 
=  3-4sin?A =3-—*_ =3- —*_ = o<1+ Po an g 2#N-Vep-1) ¢ 
cosec’A 1+cot° A p- V2(p - 1) 
4 — 
a ar Ge Pe er mr fl all 9 Pe 
Ue aeer (p —1) (p - 1) 
tan" A +, “ it + - + 
= ns ee [using Eq. (i)] 0 1 1 (2+) 
4 (3k-1) 
k-3) => p<Oorp>iand p<lorp2(v2 +1) 
4(k-3) 3k-3-k+3 2k as The combining above expressions; 
= 3 —- ——— = — = ...(ii) : 
4(k- 1) k-1 k-1 p <0or p2(v2 +1) 
Again from Eq. (i), ie. pe (--,0) U[(v2 + 1)’, ~), 
aw es [tan A # Oand tan? A > 0] 


3k —1 
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® Ex. 122. if ABC is a triangle and tan “ tan = tan £ are 
2 2 


in HP, then find minimum value of cot - 


Sol. At+B+C=n 
A.B m= € 
=> ap Se 2 At 
2 2 2 32 
> cot{ 4 +2} = cor( Z-£) 
(2 2 2 
cot —-cot— -1 (5) 1 
=> = tan} — |= C 
cot — + cot — 2 cat <] 
2 
A B Cc A B Gc , 
—— cot —-cot—:cot— = cot— + cot—+cot— _...(i) 
2 2 2 2 2 2 


But tan 2 tan Dae are in HP 
2 2 2 


=> ite Bees Soe are in AP 
2 2 2 
coke + cote = 2cot (ii) 
2 2 2 
From Eqs. (i) and (ii), we get 
B 
cee eee eae = Seok 
= . sue ncdt =3 (iii) 
2 2 
As we know, AM2 GM 
cot A + cot C a = 
zy =e ] 
=> 22 z feat = cot 
oy 2 2 
2cot2 
Oe : - 
=> ; 2 v3 {{using Eq. (iii)] 
=> cot 2 V3 


.. Minimum value of cot is V3. 


© Ex 123. (i) iftan A —tanB=x andcot B-cotA=y. 


Prove that cot(A — B) = x + x 
x y 


1 
(ii) f2cosA=x+— , 2cosB=y + —, then show that 
x y 


2cos(A - B) =~ pe. 
y x 
tanA — tanB _ 


Sol. (i) If cot B- cotA=y=> 
tan A tan B 


= = tan Atan B 
y 


1 
tan(A — B) 
_ 1+ tanAtanB 
tan A — tanB 


Now, cot(A — B)= 


ie 


4 ae ; 
(ii) 2cos A = x + —, since 4sin? A = 4 
x 


2 
1 
~seosta=4-(x44) 


. 
or 4sin? A = (+ - i) 
x 


aks \ 
=> 2sin A = i x- q| (i) 
\ x 
Similarly, 2cosB=y+ x 
y 
=> 2sin B = { y- = »(ii) 
e ¥ 


Now, 2cos(A — B) = 2[cos Acos B + sin Asin B] 


“let or-tf-3) 


-31| Pa ere rere oe es 
2! | y| xy x y 
= jfad 22 a* Y —RHS 

2.x yl y x 


@ Ex. 124. iftan6 tano= (e then prove that 
a+b 
(a — bcos 28)(a — bcos 2 9) is independent of 8 and 9. 
Sol. Let us put, 
tan® = t, and tang =f, 


tty (i) 
| given, tan8 tan 6 = aah 
| a+b 
ee. 2ge 
Also, cosag = tan 8 1 (ii) 
1+tan’@ 1+¢) 
ae ae 
cos2o = i- tan’ 9 =ink ...(iii) 


1+tan?> 1422 
Now, (a — bcos28).(a — bcos20) 


Co ee 


Heh eet 
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~2\( (1-2?) = 2x? -3x*cos(A — B)- 2xcos’(A + B)+ 
Bla fiat =. nla y 1= #21 fusing Eqs i) and (i) sD as ag cl ani, 
| ee as | +6] cos*(A — B)— cos*(A + B). cos(A — B) =0 
_{(a - b)+(a+b) yt? e (a-b)+(a+b) t | By inspection, we find that x = Benga — B) because 
1+¢? {| 1+t} a. ee | ° 
ae pees aie [-2-2+1cos?¢a ~ B) + cos2(A + B)eos(A ~ 8 
(1+t))L a+ J (1 +t2) are —cos?(A + B)cos(A — B)=0 
zoe). ———[t? uel on : - ay ttita +13] [using Eq. (i)] Hence, 2x + cos(A — B) is factor of the given equation 
(14 tf ) which when divided by it, given the other factor as, 
=(a +b)’ (t? 2) = ies Si b) =(a eB) x? —2xcos(A — B) + cos’(A — B)— cos*(A + B)=0 
(a + b) 2cos(A — B) + 
2 isi a 
So, (a - bcos20)(a — bcos26) = a” — b’, which is 4cos?(A — B)— 4cos*(A — B) + 4cos(A + B) 
independent of 6 and 9. So, x= a os ae ee 
© Ex. 125. Find all possible real values of x andy satisfy- x = 200A ~ B) t 2c0s(A + B) 
2 


ing. 


Sol. Given, equation can be rewritten as, 


x = cos(A — B) + cos(A + B)orcos(A — B) — cos(A + B) 


sin? x + 4sin? y — sinx — 2siny - 2sinx siny + 1=0, 
Hence, the roots are, 


V x, ye (0, 2/2] a , 
2cos A cos B, 2sin Asin B and as cos(A — B). 


sin? x — sin x(1 + 2siny) + (4sin’ y — 2siny + 1) =0 


= sinx = @ Ex, 127. ifm? +m? + 2mm’ cos0 =1. 
(1 + 2sin y) + (1 + 2siny)* - 4(4sin” y — 2siny + 1) n? +n? + 2nn’cosd =1 
2 and mn + m'‘n’ +(mn‘ + m’n)cos@ =0, then prove that 
. (1+ 2sin y) £ 3 - 12sin? y + 12siny m? +n? =cosec’0. 
2 Sol. m? + m’? +2mm‘cos0 = 1 
_ (i+ 2siny) + y-32sin y -1) i) or (m*cos?6@ + m’sin’0) +m”? + 2mm’ cosO = 1 
Z 


re or __m?cos’@ + 2mm’‘cos0 + m”* =1- m’sin’@ 
Since, sin x is real. 


‘. From equation (i) is real only if, oF (mcos@ + m’)’ =1-m’sin’@ (i) 
nye i Soonp=— and ae Si Sumlarhy> n’ +n’ + 2nn’cos® = 1 
2 : = (ncos® +n’)? =1-n’sin?0 ...(ii) 
=> y= Zand x= as x, y€ [0, 2/2} Finally, mn + m’n’ +(mn’‘ + m’n)cos® =0 
=> (mncos‘@ + mnsin?®) + m‘n’ 

@ Ex. 126. Find the roots of the following cubic equations + mn‘cos® + m’ncos® = 0 
2x? —3x? cos(A — B) -2xcos*(A +B) +sin2A => mncos’® + m’ncos® + m’n’ + mn’cos@ = — mnsin’@ 
sin 2Bcos(A — B) =0. = ncos@(mcos8 + m’)+n‘(m’ + mcos®) = — mnsin?6 
Sol. We know, => (mcos@ + m’)(ncos@ + n’)=— mnsin?0 

sin2Asin2B = = [cos(2A — 2B) - cos(2A — 2B)] or (mcos® + m’)*(ncos® +n’)? = m’n?sin*@ 


= (1—-m’sin?6)(1—n’sin?0) = m’n’sin‘0. 


= slecos%(A = B) -l- 2cos?(A + B) + 1] [using Eqs. (i) and (ii)] 


= cos*(A — B)— cos*(A + B) => 1-(m? +n7)sin?@ + m’n’sin‘6 = m’n’sin‘6 
sin2A.sin2B = cos"(A — B) — cos*(A + B) .-(i) = (m? + n*)sin’® = 1 
Now, 2x° — 3x? cos(A — B) - 2xcos"(A + B) + = m’ +n” = cosec’8 


sin2A.sin2B.cos(A — B) = 
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@ Ex 128. Prove that from the equality 


“e Q@,°Q2°Q; nen a, 


=f 4 ) ) ) ) 
sin @ cos @ 1 ' => cos —- cos —-cos — ... cos — 
+ = follows the relation, 2 92 2 on 
a b a +b rs) rs) fs) ye) 5 
sin® & cos®a 7 1 dis - er a ae see ae) a 
3 3 3 Q 
a b (a + b) asin — 
sin"" x cos’? x _ 1 2 
z 7 im zy" ) ‘ 
Ce pee aah cOS~ C05... C05 asin a 
2 2 2 
Sol. Given condition can be rewritten as, - 
ab 2sin — 
b(sin?a)? + acos‘a = 
G0 [. 2sina.cosa = sin 20] 
b 
> 1 — cos?a)’ + acos*a = ——— cos —:cos — ... cos -2sin e 
at+b is 2 on 2 gn 2 
b : 
=> bcos‘ — 2cos?a@ +1) + acos‘a = = 2? sin — 
a+b 
=> (a+b) cos‘ a —2Ka+ b)cos’a + Ka+ b)=ab cos — e 5 -sin— 2 . 
a = ZS ) i lil 
(a +b)’ cos*a — 2a + b)cos’a +b? =0 aciiatesccion ee 
2 ~  -sin — 
= [(a+b)cos*a — db] =0 on 
2 - 2 a 2 
=> cos’ = = sin°a = i cos —-sin : 
a+b a+b ) = _ _sin® 
eee 2). 
sin'a  cos*a a‘ bf osin-— 2" sin — 
a * b° ~ D(a4 by B(a+ by J 
psec less Ten sin6 sind ___sin® 
= a rs b j lass id ies 6 Ayes sin(6/2”) 6 
(a+b)' (a+b) sia To 
: 2 (6/2") 
at 1 
= = ‘= 2 ie 2 
(a+b)' (a+b) a oe ae 
QQ... tO 0 sin 
sin'a cos*a * 1 ena 9. 
a Bb (a+b) Jz \ 
0 
sin‘*"x cos" x a" BS 
Now, 2n=1 an-) nl a Goan 2n cos a =cos8 =a 
a b a (a + b) b’"~ "(a + b) 0,0,0, ... too i 


6D 1 
(a+b)" (a+by"-) 


@ Ex 129. Ifa, ., = 4 +a,), the prove that 


‘ 


4 
a 
Sol. Let a, = cos®, then a, ,, = {50 + a,) gives 


1 1 6 
= ./-(1+a,) =./-(1+ cos8) = cos— 
a = (1 + ap) fe ) = cos 


Ma+ ) (1+ cos? ee 

a, =,/-(1+ a) =,]- — | = cos— 

2= V5 1 3 9 92 
— 

a, = Rare )= (1+ cos} = cos 

sak | aaa 3 23 


ooe Ct C. 


2 ‘ 
@ Ex. 130. Evaluate yi sin ra, where (n+ 2)a =2n (with- 
r=2 ; 
out using formula.) 
n é 
Sol. Let S= Ysinra =sin2a + sin3a +sin4a +... +sinna@ 
r=2 
we asin -S = 2sina/2sin2a + 2sin—-sin3a + 2sin— 
sin4u +... + 2sind/2sinna 
30 5a 5a 7a 
= 4 cos — — cos—} + {4 cos— — cos—} +... + 
2 2 2 2 
leat 


, 1) fay 
4cosi n — — |a& —cos| n+ -— |a 


a 2) 


30 { 4) 
= cos— -—cosin+—la 
2 2) 


\ 


(n +2) sgaul -1)a 


asin -$ = 2sin 
2 2 


. (n-1)0 
sin ———— 
+2) 
= 2g (n+ 2)0 


sin — 


@ Ex. 131. Sum the series 1+cos & +4/1+cos 20 
+ J1+cos3a +... 
Sol. We have, 


yi+ COS OL +J1+ cos2a + /1+ cos3a +... + J1 + cosna 


2 ae | 
= V2cos’? a /2+ V2cos? a + y2eos" i +... ton terms 


ton terms. 


r{ o 20. 304 | 
= v¥2{ cos— + cos— + cos— +... + ton terms: 
| 2 2 2 | 
sin a 
= 2 4 cos +(n- i {using formula} 
sin 


@ Ex. 132. ifA+B+C =n, show that 


cot A + cot B + cot C —cosec Acosec B: cosec C = 
cotA:cot B-cotC 


cosC 1 


cosA  cosA 


Sol. LHS = 


sinA  sinB’ sinC _ sinA-sinB-sinC 


_ cosA-sin BsinC + cos Bsin AsinC + cosCsin Asin B —1 


sin Asin BsinC 


_ sinC(cos Asin B + cos Bsin A) + cosCsin Asin B - 1 
‘ sin Asin BsinC 
_ sinCsin(A + B) + cosCsin Asin B - 1 
. sin Asin BsinC 
_ sin?C +cosCsin Asin B -1 
= sin Asin BsinC 
[using sin(A + B) = sin(m - C)=sinC] 
_ cosC.sin Asin B - cos’C 
sin AsinBsinC 
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_ cosC{sin Asin B— cosC} 


7 sin Asin BsinC 
[." cosC = cos(m -(A + B)) =—cos(A + B)] 
_ cosC{sin Asin B + cos(A + B)} 
7 sin Asin BsinC 
_ cosC{sin Asin B + cos Acos B - sin Asin B} 
7 sin Asin BsinC 


pe PSOE CONE cena ceen Beeote SRES 
sin Asin BsinC 


@ Ex. 133. In AABC, ifcot6 =cot A +cot B +cotC, 
prove that sin? @ = sin(A — 8) sin(B — 8) sin(C - 0). 


Sol. We have, cot9 = cotA + cot B + cotC 


=> cot(®) — cot(A) = cot B+ cotC 
cos8 cosA cosB- cosC 
=> ee fe 
sin6 sinA sinB_ sinC 
cosO@sinA —cosAsin@ _ cos BsinC + sin BcosC 
sin6sin A sin BsinC 
sin(A-@8)_ sin(B+C) 
sinAsin®@ — sin BsinC 
- 2 7 
= sin(A - 6) = St Asin® m0) 
sin BsinC 
a ‘ 
B 
Similarly, sin(= Oy =o oe (ii) 
sin AsinC 
«29 ‘ 
and aneos i Se iii) 
sin Asin B 


Multiplying Eqs. (i), (ii) and (iii), we get 
sin(A — 8)sin( B - 8)sin(C - 6) =sin*6. 


© Ex. 134. If A,B,C and D are angles of a quadrilateral 
and sin ‘ad sin Z sin £ sin 2 = it then prove that 

2 2 2 2 4 
A=B=C =D=n/2. 


Sol. Now, (sin. sin?) [2sin$. sin? =1 


h 


2 fon(45)- co(A* Hf of =) Bic. (er?) a 


Since, A + B=2n —(C + D), the above equation becomes, 
( A-B A+B C-D A+B 
; COS h + cos i 


\ 
= ft of tet) of 54 
- co 4 ; Jeo S = >) =0 


os ‘ paced A+B 
This is a quadratic equation in cos 


— cos 


cos 


which has real 


roots. 
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i 2 
= Jeol A= )- co 2) - 
| 2 2 
4} 1~ cos = )-co( =? } 20 
| 2 | 
7 ‘2 
=> [cos4 Be cae m) 24 
2 ) 
=> cos + cos<— 22 
es 
Now, both cos and cos $1 
A- C- 
=> cos =1= cos 
2 2 
A-B C-D 
=> —_ =0= 
2 2 
=> A=B,C=D 
Similarly, A=C,B=D 
=> A=B=C=D=n/2 


@ Ex. 135. Ifa, B are two different values of 8 which satisfy 
is bccosOcos o + ac sin® sin 6 = ab, then prove that 
(b? +c? —a*)cosacosB +ac sina sinB=a? +b? - 
Sol. We have, bccos@ cos = ab — acsin®@sin 9. 

= b’c? cos’ Ocos’ = a*b? + a’c*sin’ Osin? 6 — 2a*bcsin Osind 

=> (a’c*sin? o + b’c? cos” o)sin?@ — 2a’besinOsind + 

a’b* — b’c? cos? =0 

a’b* — b’c? cos’ 


=> = sinasinB = ———_—_—_______ 
a’c*sin? o + b’c” cos’ > 


i) 


Similarly, acsin® sin 6 = ab — be cos Ocos® 
+ b’c? cos? 6cos” > — 2ab’c cos Ocoso 


a’b? — a*c*sin? " 
e Gi) 


= a’c*sin? sin’ = ab? 
paid eg a’c* sin? 6 + b’c? cos’ 
On substituting the value from Egg. (i) and (ii) in 
(b? +c? — a’)cosa cos + acsina sin, we get 
ix (b? + c? — a?)(a*b? — a’c*sin? >) + ac(a*b? — b*c* cos” 6) 
a*c*sin?o + b’c? 


= (a+b? —c”)= RHS 


cos’ 


® Ex. 136. Find all number pairs x, y that satisfy the 
equaion; 
tan” x+tan’ y + 2cot? xcot? y =3 +sin?(x + y); V 
X,ye fo ss 
2. 


Sol. We know, a‘ + b4 2 2a7b? {AM 2 GM} 
tan‘ x + tan‘ y 2 2tan? xtan’ y ..{i) 


Equality occurring only when tan’ x = tan’ y = 1. 


Also, tan’ x tan’ y + cot? xcot?y22 Adi) 
Since, a + id > 2 and equality occurring only when 
a 


a=1,ie. tan’ xtan’y=1 


From Eqs. (i) and (ii); 


tan‘ x + tan‘ y +2cot” xcot? y2 4 ...{iii) 
Also, RHS =3 + sin?(x + y) $4 ..{iv) 
From Egg. (iii) and (iv), 
LHS = RHS = 4 
=> tan’? x = tan? y= tan’ xtan’y=1 
=> tanx = tany = +1 
=> tanx = tany=1 {as x, y € (0, 2 /2]} 


x=y=n/4 
Gly shacohiienite tex 7/4, y = 1/4). 


® Ex. 137. Prove that tan = +4sin = = Ail, 


37 7 . on 3% 
Sol. eet ae 2 sin + 4sin cos} 
11 11 11 


MN cos 2% 11 
11 
y?.cos” = sin? + 1ésin? cue 
] 1 11 
on... 23 30 
8sin — - cos — -sin— 
11 11 
2 2 so 2 Oey 2 30 
= 2cos y =2sin + 32sin cos rtd 
2 
8sin — :sin— 
( 6n\ 4n\ ( 67 
=|1-cos—]+81- cos St) 1+ age Va 
\ iu) \ fig 11) 


{  4n én | 


4! cos — —- cos— | 
Koa 11) 
=9 pre aeege aie egg. awe 
11 11 11 11 11 
6 . 80 
open = wens a co gelig cos 2 | - 4cos— 
11 11 11 11) 11 


=9+ iieos - a{cos2 + reads + cope + eee + cost) 
11 11 1 11 11 


N 
co cos 2% 49.2% an | aaa: st) 
¥ 11 


rage Te, 


Sadie a4 
11 ai 


\ 
e 6m . ST 

a 4cos —-sin— 
=9 +11cos— — ——_LL.___11L 


_ 1 
sin — 
11 


‘go. Lem 
6 woin —— 
=9 + llcos—-— 1 
LS 
sin 
11 
67 67 
=9+1lcos  +2=1 [1+ cosSt) 
11 \ 11 


ay? cos? | = 220088 => y'=11 
11 11 
= y=vil [as y > 0] 
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© Ex. 138. Prove that sin + sg + sin — ; 


Sol. Put, 706 =2nm, where n is any integer, then 


48 =2nn - 30 
= sin(48) = sin (2n 2 — 36) = —sin36 Ai) 
This means sin6 takes the values; 0, sin, sin 
and sine 
7 
f ‘ 

Since, sine = -sin| le 

7 (7) 
From Eq. (i), we now get 2sin 20.cos 20 = 4sin*@ — 3sin@ 
=> 4sin® cos@(1 — 2sin?@) = sin®(4sin*@ — 3) 
= 4cos0(1 — 2sin9) = 4sin?6 —3 
=> 16cos?6(1— 2sin?6)* =(4sin?@ — 3)" 


= 16(1—sin?6)(1 — 4sin’@ + 4sin‘@) 
= 16sin*@ - 24sin?@ +9 
= 64sin°@ -112sin‘@ + 56sin?@ —7 =0 
This is a cubic in sin? with the roots, 
2 a{ 27 (= - (=| 
sin? sin sin | -— 
7 7 7 


“. Sum of the roots is 


o( 27 \ (2) ; (=| tie. 9 
sin” + sin + SI | — | 
7) i 7 64 4 


We already proved 
on. 4mC—C~<Cté«‘i‘ié‘id C*;:*CC CNL 
sin — sin — + sin -—- ae oe 
( _ 4n =| 7 
So, sin — + sin— +sin—] =— 
7 7 4 
- 
an 4u 8 V7 
= sin — + sin — + sin— = — 
7 7 7 2 
Alternate Method 
x’ -1=0 


(assuming x as the seventh root of unity] 
x’ =140.i = cos(2km) + isin(2km) 
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( 2k a) 
x= cos —— + isin — 
7 ie 


=> x = el /7 [where, k = 0, 1, 2, 3, 4, 5, 6] 
6 

ox veo =0 
6 

=> . 1+ ee =0 
k=] 

3 
a i+ ae +e 7hU7) <9 
3 
2k 1 
= 1+ ete 


= 142) (1-21int AE) =o 


=> 1+2 3-a[sin? 2 + sin? + sin?) =0 
L. 9 7 qi 


2 . 220 . 23k 7 
=> sin’ — + sin’ — +sin'  — =— 
7 7 7 4 
: _ 28% . 22% . 24m 7 
> sin” — + sin* — + sin* — =— 
7 7 7 4 

. 22m  , 24M , 28k 7 : 

=> sin? — + sin? — + sin? — =— (i) 
7 7 7 4 


_ on 4n 4n 87 . 8K 2m 
and sin—-sin— + sin —-sin — + sin — sin — 
7 7 7 7 7 7 


1 an 67 4n 127 67 102 
= —| cos — — cos — + cos — — cos —— + cos — — cos — 
7 7 7 7 i 


a 
= 2 eegee + dope - cos 2 - =| ~ cos 2 - *) 
2 7 7 


1 2m 41 an 47 ai 
= -| cos— + cos — — cos— — cos— | =0 ...(ii) 
2 7 7 7 


From Eqs. (i) and (ii), we get 


2m 4m an)" e 2 20 s 24n 2 87 
sin — + sin — + sin—! =sin“ — + sin* — + sin* — 
7 7 74 7 7 
ms 
4 
4t 8r 7 
=> sin — + sin— + =-—— 


@ Ex. 139. Ina AABC, tan A + tanB + tanC =k, then find 
the interval in which k should lie so that 

(A) there exists exactly one isosceles triangle ABC 

(B) there exists exactly two isosceles triangle ABC 


(C) can there exist three non-similar isosceles triangles for 
any real value of k. 
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Sol. Let A = B, then 2A + C = 180° 


and 2tanA + tanC =k «id 
Now, 2A +C =180° 
> tan2A =-—tanC 
Also, 2tanA + tanC =k 
=> 2tan A + tan(180 —- 2A)=k 
=> 2tanA — tan2A =k 
=> 2tan A - tan 4 _ = 
1-tan°A 
=> 2tan A(1—tan? A -—1)=k—ktan?A 
=> 2tan?A —ktan?A+k=0 
Let, tanA = x,x >0(as A < 90°) 
Then let, f(x) = 2x? — kx? +k ...{ii) 
f(x) = 6x? — 2kx =0 
= x=kfAB,0 


Following cases arises 


(i) k <0, three graphs of cubic equation (ii) are possible. 
Clearly, in all these case, only one triangle is possible 
and the condition for that triangle to be possible is 
f(0)<0=>k <0so fork <0 only one isosceles triangle 
is possible. ; 


Y, 


k/3 


J 


(ii) k > 0, three graphs of the cubic equation (ii) are 
possible. In fig. (i), two such triangle are possible. The 
condition is f(k/3) <0. 


2 
=> 1 E} <0 kon 


In figure (ii), one such triangle is possible. The 
condition is f(k/3) =0 
=> k =3V3. 


In figure (iii), no such triangle is possible. The 
condition is f(k/3) >0 


2 
=> f1-E | 
27 


=> k < 33. 


(iii) k = 0, graph will be shown as, so no such triangle is 
possible. Hence, the solution for mentioned 


conditions; 
. (A) either k <0 or k = 3V3 
(B) k > 3v3 
Y, 
ra) x 


(C) Clearly, there will never exists three or more than 
three non-similar isosceles triangle for any value 
of k. 


= =) Trigonometric Functions and Identities Exercise 1: 
~ Single Option Correct Type Questions 


ee ee 


hd ant \. 
. The value of S* (sin le cos a“) is equal to 
: a 11 


n=l. 


aad, 


(a) 2 (b) 1 
(c) 0 (d)-1 


KR 


. Given, a’ + 2a + cosec’ (5 (a+ 2) = 0, then which of 


the following holds good? 


x 
aja=1;-—€1 
(a) 5 


x 
a=-1;-—Eé]! 
(b) 5 
(c)aeR xed 
(d) a, x are finite but not possible to find 
3. The minimum value of the function 
f(x) =(3sin x — 4.cos x — 10)(3sin x + 4 cos x — 10), is 


195 —60V/2 
(a) 49 a el 
(c) 84 (d) 48 
8 
4. The value of expression a es equal is to 
esol + tan’(1008)° ss 
21 
Bye 
(a) 5 (b) ; 
14 9 
Ls ae 
(c) ; (d) 5 
5. The value of ft -sin’ 110° -sec 110° is equal to 
(a) 2 (b) - 1 
(c)-2 (d) 1 


6. If tana, tanB are the roots of the equation 
x” + px + q =0, then the value of 
sin?(a +B) + psin (a +B) cos(a +B) +qcos’*(a +B) is 
(a) independent of p but dependent on q 
(b) independent of g but dependent on p 


(c) independent of both p and q 
(d) dependent on both p and q 


7. The value of the product 


__{ 7 | T Tt 
sin} aoa pecs 7 cos —y 
ae 2 2 
1 1 Tt (n\. 
cos (=) cos (=) «ee COS (=) Cos | = 1,18 
2 2 2 a) 


1 
(a) ane aS 


1 
(c) 7 Oe 


nsinAcosA 


8. If tan B= —————., then tan(A + B) equals to 
1-ncos’ A 
(a) sinA (b) (n- Deose 
(l1-—n)cosA sinA 
(c) sinA (4) sinA 
(n -1) cosA (n + 1)cosA 
9, If P=(tan(3"*') - tan@) and Q = yg ee 
(a) P =20 (b) P=30 
(c)2P =Q (d)3P =Q 
10. The value of 


11. 


12. 


13, 


14. 


15. 


(cos* 1° + cos* 2 + cos* 3° +...+ cos‘ 179° )- 

(sin‘ 1° + sin‘ 2 +sin‘ 3% +...+sin* 179°) equals to 
(a) 2cos1° (b) -1 

(c) 2sin 1° (d) 0 


Suppose that ‘a’ is a non-zero real number for which 
pee aaa cos y = 2a. The value of 


cos(x — y), is 
— 2 — 
(a) 3a” —2 (b) 7a —2 
2 
9a° -2 5a’ -2 
0% (4) ~— 
2 
Let P(x) = 
(cos x + cos2x + cos3x)’ +(sin x + sin2x +sin3x)’, 
then P(x) is equal to 
(a) 1 +2 cosx (b) 1 + sin2x 
(c) 1 —-2cosx (d) None of these 
If the maximum value of the expression 


1 
5sec’ 6 — tan’ @ + 4 cosec’O 
q are coprime), then the value of (p + q) is 


is equal to r (where, p and 
q 


(a) 14 (b) 15 
(c) 16 (d) 18 
ifm sing +sin3a +sin5a +... +sin(2n -1)a 


cosa + cos 3a + cos5X +... + cos(2n — la 


Then, the value of f «| [= jis equal to 


(a) V2 +1 (b) V2 -1 
(c)2+ v3 (d) 2 - v3 
The minimum value of|sin x + cos x + cose 


cos‘ x —sin’ x 


(a) 2 (b) (c) v2 (d) 1 


90 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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If a= cos(2012 2), b =sec(2013 1) and c = tan(2014 7), 


then 
(aja<b<c 
(c)c<b<a 


(b)b<c<a 
(dja=b<e 


In a AABC, the minimum value of 
2 A 2 B 2 E A 
sec’ — +sec* — + sec” — is equal to 
2 2 2 


(a) 3 
(c) 5 


(b) 4 

(d) 6 

The number of ordered pairs (x, y) of real numbers 
satisfying 4x’ —4x+2=sin’ y andx’ + y’ $3, is equal 


to 
(a) 0 (b) 2 
(c) 4 (d) 8 


In a AABC, 3sin A + 4cos B=6and3cos A + 4sin B=1, 


then ZC can be 
(a) 30° 
(c) 90° 


(b) 60° 
(d) 150° 


An equilateral triangle has side length 8. The area of the 
region containing all points outside the triangle but not 
more than 3 units from a point on the triangle is : 

(a) %8 + 7) 

(b) 89 + 7m) 


{2 + “| 
f 
(a) al 9 + 4 


If acos’ a +3acosa@ sin’ @ = mand 
asin’ & +3acos’ & sina =n. Then, 


(m+n)** +(m-—n)’” is equal to 
(a) 2a’ (b) 2a’” 
(c) 2a7” (d) 2a° 


As shown in the figure,AD is the altitude on BC and AD 

produced meets the circumcircle of AABC at P where 

DP = x. Similarly, EQ = y and FR = z. If a, b,c respectively 

denotes the sides BC, CA and AB, then = + & 4 = has 
2x dy 

the value equal to 


(a) tanA + tanB + tanC 
(b) cot A + cosB + cotC 
(c) cosA + cosB + cosC 
(d) cosec A + cosec B + cosecC 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


One side of a rectangular piece of paper is 6 cm, the 
adjacent sides being longer than 6 cm. One corner of the 
paper is folded so that is sets on the opposite longer side. 
If the length of the crease is / cm and it makes an angle @ 
with the long side as shown, then / is 


3 6 
—s een eae 
(a) sin @ cos’ 0 ” sin’ 8 cos@ 
3 3 
-— d 
(c) sin® cos@ (¢) sin’ 6 
The average of the numbers n sin n° for n =2, 4, 6, ... 180 
(a) 1 (b) cot 1° 
(c) tan1° (d) : 


A circle is inscribed inside a regular pentagon and 
another circle is circumscribed about this pentagon. 
Similarly, a circle is inscribed in a regular heptagon and 
another circumscribed about the heptagon. The area of 
the regions between the two circles in two cases are A, 
and A,, respectively. If each polygon has a side length of 
2 units, then which one of the following is true ? 


5 25 
(A =-A, WA == A, 


()A=ZA, (4) 4, =A, 


18 
The value of >. cos” (5r)°, where x° denotes the x. 


r=] 


degrees, is equal to 


7 
0 b) - 
(a) ( iP 
17 25 
(c) | (d) = 
Minimum value of 4x’ — 4x|sin x|- cos’ @ is equal to 
(a)-2 (b) -1 
(0) -5 (4) 0 


If in a triangle ABC, cos 3A +cos 3B + cos 3C =1, then 
one angle must be exactly equal to 


™ 2n 4m 
bi re ea ayn 
(a) 5 (b) ; (c) x (d) ; 
If| tan A|<1and]A|is acute, then 
V( +sin 2A) + V( —sin2A) . 
————— — ——— Is equal to 
V( +sin 2A) —,/(1-sin 2A) 
(a) tan A (b) — tan A 
(c) cot A (d)-—cot A 


30. 


=a, 


32. 


33. 


34, 


35. 


36. 


37. 


38. 


31. 


For any real 0, the maximum value of 
cos*(cos 8) +sin’(sin 8) is 

(a) 1 (b) 1 +sin’ 1 

(c) 1+ cos? 1 (d) does not exist 


Minimum value of 27° 2” -81"" ** is 


1 
(a) -5 (b) ; 


1 
(c) 243 
ABCD is a trapezium, such that AB and CD are parallel 
BC 1 CD. If ZADB =6, BC = p and CD =q, then ABis 
equal to 
ss (p’ + q’)sin 6 
pcos 8+ qsin8 

p + q 

p’ cos 0+ q’ sin® 


1 
(d) O47 


(b) p’ +q’ cos 8 
pcos 8+ qsin8@ 
d (p? + q*)sin 8 


tc) (p cos 6+ qsin 8)’ 


If 4na = 7, then cot a cot 2a cot 3a... cot(2n — 1) is 


equal to 
(a) 0 (b) 1 
(c)n (d) None of these 


If in a triangle ABC(sin A +sin B+ sin C) 
(sin A +sin B-sinC)=3sin A sin B, then angle C is 


equal to 
(a) 30° (b) 45° 
(c) 60° (d) 75° 
If a, B, y are acute angles and cos 6 = = B ; 
sin @ 
cos 0 = _ Y and cos(6 — o) =sin B sin y, then 
sin @ 


tan’ a — tan’ B — tan’ y is equal to 


(a)-1 (b) 0 

(c) 1 (d) None of these 

If tan B = snes at then tan(a — B) is equal to 

1-nsin’ o 

(a) n tana (b)(1 -n) tana 

(c)(1 + n) tana (d) None of these 

If cose =e 2 then : + is equal to 
a b sec 20 cosec 20 

(a) a (b) b 

(c) : Cee: 


The graph of the function cos x cos(x +2) — cos*(x + 1) 
is 

(a) a straight line passing through (0, — sin’ @) with slope 2 
(b) a straight line passing through (0, 0) 

(c) a parabola with vertex (1, — sin’ 1) 


(d) a straight line passing through the point & ~ sin’ ] and 


parallel to the X-axis 
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39. 


40. 


41, 


42 


43, 


44, 


45. 


46. 


f (8) ={sin 8 | +] cos 6|,8e R then 
(a) f(0) € (0. 2] (b) (8) € (0, V2] 
(c) (8) €[0, 1] (d) £(8) € (1, v2] 


If A = cos(cos x) + sin(cos x) the least and greatest value 
of A are 

(a) 0 and 2 (b) -1and 1 

(c) — V2 and dz (d) 0 and 2 


IfU, =sin n@ sec” 6, V, = cos nO sec” @ #1, then 


¥. - ¥ ee | 
+ — — is equal to 
U. -i n a 
(a) 0 (b) tan 8 
Genny (a)tan 0+ 2m 
n 


IfOsxs ; then range of f(x) =sed 2 - s| 


T : 
53 se{ © + *) is 
6 


f 


olf 


mn 


(4° ( 4 | 

0, — d)! 0, = 
a -t pas 
If A=sin® @ + cos" 6, then for all values of 9, 
(a)A21 (b)O<AS1 
(c)1<2a $3 (d) None of these 


The expression fin & - a) + sin‘ (31 + Hh 


- sin" | . +a] +sin® (51 =) is equal to 
(a) 0 (b) -1 
(c) 1 (d)3 


( rey 
The maximum value of sin G + a cos & +—Jlin the 


6) 


{ mn) 
interval | 0; — | is attained at 
L 2 
tt tl 
wD o). 


t tt. 
(c) * (d) ri 


If cot’ x = cot(x — y)-cot(x — z), then cot 2x is equal to 


[xe22) 
3 4 


(a) . (tan y + tan z) (b) = (cot y + cot z) 


(c) ; (sin y + sinz) (d) None of these 


47, The minimum value of the expression 


sina +sinB +sin y, where a, B, y are real numbers 
satisfyinga +B + y =7, is 

(b) zero 

(d) None of these 


(a) positive 
(c) negative 
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: ; ee a cee fans 
48. If cos x — sina cot B sin x = cos q, then tan 7 is equal to 51. If x € (0, 1) andsin x-cos* x > cos x-sin” x, then 


complete set of values of x is 


(a) cot ; tan : (b) cot : tan - (a) x € (o, *] (5. 3m | 
a B 7 \ 4 2 4) 
(c) tan — tan — (d) None of these nm 1 3m 
a 2 (b)x€]—,—|U|—,n 
1 42 4 
49. If cos‘ 6 sec’ a, - and sin‘ 6 cosec’ @ are in AP, then ae fe. 
2 (c) x €| a I 
8 6 1 7 & 6 . 
cos @sec os and sin’ @-cosec'q@ are in (d) None of the above 
(a) AP (b) GP 52. If u=./a’ cos? 0 +b’ sin? @ + Ja’ sin’ 6 + b’ cos’ @ 
(c) HP (d) None of these then the difference between the maximum and 
50. The maximum value of minimum values of u’ is given by 
cos, ‘cosQ, -cosQ, -....cos &, under the restriction (a) 2(a’ + b*) (b) 2a? +b? 
0SG,,0,...01, $= and cot a, “cot, +...-cota, =1 (c) (a + by (d) (a - by? 
is 53. For a positive integer n, let f, (6) = = : (1 + sec 8) 
] 1 
(a) —- (b) > (1+ sec 20)...(1 +sec 2”6), then 
2° Tm Tt 
: @) f= }=0 w 6(2)=-1 
(c) . (d) 1 *\ 16 *\ 32 
@5(2)}=-3 @ s(=)=1 
*\64 *\ 128 


Trigonometric Functions and Identities Exercise 2: 
More than One Option Correct Type Questions 


E 6 J 


54. Suppose cos x =0 and cos(x + z) = ; Then, the possible 57. For0<6 < - if x= 2 cos” 6, y= ¥ sin™ 6, 


n=0 n=0 

value(s) of z is (are). ~ 

tt Sm z= Yi cos™ @sin™ 6, then 
(a) — (b) — n=0 

6 6 
ees (qe (a) xyz =xz+y 

6 6 (b) xyz =xy +z 

55. Let Feys2an= aa oan (c)xyz=x+ytz 
2 2 2 (d) xyz =yz+x 

we eosin’ ge” +...+2sin OA + 12, neéN, 58, Let P(x) = cot? +(! + tanx + tan’ x 

5 ee 7 : 1+ cot x + cot’ x 


then which of the following is/are correct? 


f : . 2 . 
(a) £(2] ee (b) f, (=) =0,neEN + GOSS! GOSSK Tse Scns . Then, which of the 
4) 2 n q 2(sin 2x + cos 2x) ) 
(c) f, (=) =0 (d) f, (=) ite following is (are) correct? 
i v2 (a) The value of P(18°) + P(72°) is 2. 
56. Let P=sin 25° sin 35° sin 60° sin 85° and (b) The value of P(18°) + P(72°) is 3. 


Q =sin 20° sin 40° sin 75° sin 80°. Which of the following 
relation(s) is (are) correct ? 

(a)P +Q=0 (b) P-Q=0 4n 7). 
(c) P? +0? =1 (d) P?-Q? =0 (d) The value of P=) + =) is 2. 


(c) The value of {=} + (=) is 3. 


oo ee eee eee eee 


59. It is known that sin B = : and0 <f <7, then thes value 


2 


11% 
cos —— 


of ——__*______— is 
sina 
(a) independent of « for all B in (0, 7) 


(0) for tanB > 0 


V3 sin(a + B)- 


cos(a + B) 


(c) V3(7 = cot a) for tanB <0 


(d) zero for tanB > 0 


60. In cyclic quadrilateral ABCD, if cot A = ; and 


tan B= = then which of the following is (are) correct? 


op de . _16 
(a) sinD = - | (b) sin(A + B) re 
(c) cosD = = (d) sin(C + D) = = 
61. If the equation 2cos’ x + cos x —- a=Ohas solutions, 
then a can be 
(a) ry (b) a 
(c)2 (d)5 


62. If A =sin 44° + cos 44°, B=sin 45° + cos 45° and 


C =sin 46° + cos 46°. Then, correct option(s) is/are 
(a) A<B<C (b)C<B<A 
(c) B>A (d) A=C 


63. If tan(2x +B) = x & tan(a + 28) = y, then [tan Xa + B)]. 


[tan(c. — 8)) is equal to (wherever defined) 


x+y’ x-y 
a 
er one 
x+y? . x'-y’ 
c d 
ieee ey 


64. If x =sec d — tan band y = cosec 6 + cot 6, then 


y+1 -1 
(@) x= O29 
()y =~ (4) xy + x-y+1=0 


1-x 


(x) hie, 
65. If tan! — |= cosec x — sin x, then tan q| is equal to 


\2) 
(a)2- V5 (b) V5 -2 
(c) (9 - 4V5) (2 +-¥5) (d) (9 + 4V5) (2 - V5) 
1-sin 4A +1 
66 Pe ke ck a one of the value of y is 
Vyitsin 4A-1 
(a)-tan A (b) cot A 


(c) an = +A) (d) — cot (* + 4) 
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67. 


68. 


69. 


70. 


71. 


72. 


73. 


74, 


If 3sin B = sin(2a + B), then 
(a) [cot a + cot(a + B))[cot B -3 cot(2a + B)] =6 
(b) sin B = cos(a + B) sina 
(c) 2 sin B = sin(a + B) cos a 
(d) tan(a + B) =2 tana 
Let P,(u) be a polynomial is u of degree n. Then, for 
every positive integer n, sin 2nx is expressible is 
(a) P,,(sin x) (b) P,,(cos x) 
(c) cos x P,, _,(sin x) (d) sin x P,, _,(cos x) 
If tan 8 = Sone Se, then 
sin O& + cos Oo 
(a) sin & — cos a = + ¥2 sin® 
(b) sina + cosa=+t V2 cos @ 
(c) cos 26 =sin 2a 
(d) sin 20 + cos2a=0 
If cos 50 =acos@+bcos’ 0+c cos’ +d, then 
(a) a =20 
(b) b =-20 
(c)c =16 
(d)d =5 


x =a’ cos? a +b? sin? a =a’ sin’ @ +b? cos? a 
then x’ =a’ +b’ +2, p(a’ +b’) - p’, where p is equal 


to 
(a) a’ cos’ a + b’ sin’ a 
(b) a’ sin’ a + 5’ cos’ o 


(c) : {a? + B® +(a? — b”) cos 20] 


OF (a? +b? -(a? ~ b?) cos 20] 


(cosAt+cosB) {sinA+sinB) ; 
———_—_ | +| ————| (1, even or odd) is 
sin A -sin B , cos A — cos B | 
equal to 
(a) 2 tan" (43) (b) 2 cot 4-7) 
2 2 
(c) 0 (d) None of these 


Let P(k) -(1 + cos =) i + COs aon) 


[i + cos Soba 4 + cos MES | Then 
4k 4k 


1 2-2 
(a) si a (b) P(4) = 5 
3-5 2-8 
(c) oc alert (d) P(6) = , 
2 2\2 
If x=acos’ @ sin’ 6, y=asin’ 6 cos’ pana 
(xy)? 
(p,q € N) is independent of 8, then 
(a)p=4 (b) p=5 
(c)q=4 (d)q=5 


94 Textbook of Trigonometry 


Trigonometric Functions and Identities Exercise 3: 


Statement| and Il Type Questions 


ee nee ee er te ee ee 


® This section contains 11 questions. Each question contains 
Statement I (Assertion) and Statement II (Reason). 
Each question has 4 choices (a), (b), (c) and (d) out of 
which only one is correct. The choices are 


(a) Both Statement I and Statement II are individually true 
and R is the correct explanation of Statement I. 


(b) Both Statement I and Statement II are individually true but 
Statement II is not the correct explanation of Statement I. 

(c) Statement I is true but Statement II is false. 

(d) Statement I is false but Statement II is true. 


75. Statement I tan @ + 2 tan 20 + 4 tan 4a +8 tan 8& 
+16cot 16a =cota 


Statement II cot @ — tan @ =2 cot 2a 


76. Statement I If xy + yz + zx =1, then 


ek a 

(i+x°) fT +x?) 
Statement II In a AABC sin 2A +sin 2B — sin 2C 
=4cosAcos BsinC 


77. Statement I If a and are two distinct solutions of the . 


‘ ; Qt+p}. 
equation a cos x + bsin x =c, then tan ; | 1S 


independent of c. 
Statement II Solution of a cos x + bsin x =c is possible, 
if- (a? +b?) sc <a? +b”) 


78. Statement I If A is obtuse angle in AABC, then 


tan Btan C > 1. 
tan B+ tanC 
Statement II In AABC, tau. A = ————__—_ 
tan BtanC —i 
79. Statement I sin (=) +sin (=) + sin (=) =- es 
7 7 7 2 


2n . 2. 
Statement II cos * +isin ry is complex 7th root of 


unity. 


80. 


81. 


82. 


83. 


84, 


85. 


Statement I The curve y = gi™* +31 * —30 
intersects X-axis at eight points in the region 
-NSXST. 

Statement II The curve y =sin x or y = cos x intersects 
the X-axis at infinitely many points. 

Statement I The numbers sin 18° and — sin 54° are the 
roots of a quadratic equation with integer coefficients. 
Statement II If x = 18°, cos 3x = sin 2x and if y = — 54° 
sin 2y = cos 3y. . 


Statement I The minimum value of the expression 

sin a@ + sin B +sin y where a, B, y are real numbers such 
that a +B + y = 7 is negative. 

Statement II Ifa +B + y =7, then aq, B, y are the angles 
of a triangle. 


la Sa 
Statement I If 2sin | = ai +sin 6 + ori — sin 8 then 


‘ Tt 18 
lies between 2nm + z and 2nm + =. 


Statement II If ‘ sos = then sine >0. 


Statement I If2 cos 6 +sin8 = i(0 # =| then the value 
of 7 cos 8 + 6sin 8 is 2. | 

Statement II If cos 20 — sin 8 = 0<6< > then 

sin 8 + cos 6 =0. 


Statement IIf A>0,B>0OandA+B= _ then the 
maximum value of tan A tan Bis ; 
Statement II Ifa, +a, +a, +...+a, =k (constant), 


then the value a,a,a,...a, is greatest when 
a, =a, =a, =...=4, 


CE a Se 
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Trigonometric Functions and Identities Exercise 4: 
Passage Based Questions 


oe ee Nr ne ene en ee ee SR ee ee ne ee NON ee ee a keer 


ens eee er ee ee eee: 


Passage I (a)8x? + 4x7 + 4x4+1=0 
(Q. Nos. 86 and 87) (b) 8x’ — 4x? ~ 4x-1=0 


; (c) 8x’ -— 4x? - 4x -1=0 
ae b, care ts sides of AE such that (d)8x? + 4x7 + 4x-1=0 
3% = 203% th 8 3% *% =Q then 


; - 92, The value of sec = +sec >= +sec >= is 
86. Triangle ABC is 7 7 7 


(a) equilateral (b) right angled (a) 4 (b) - 4 
(c) isosceles right angled (d) obtuse angled (c) 3 (d) -3 
87. If sides of APQR are a, bsecC, c cosec C. Then, area of 09: Tho wstieehr geet eae? 3x pe5e St fs 
APOR is 7 
(a) - 24 (b) 80 (c) 24 (d) - 80 
@) 34? (b) By ge a tabe 
4 4 os 2 Passage IV 
Passage II (Q. Nos. 94 to 96) 
(Q. Nos. 88 to 90) If 1+ 2sinx + 3sin’?x+4sin’?x+... upto infinite terms = 4 and 


For 0<x< is let P__ (x)= mlog... (sinx) + nlog ..,, (cot x); number of solutions of the equation in = , 4m jis k. 
2 mn cosx Osx ? 


where m,né {1, 2,..., 9} 94. The value of k is equal to 
[For example : (a) 4 (b) 5 (c) 6 (d) 7 
P,, (x)= 2log.,,, (sin x) + 9log..,, (cot.x)and cos 2x — 11. 
P., (x)= Tlog.,. (sinx) + 7log.,,, (cot x)] 95, The value of is equal to 
On the basis of above information , answer the following (a) 1 (b) V3 
questions : ; oo-8 @) a. 
88. Which of the following is always correct? V3 
(a) Fag(x)2mVm2n — (b) Py (x)2nVm2n 96. Sum of all internal angles of a k-sided regular 
(c)2P.(x)SnVmsn  (d)2P,.(x)SmV msn polygon is 
89. The mean proportional of numbers P. ®) and P,,| = (a) Sx (b) an 
"\4 } *\4 (c) 3x (d)2n 
is equal to Passage V 
(a) 4 (b) 6 (Q. Nos. 97 to 98) 


(c) 9 (d) 10 . . 
ee Let is a root of the equation (2sin x — cos x) 
90. If P,, (x) = P,,(x), then the value of sin x is expressed as (1+cos x)=sin? x, B is a root of the equation 


a a hed Oopdvedall 3cos* x—10cos x + 3= and y is a root of the equation 
—— |, then equals 
1 F oe |~sin 2r=cos x—sin x, 050, B,y >. 
(a) 3 (b) 4 
(c) 7 (d) 9 . 97. cos a + cos B + cos y can be equal to 
Note Mean proportional of a and b(a > 0, b > 0) is vab ] (a) 3V6 + 2V2 +6 (b) 3/3 +8 
62 6 
Passage LI is 
3V¥3 +2 
(Q. Nos. 91 to 93) (c) Z (d) None of these 
If 70 = (2n + 1)m, where n = 0, 1, 2, 3, 4, 5, 6, then answer the 98. sin(o: —B) is equal to 
following questions. 
(a) 1 (b) 0 


Tl 31 : 5 
91. The equations whose roots are cos —, cos —, cos — is 1-26 V3 -2V2 
7 7 7 (c) eee (d) ; 
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Trigonometric Functions and Identities Exercise 5: 


~ Matching Type Questions 


99, 


100. 


Match the statement of Column I with values of 
Column I. 


Column I Column II 
(A) If6+ =5 where 6 and @ are (P) | 
positive, then (sin 6 + sin >) sin (=) is 
always less than 
(B) If sin 8 - sin ¢ = aand cos 6 + cos > (q) 2 
= b, then a* + 5° cannot exceed 
(C) If3 sin 8+ 5 cos 6= 5, (6 # 0)then the (r) 3 
value of 5 sin 6-3 cos 6 is 
(s) a 
(t) 5 


Match the statement of Column I with values of 
Column I. 


Column I Column II 
(A) If maximum and minimum values of (p) At+tp=2 
7 + 6 tan @— tan’ @ 
———————— for all real values 
(1+ tan‘ 6) 
of 6 ~ ; are A. and p respectively, then 
(B) If maximum and minimum valuesof (q) A-p=6 
5 cos 8+ 3 cos 0 + us + 3 for all real 
3) 
values of Oare A. and p respectively, 
then 
(C) If maximum and minimum valuesof (r) A+p=6 
_(n \ IX \ 
1+ sin| —+ 6|+ >ced © 6 forall 
14) \4 J 
real values of @and A and 
respectively, then 
(s) A-p=10 
(t) A-p=14 


er ee ee eee ee eee 


101. 


102. 


Match the statement of Column I with values of 


Column II. 
Column I Column II 


(A) The number of solutions of the equation (p) no 


| cot x |=cotx +L <xeniis solution 
sin x 
(B) If sin 6 +sin § =— and cos 0+ cos @ (q) ; 
= 2, then value of cot ( 8 > ‘) is 
7 
(©) the value of sin? a+ sin © - a) () 1 
sin Ga + a! is 
La 9 
(D) If tan@ = 3 tan >, then maximum value (s) 2 
of tan?(8 — o) is 
(t) 4 


Match the statement of Column I with values of 
Column 1. 


Column I Column II 


(A) Ina AABC, sin (+) (>) ~14 4 sin 224 


+ sin (3 ] + sin (<) = os cos 


(B) In a AABC, sin (+) (@) 4 | a +4) cos{ #*4) 


n(3)-s(5) 
+ sin| — |-sin| — |= 
2 2 
(C) Ina AABC, cos( “) (r) 


BY cael ©) sin ese 
+ e0s( 5) (2) ( 4 


() 1+ 4 cos n+4) 
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a] Trigonometric Functions and Identities Exercise 6: 
Single Integer Answer Type Questions 


Re me eee ee eee eee 


409; tea RADG esa Pay 


Bs 
(ean { etanee 1+ tan? —. 
2 2 2 


[ +sin - sin : sin | then the value of k is 


sin SF co {2 act). cos § 


404, yp 12% sino = et \ ; : s 
sinB i s 1) (52) 
2 
equal to 


105. Find the exact value of the expression 
tan— - tine tan = tan = + ane 
20 20 20 20 20 


44 
y cos n° 


106. Let x = 
Yisin n° 
n=l 


exceed. 


, find the greatest integer that does not 


107. Find 6 (in degree) satisfying the equation, 
tan 15°: tan 25°- tan 35° = tan, where @ € (0, 45°) 


108. Find the exact value of cosec10° + cosec50° — cosec70°. 


ré \ 
109. If cos 5a = cos* a, where a € 0, 7 | then find the 


>: 


possible values of (sec’ a + cosec’at + cot’ a). 


110. Compute the value of the expression 


71 
tan? = + tan? at cage re laa .. + tan? —. 
16 16 16 


111. Compute the square of the value of the expression 
4 +sec20° 


cosec 20° 
112. In AABC, pe ee then the value of 
(sn cos B ane) 
+ +—— lis 
cot2A cot2B cot2C 


113. Let f and g be function defined by f(6) = cos’ 6 and 
g(8) = tan’ 6, suppose & and B satisfy 2f(a) — g(B) =1, 
then value of 2f(B) — g(a) is 


mm a en et ee 


LDBMLLML LLL LE LOL LLL LORE OC Ce TEEN, et eC eCC 


. 1/2 
114, If sum of the series 1 + x log, cs ( +sin =) 


! cosx | 
cos x 
: / 
2 1+sin x)" 
+x° log. _..;; | +...0 
j\ cosx ) 
cos x 
k(1- x) 


(wherever defined ) is equal to ————. Ta , then k is equal 


to 


445 62g SO ging ASO POD i ithe 
cos@ sin@ cos’@ sin’ 8 


value a 0? +n" is 


116. The angle A of the AABC is obtuse. 
x = 2635 — tan B tan C, if [x] denotes the greatest integer 
function, the value of [x] is 


( — 
117. If 4 cos 36+ cot(72°) = fr +n, +Jn, + Jn, +Jn, 


— 6 
+ Jn ,» then the value of)’ n must be 


ist 

118. Ifsin? A =xand I sin(r A)= ax’? + bx’ +x‘ +dx’, 
then the value of 10a - 7b + 15c —5d must be 

119. If x, ye R satisfies (x +5)’ +(y —12)’=(14)’ , then the 
minimum value of yx" + y? is .....s000 


120. The least degree of a polynomial with integer coefficient 
whose one of the roots may be cos 12° is 


(A+ B4+C a 18h eee ce A 
sin A +sin B+sinC 2 


c 
sin sin = then the value of 3k* + 2k’ +k +1is equal to 


122. The value of f(x)=x* + 4x° +2x’ -4x +7, when 


123. In any AABC, then minimum value of 
v(sin A) A) 


“ ({(sin B) B) + J(sinC) C)- r sin A) 


124. Ifsin 8 + sin? 6 +sin® 6 =1, then the value of 
cos* 8 — 4 cos‘ 8 +8 cos” 6 must be 


2020 must be 
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/ 
125. 1g cos 8 — cos 2 {cos 8 —cos =) co 8 — cos =) 


\ 
(co 6 -— cos | =X cos 48, then the value of A is 


126. If - 


1 
sin 20 V3 cos 20° 
18k* + 162k’ + 369 is equal to 


= 2k cos 40°, then 


Trigonometric Functions and Identities Exercise 7 : 
Subjective Type Questions 


127. 


128. 


129. 


130. 


131. 


132. 


Prove that tan B2-° = (v3 + V2)(v2 +1) 


or cot7o° = V2 + V3 + V4 + V6. 
If msin(a + B) = cos(a — B), prove that 
1 1 2 
a ‘ 
1-—msin2a 1l-—msin2B 1-m’? 


Ifa+B+y = and 
tan—(B + ~@) tan —(y +a.-B)tan = (a +B-y)=1, 
then prove that 1+ cosa + cosB + cosy =0. 


Find the value of a for which the equation 
sin‘ x + cos’ x =ahas real solutions. 


If aand bare positive quantities and a 2 b, then find the 


minimum positive values of asec® — btan®. 


If a, bc and k are constant quantities and q, B, y are 
variable subjects to the relation 

atana + btanB+ctany =k, then find the minimum 
value of tan* @ + tan’ B + tan’ y. 


193 Ve ee ae, prove that : 
tan(0+a) tan(@+PB) tan(6 +y) 
oxy in?(a —B)=0 
ba 
134. Let a,,a,,...,a, be real constants, x be a real variable 


135. 


and f(x)=cos(a, + x)+ ; cos(a, + x) + : cos(a, + x) + 


1 
sete a) cos(a, + x) 


Given that f(x,)= f(x,)=0, prove that x, - x, =mm 
for some integer m. 
Eliminate 6 from the equations 


tan(n®@ +a) — tan(nO + B) = x and 
cot(n8 + a) — cot(nO + B)= y. 


136. 


137. 


138. 


139. 


140. 


141. 


142, 


If {sin(a — B) + cos(a + 08) sinB} 


Then, prove that tana + tanB = 


= 4cosasinBsin(a +f) 
tan 


(V2 cosB - 1? 


a, B € (0.7/4). 
If A, B,C are the angle of a triangle and 
sinA  sinB_ sinC 
cosA cosB_ cosC |=0, then show that AABC is 
cos>A cos*B cos*C 
an isosceles. 
In any AABC, prove that 
vsin A 


—— — — 23 

vsin B+ VsinC ~ Vsin A 
and the equality holds if and only if triangle is 
equilateral. 


If Xcos(~ —B) + cos G- y) + cos(y —a)+3=0, prove 


da dB 
a en sa 
sin(B + 6)sin(y +6) sin(a +8)sin(y +8) 
dy 


sin(a + @)sin(B + 6) 
where, @’ is any real angle such that 
a +6,8 +6, y +0 are not the multiple of 1. 


If the quadratic equation 


: ( \ 
4% x? 42x+/B? -B + ,] = 0 have real roots, then 
\ 
find all the possible values of cosa + cos” . 


Four real constants a, b, A, Bare given and 


f(8)=1-acos@ — bsin® — A cos20 — Bsin28. Prove 

that if f(0)20,V OER thena’ +b’ <2and A’ +B’ S1. 

If cos6, sind, z cos@, sin®, xi where Ov andl, 
cos8, sin®@, cos8,  sin8, 


do not differ by an even multiple of m, prove that 
cos@,-cos®@,  sinO,-sinO, _ 


cos’ @, sin’ 6, 


143. Prove that 


a-l 
> C [cosk x.cos(n + k)x + sin(n — k)x.sin(2n — k)x]= 


k=] 
(2” ~ 2) cos nx. 
144, Determine all the values of x in the interval x € (0, 27] 
which satisfy the inequality 


2cos x $|,/1+sin 2x ~ Ji -sin2x|< V2. 


145. Find all the solutions of this equation 


x? - ; si - =) = 3, where [.] represents the greatest 


integer function. 
146. In a AABC, prove that 
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Y;'C,a"b" “’ cos(r B-(n-—r)A)=c". 
r=0 
147. Resolve z* +1 into linear and quadratic factors with real 
coefficients. Hence, or otherwise deduce that, 
/ 
ail © eed Las 1. 


10} \5 


148. Prove that the roots of the equation 


: i 310 57 
8x? —4x? —4x +1=Oare cos x cos —, cos — and 


Tl Tt 51 
hence, show that sec = + seom + sec — = 4 and deduce 


Tt 3n oT 
the equation whose roots are tan’ “* tan’ 7 tan’* —, 
7 


Trigonometric Functions and Identities Exercise 8 : 


~ Questions Asked in Previous 10 Years Exam 


149. Let a and B be non-zero real numbers such that 


2(cosB — cosa) + cos & cosB = 1. Then which of the 
following is/are true? 
[More than one correct option 2017 Adv.] 


(a) 3 tan( 2) ise (8) = 
(b) tan) — 3 tan (E) =0 
()tan{) + VGtan( 2) =< 
(a) V3 tan( 2 + tan (F) = 


150. Let - 7 <O@<- = Suppose a, and, are the roots of 
1 


the equation x’ ~2xsec6 +1=0, anda, andB, are the 
roots of the equation x’ + 2x tan@ -1=0. Ifa, >B, and 


a, >B,, thena, +B, equals to 
[Single correct option 2016 Adv.} 


(a) 2(sec 6 — tan 8) (b) 2sec 8 
(c) -2tan@ (d) 0 
13 1 
161. Thesalieo! )— ———_— a ej al ° 
ev pesat D, (ee is equ 
sin} — + — sin} — + — 
l4 6 l4 6 
to [Single correct option 2016 Adv.] 
(a)3-V3 — (b) 293-3) (c) v3 ~1) (d) 2(2 + V3) 
152. Let f :(—1,1)—9 Rbe such that f (cos 40) = ——-— for 
2—sec” 8 


i \ 
Be {° *) U (=, > Then, the value(s) of f q is/are 
. . [More than one correct option 2012] 


ee Ss eee 


5 2 2 
aC 1-2 (d) if 


153. The number of all possible values of 8, where 0 <0 < 7, 

for which the system of equations 

(y+z)cos38 =(xyz)sin36 
2cos 38 n 2sin30, 

y z 
and (xyz)sin38 =( y+2z)cos36 +ysin36 have a 
solution (x,, y),Z,) with y,z, #Qis...... 
[Integer Answer Type 2010} 


Gie ; (b) 1+ 


xsin3@ = 


154, For0<@< - the solution(s) of 


6 (m—1\7 { \ 
S" cosec ( i )n) cosec ° Yet 4/2 is/are 
ei 4) 4) 


mel 


(More than one correct option 2009] 


4 T T 51 
a) — = c) — d) — 
(a) ; (b) ; (c) rs (d) 3 
- 4 4 
155, if SP % 459 * =! then 
2 3 5 [Single correct option 2009] 
2 sin’x cos'x 1 
a) tan?x=- Sg es 
(a) 3 (>) 8 27 125 
s 8 8 
(c) ities! (4) sin xs x2 
3 8 27 125 


156. Let 0 c(a *) andt, =(tan@)""*,t, =(tan@)™°, 


t, =(cot@)™° andt, =(cot 6)™®, then 

[Single correct option 2006] 
(b)t, >t, >t >%, 
(d)t, >t, >4 >4¢, 


(a) >t, >t, >t, 
(c)t, >t >t, >¢, 
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157. The number of ordered pairs (a ,B), wherea,BE(-™, 7%) 463. Let cos(a +B) = © asin (a —B) = ae 
5 13 


satisfying cos (a —B) =1and cos (a +8) = é is nt 
e 0<a, 8B s—. Then, tan 2a is equal to 
[Single correct option 2005] 4 [2010 AIEEE] 


(a) 0 (b) 1 25 56 , 19 20 
(c) 2 (d) 4 @ 0 3 © > ae 


164. Let A and Bdenote the stat t 
II. JEE Mains and AIEEE et A and 5 denote the statements 


158. 5(tan? x — cos’ x) =2 cos 2x +9, then the value of 
cos 4x is [2017 JEE Main) 


A:cosa@+cosB + cos y =0 
B:sina +sinB +sin y =0 


(a) -= OF (©) = (a) - If cos (B — y) + cos (Y —@)+ cos (a ~B) =~ 5 then 
1 (a) Ais true and B is false [2009 AIEEE] 
159. If f, (x)==(sin’ x + cos" x), where xe Rk 21, then (b) A is false and Bis true 
k . ; (c) Both A and B are true 
f, *) ~f.() - equal to ‘ oe Main] (d) Both A and Bare false 
(a) 6 (b) 3 (c) a (d) 2 165. A triangular park is enclosed on two sides by a fence 
remy Ota and on the third side by a straight river bank. The two 
160. The expression ————— + ————— can be written as sides having fence are of same length x. The maximum 
1-cotA 1-tanA — [2013 JEE Main] area enclosed by the park is [2006 AIEEE] 
(a) sinA cos A + 1 (b) sec A cosec A + 1 x 1 3 
(c) tanA + cotA (d) sec A + cosec A (a) i= (b) ae (c) mx’ (d) 2 x? 


161. Ina APOR if3sin P+ 4 cos Q=6and 1 
166. If0<x<mandcos x +sin x =-, then tan x is 


4sin Q+3cos P =1,then the angle R is equal to 2 [2006 AIEEE] 
[2012 AIEEE] : 
5m nt (a) (4-7) (b) - (4+ V7) 
(a) = (b) 3 3 
(1 + V7) (1 - 77) 
3 pai sai Bis 
() = “ay () (a) S— 
4 4 
162. If A=sin’ x +cos* x, then for all real x 167. Ina APOR, ZR= - If tan (=) and tan (2) are the roots 
13 . 
(a) 16 SAS1 (b)1 SA S2 [2011 AIEEE] of ax? + bx +c =0,a 40, then [2005 AIEEE] 
@2sase @)2sasi 1s aepaetiee es 
4 16 4 (c) c=atb (d) a=b+e 


Answers 


Exercise for Session 1 > ze ' ce Lg 9. 10 2 
1. 72, 18° 2. “ cm 3.70m 4.45° 5.8m a} 5 
WY ‘Exercise for Session 4 
6. (zr 7.252cm 8.880cm/s 9. 1.7cm 10.7 1. 28 49 
4. 


Exercise for Session 2 


i=3 ae eese «21 62 “ee 


10. 4 


Exercise for Session 3 
2k 
r+ 


1. 2.1 4.x=1 y=0 6.0 


- : : -—=— X 
NR 3n/2 2n 5n/2 


From the graph, the period of the function is 7. 


1| 


- ——X* 
w2 /en3 Sn/6/n 7n/6 


10.1 
4 


Exercise for Session 5 
1.43 2. Negative3.-1 4.1 5.1 6.1 


7.2 8. does not exists any real solutions 9.2 
10.0 


Exercise for Session 6 


1. Land IV es 422 
4 33 


6.0’ + b? 8.27 


Exercise for Session 7 
440 5.0 6.2 cot” (4+*} 1. 
5 2 


co | — 


Exercise for Session 8 
1. False 2. tan 8 3. 2 : 24 


V5 


T= 1 8. | 9:15 10. 1 


Exercise for Session 9 
3+ 2V2, 4 
8 v3 


1.-2+ /52. 4.2cosn8, 10. cote 


’ Exercise for Session 10 


at 52 2-1) 8 
2 


Chap 01 Trigonometric Functions and Identities 101 


Exercise for Session 11 
2.0 4.2 
8. - V2 and 2 


5. positive 6. aSA $1 7.4. 


10.13: 4o0r1:4 


Chapter Exercises 
1.(b) 2.0) 3. (a) 4. (a) 5. (b) 6. (a) 
7.(b) 8. (a) 9. (a) 10.(b) U1.(d) = 12. (d) 
13.(d) 14. (0) 15.(a)  16.(b) 17.(6) 18. (b) 
19.(a) 20. (a) 21. (c) 22.(a) 23.(a) 24. (b) 
25.(d) 26. (c) 27.(b)  28.(b) 29.(c) 30. (b) 
31.(c) 32.(a)  33.(b)  34.(c) 35.(b) 36. (b) 
37. (a) 38. (d) 39. (d) 40.(c) 41. (c) 
42.(b) 43. (b) 44. (c) 45.(a)  46.(b)  47.(c) 
48.(b) 49. (a) 50. (a) S51.(a) 52.(d) ‘53. (a) 
54. (a,b,c,d) 55. (a,b,c) 56.(b,d) 57.(b,c) 58. (b,c) 


59. (b,c) 60.(a,b,d) 61.(b,c) 62.(c,d) 63.(d) 64. (b,c, d) 
65. (b, c) 66. (a, b, c, d) 67. (a, b, c, d) 68. (c, d) 
69. (a, b, c, d) 70. (b,c) 71. (a, b, c, d) 72. (b, c) 


73. (a, b, c, d) 74. (b,c) 75.(a) 76.(b) 77. (b) 
78.(d) 79. (d) 80. (a) 81.(a)  82.(c) 83. (b) 
84.(b) 85. (b) 86. (b) 87.(a)  88.(b) 89. (b) 
90.(c) 91.(b)  92.(a) 93.(c)  94.(b) 9. (d) 
96.(c) 97. (b) 98. (c) 

99. A—(p, q, Fr, Ss, t); B—{s, ); C—{r) 

100. A—(r, s); B—{r, t); C—{p, q) 

101. A—{r); B—{p); C-{p); D—{q) 

102. A~{r, t); B—{p, s); C—q 

103.(2) 104.(1)  105.(5)  106.(2) 107.(5) 108. (6) 
109. (5) 110.(35) 191.(3) 9 142.(2) 113. (1) 114. (2) 


115. (3136) 116. (2634) 117. (91) 118. (3448) 
119. (1) 120.(4) 121. (1673) 122. (6) 123. (6060) 
124.(4) 125.(2) 126. (1745) 


130. ; Sasl 131. Minimum value is Va? - 6? 
2 s 
132. Minimum value is eae 
at+b+ec ‘ 


135. cot(a+ B) = i 
x y 


| Ps I, when a is an even integer 
140. cosa—cos'B = | 3 
E +1, when 7 is an even integer 
3 


i44.xe) 2 
4064. 


145. Only two solutions, x = 0, V3 
148. Required equation is, z’ - 21z* + 35z— 7 = 0 whose roots are 

tan? = , tan? SR , tan? on 

7 7 7 

149. (b,c) 150.(c) 151.(c) 152. (a,b) 183. (3) 
154. (c,d) 155.(b) 156.(b) _157.(d) 158.(d) 159. (d) 
160.(b) 161.(b)  162.(d) 163.(b) 164.(c) 165. (b) 
166.(b) 167. (c) 


sonnane 


1. Given series 


anu rt 
sin—™ — cos | +| a ia TR ! 
11 oy ae 


( an 4x 2 
-| coS— + cos—— +...+ CO 
11 11 


, . 10% . 10K 
Sin 7 «sin —— Seer Ren aa 


. ._ & 
sin — sin— 
11 11 


r 18 
2. (@+1)? + cosec?( 2 + 2) -1=0 


19 9 
or (a@+1)*+ cot?( *2 + x2) =0 


From option [b], ifa = — 1 and cot (= + az) 
=> tan'( 2) =0 
2 
=> 2 =] 
2 


3. f(x) =9sin? x — 16 cos? x ~ 10(3 sinx ~ 4cos x) 


-1X3sin x + 4cosx) + 100 


= 25sin? x — 60sinx + 84 
=(5sinx —6)? + 48 


- £(X)min OCCurs when sin x =1 


=0 


Minimum value = 49 
Ss Daag Dap ht 
1+tan-0° 1+ tan’10° 1 + tan” 80° 
1 1 
No 
1+tan°6 1+ tan’(90-6) 

1 1 
oe So eee 
1+tan°@ 1+ cot’@ 

1 tan?@ 


1 +tan?@ 1+ tan°@ 
1+ tan°@ 
1+ tan0 
Hence, S =1+(1+1+1+1)=5 


5. Clearly, re — sin’ 110° -sec110° 
=| cos110°| sec110° 
=—c0s110° sec110°=—1 
6. tana + tanB =—p , 


tana tanB =q 
tan(a + B) = =—P 
k=q oar 


1 
1+ tan’(a + B) 


he! p p 
gh ae Je Poa] 


(tan?(a + B) + p tan(a + B) + q] 


1+ 
(q -1)’ 
1 
= rea as pq -1) + oq -1)"] 
1 ° 
= Piao! + 4q-1)] 
Z | 2. +(a~1) | 
p+q-y'| 7 
7. Let . be ne ne als Multiplying A by 27% and using 
2sin® cos@ =sin 
we have 27008 4 = =sin= = =1A= mt 


alipat a) t 
er sin| “a8 |S 72008 


Similarly, continued product upto, 


he ee 9 
cos 3 = 52008 0 2 ~ 2008 


tanA + tanB 
1-tanA tanB 
nsinA cosA 


8. tan(A + B)= 


tanA + ; 
l1-—ncos'A 


nsinA cosA 


l-—acos'A 


_ sin A(1 — ncos’ A) + nsinA cos? A 
. cos A(I —n cos” A) — nsin? A cosA 
A sin A — 0 
cos A(1 —ncos” A — nsin? A) 
= sinA 
i (1—n) cosA 

9. Wehave, Q= y 00m 

p_ocos(3’ ” @) 
sin Pe sin30 ie _sin90 Soe ‘ sin(3"@) 
cos38 cos9@_—scos270 cos(3" * 6) 
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As, 208, 2sin@ cos sin2o 17. InAABC, wn ranee 
cos38 2cos@ cos3@ ~=2cos8 cos30 2 2 
_1 singe -@) | > tan #2 FS tanA tan? 21 
2| cos8 cos30 ; ig 
' ‘ [ a? + b? +c? -ab - be -ca 20, V a,b,c ER] 
= -(tan3@ — tan@ 
2! pny) 3+ Stan? > 4 
1 2 
= —[(tan36 — tan@) + (tan90 
Q it ya => 3+ tan? + tant + tan? 2143 
—tan3@) +... + tan3"* ‘6 — tan3"8)] A .B C 
P > sec” — + sec?— + sec’— 24 
=> Q= E = P= 20) 2 2 2 


18. The given equation can be rewritten as 
10. Expression 


1 
2 bie 2 . . . fe i 
(cos! 1° + cos! 2° + cos*3° +... + cos! 179°) (2x - 1)" + 1 =sin’ y, which is possible only when x ; 


ana) ee 
—(sin‘ 1° + sin‘ 2° + sin’3° +... + sin‘ 179°) sin'y =1 
= cos2° + cos4° + cos6° +... + cos(358°) =>y= rr [as x7 + y? <3] 
(2°+358°) . 
——— ] -sin(179 x 1°) Thus, there are only exe pas (x, ”) saistying the given 
enn sin1° equation. They are 5 — Jana >. % ru 2) ] 
= cos(180°) =—1. 19. Gi 
11. sinx + siny =a .-i) aioe ; 
“ 3sin A + 4cosB =6 ...{i) 
6 ‘ See :. ; ~(i) 3cosA+ 4sinB=1 ..(ii) 
n squaring and adding Eqs. (i) an : (ii), we ge On squaring and adding Eqs. (i) and (ii), we get 
2+ 2 cos(x — y) =5a 9+ 16 + 24sin(A + B) =37 
ge site 5a? —2 24sin(A + B) =12 
‘ 2 sin(A + B) = - 
12. P(x) = /3 + 2(cosx + cosx + cos2x) 4 
= 3 + 2(2cosx + 2cosx’x -1 as waar 


C =30° or 150° 
If C = 150°, then even of B = 0and A = 30° 
The quantity 3 sinA + 4cosB 


= 4cos? x + 4cos’x +1 


=|2cosx + 1] 
13. Consider y =5secc’® — tan’@ + 4cosec’® 


1 1 
y =5 + Stan’6 — tan’0 + 4 + cot’ Gy Pees Se 


y =9 + 4(tan? + cot’) Hence, C = 150° is not possible 
=9 + 4[(tanO — cot)? + 2] > ZC a only 
Ymin =9 +8 =17 20. Area=3-(8-3)+3->1' 
= Maximum value of the expression is = = : 4120) 
=> p+q=1+17=18 - 


14, f(a) =tanna and f, (=) = tan? = 2-1 


15. Letsinx + cosx =t 
pea 
t 

Hence, minimum value of y is 2. 
16. a =cos(2012 m) =1 

b =sec(2013 nm) =~1 

_ c= tan(2014 x) =0 
“b<e<a 


y= 
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21. m+ n=a{(cos’o + sin’) + 3 cosa sina(cosa + sina)} 


m+n=a{cosa + sina}* 


Similarly, m-n=a {cosa - sina}° 
(m+ n)*? = a??(cosa + sina)? ...(i) 
Similarly, (m—n)*? = a?(cosa - sina)? (ii) 


On adding Eqs. (i) and (ii), we get 
(m+n)? +(m-n)*? =a”? (2) 


2/3 


=> =2a 
22. BD =x tanC in APDB 
and DC = x tanB for APDC A 
BD + DC =a=x(tanB + tanC) 
Sz tanB + tanC 
x 
saet b B C 
Similarly, —=tanA + tanC NG ot 
‘ y NCEE 
x 
Fim tanA + tanB 
z 
\ 
Se ge foal Cy 23 Shana tanB + tanC 
ox ay 2 Che ay “Zz 
23. sin® =< ; (i) 
Also, cos20 = eee 
x 


1 sin® 
[substituting x = / sin®@ from Eq. (i)] 


= 3 
~ sin@ cos?6 
24. S$ =2sin2°+ 4sin4°+... + 178 sin178 + 180° sin180° 
S$ =2[sin2° + 2sin4° + 3sin6° +... + 89 sin178°] ...(i) 
S =2[89 sinl78° + 88 sin 176° +... + 1-sin2°] (ii) 
On adding Eqs. (i) and (ii), we get 
P [converting in reverse order} 
25 = 2{90 (sin2° + sin4° + sin6° +...+ sin178°)] 


sin( 
5 =90: 2 sin( C18) 
8 2 


sin— 


90 sin(89° 
= Sen). sin90° [0 =2°] 
sin 
S =90 cot1° 


90cot1° ‘ 
— = cotl 


Average value = 
Tt T 
25. In 1st case, r = cot 3° R = cosec— 


Tv 1 
2nd case, fy = cot —; R, = cosec — 
7 7 


( Tt 
A, = 1(R? — 1?) = n | cosec? = - cat? = 
5 5/ 


O 


Pentagon 


Heptagon 


M A, =2(R? 7’) 
Tt T 
= See. - cat?) = 
\ 7 7 
= A, = A, 
18 
26. ¥° cos’(5r)° = cos” 5° + cos” 10° 
r=] 
+ cos? 15° +... + cos? 85° + cos” 90° 
= (cos? 5° + cos? 85°) +(cos” 10° + cos” 80°) 
+ (cos? 15° + cos” 75°) + ... + (cos” 40° + cos” 50°) + cos” 45° 
= (cos? 5° + sin? 5°) + (cos* 10° + sin? 10°) 
+ (cos? 15° +sin? 15°) +... +(cos? 40° + sin? 40°) + cos” 45° 
1 1 
SS ee ee ee ween 
2 2 2 
27. 4x? —4x|sin®| -(i —sin? @) 
=—-1+(2x-|sin6|)? 
..Minimum value = — 1 
28. -. cos3A + cos 3B + cos 3C =1 
=> cos 3A + cos3B + cos3C -1=0 
=> cos 3A + cos 3B + cos 3C + cos3m=0 


3A+3B 3A -—3B 3x +3C 
= 2 cos oe cos 5 + 2 cos ak Se 


-3C\ 
\ 2 J 


=>2 cos (* ~3C) hs (3A 7 3B) + cos (* = 22) 0 
2 JL \ 2 ¥ 


2 
(= *C) (tse e24=28) 
= 2cos|— —-— -2 cos | ———___—_—_—_———_ 
; 4 
SS 
0s |—_____————_——_— =0 


4 


BM. job MA i 


| 


29. 


30. 


31. 
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co 
2 2 
=> ~ 4sin(®4) sin(22) sin( 25) =o 
2 2 2 
' (*4) (*?} (*} 
=> sin sin sin} —|=0 
2 2 2 


3A 3B 3C 
— =f or —=f% or —=n 
2 2 


2 
AS pete oeee 
3 3 


[tan A] <1 
Tt 
> -1<tan A<1 and il a 
T 
=> siege 
2 2 


V(i + sin 2A) = ae 
1+ tan’ A 


_ [l+tanA| — (1+ tanA) 

ma A) 7" A) 
and ,/(1 — sin 2A) = Le tan 
je: ise 


= [1—tan A] 

(1 + tan? A) 
_ (1—tan A) 
. (1 -— tan? A) 


(1 + sin 2A) + J(1 -sin 2A) ex: 
(i + sin 2A) — (1 -sin 2A) ~ 2tan A 


=cot A 


Let f(8) = cos*(cos 8) + sin*(sin@) 


-1S$cos@$1land-1Ssin@$1 
cos 1 S$ cos(cos 9) < 1 and —sin1 $ sin(sin 6) <sin 1 
cos’ 1 $ cos*(cos @) $ 1 and 0 $sin*(sin 8) $ sin? 1 
*. Maximum value of f(8) =1+ sin? 1 33. 
Let f(x) = 275° ex gym" ex =3° cos 2x + 4 sin2x 
(3 4. 
5 | <cos 2x + — sin 2x 
=3 \5 5 
Let = = sing and = =cos 


Thus, f(x) pe go(sin @ cos 2x + cos @ sin2x) _ 3 Alsin(d + 2x)] 


For minimum value of given function, sin( + 2x) will be 
minimum. 


Le. sin(d + 2x) =-1 
1 
x)= 3(- 1) o—— 
f(x) ar 
Alternate Method 
Let fix) =270 g in 2x _ 44 sin 2x _ 4300s 2x + 4 sin 2x 34, 


For minimum value of given function, 3 cos 2x + 4 sin 2x will 
be minimum. 


=i" 4 4? $3 cos2x+ 4sin 2x $ /3? + 4? 


So, min f(x) =37* = 


=> x=q-pcot(0+a)=q-p 
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=> -5S$3 cos 2x + 4sin2x <5 
..Minimum of3 cos 2x + 4sin 2x =—5 


1 


32. Let AB=x and ZBDC =a 


}-_—___9___ 
D; 


he x : 
In ADAM, tan(n -@ - a) = 2 
x-q 

=> tan(0 + a)=—P. 5g - x = p cos(8 + a) 
q-x 


‘cot 8 cot a -1 
, cot a + cot 6 


_ q(cot & + cot 8) + p(cot @ cot a) + p 


cot & + cot8 
a( 2+ S08 _ (4 cos8) , 
p sin® .p sin | [ q| 
i. a aaa 
q , cos p 
p sin®@ 
q° 70088 cos® a 
_ p  sin® sin 8 _ (q° + p*)sin®@ 
gain pcose qsin® + psin® 
psin® 


Given dna =x => 2na=— 


/ 
4 
Now cot @ : cot(2n -— 1) =cot a cot| 7 -a] 
\ 


=cota@-tana =1 
Similarly, cot 2a cos(2n — 2)a = 1, 
cot 3a - cot(2n — 3)a =1,..., cot(n — 1) cot(n + 1)a =1 
Thus cot & cot 2m cot 3a... cot(2n - 1)a 
= {cot a cot(2n — 1)a} {cot 2a cot(2n — 2)a} 
... {cot(n — 1)a cot(n + 1)a} + cot na 


=1-1-tdl eee Bai 

=1-1-1.. i =cot —=1 
l 4 | 

=1 
We have (sin A +sin B + sinC)(sin A +sin B -sinC) 
=3sinA sin B 
= (sin A + sinB)* sin? C =3sin A sin B 
=> sin’? A + sin? B -sin? C =sin A sin B 
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= sin” A + sin(B + C) sin(B -C) =sin AsinB 

=> sin A [sin(B + C) + sin(B —C)]=sin A sin B 
[-A+B+C=n] 

=> sin A(2 sin B cos C)=sin A sin B 


cos C= > = C=60° 
35. From the third relation we get 


cos 8 cos ¢ + sin 8 sin 6=sin B siny 
= sin? @ sin? 6 =(cos@ cos o—sinPsin y)” 


Bid ee, 
sin Sin 
= [:- #8 )- 1 = 
, sin" @ sin” &@ 


[from the first and second relations] 
=> (sin? a - sin’ B)(sin* a — sin? y) 


¢ 2 
sin Pe sinB sin 7 


4 


i sin? a 


=sin* B sin? y (1 —sin? a)? 
=> sin’ o(1 —sin’ B sin’ y) 
—sin? o(sin? B + sin? y —2 sin? B sin? y) = 


sin? B — sin? y —2 sin? B sin? y 


sin? @ = ee (sin a # 0] 
1-sin* Bsin* y 
12 - 2 72 +2 
1-—sin” b> —sin” y + sin’ 6 sin 
and cos? @ = Losin B=sin’ y+ sin’ B sin" y 


1 -sin’ B sin? y 
2 sin’ B - sin? B —sin? y + sin? y—sin? B sin? y 
x. bi SS Se 
cos* B —sin* y(1 —sin* B) 
a sin? B cos” y + cos’ B sin? y 
cos’ B cos’ y 


= tan? B + tan? y 


= tan?a - tan’ B - tan? y=0 
36. ap ——— nue - 
1+ tan @-ntan' a 
n tan a@ 
1+(1-n) tan’ 
ntana@ 


1+(1—n) tan? a 


tan | Q-:n tan a 
1+ —— - 


1+ (1 —n) tan’ a 


= tania -8)= 


_ tana +(1~—n) tan?a —n tana 
1+(1—n) tan? a +n tan’ a 
1—n) tana(1 + tan? @ 

aa vilan onan 2 Sayan 

1l+tan"@ e 


(cos 8) 
a 
a cos 20 + b sin 20 = a(1 —2sin? @)+ 2b sin ®@ cos @ 


=a —2ab*k? + 2b- bk ak 
=a —2ab*k* + 2ab*k* =a 


38. Let y = cos x.cos(x + 2) — cos*(x + 1) 


_ (sin 8) Q) 


37. Let ——— =k,so that cos 9 = ak and sin 6 = bk. Then 


= : [cos(2x + 2) + cos 2] ~ cos(x + 1) 


1 
“38 cos*(x + 1)—1+ cos 2]— cos*(x + 1) 


1 -.2 - 2 
oe 1 - cos 2)=—-—(2sin® 1)=—-sin’ 1 
; ( ) 5 ( ) 
This shows that y =—sin? 1 is a straight line which is parallel 
\ 
to X-axis and clearly passes through the point (=, -sin’ i 


39. (8) =|sin@|+|cos6|, V6 € R Clearly, f(6) > 0. 


Also, f?(®) =sin? 6 + cos’ 8 +|2sin@- cos 0 | 
=1+|sin 20| 
0<|sin20|<1 
=> 1s f?@)<2=>1¢ f@) <2 


40. A=cos(cos x) + sin(cos x) 


- f tt a: 
= 2 | cos(cos x) cos a + sin(cos x) sin ud 


ic Ge a 


\ 
i goackedewo™ hus 
4} 


\ 
-~/2<As2 


41. We have, = = tan nO 


_ cosn @ sec” Q- cos(n — 1)8 sec”~'@ 
7 sin(n — 18 sec”~'@ 

cos n@ sec 8 — cos(n — 1)8 
~ sinn-1)8 

cos nO — cos(n — 1)8 cos @ 
i“ cos 8 sin(n — 1)8 

cos(n — 1)8 cos 8 - sin(n — 1)8 sin ® 
Pac cos(n — 1)8 cos 8 
cos 8 sin(n — 1)8 


V = 
So, that — 


42, Ifa,b>0 


Using A.M. 2 G.M., we get 


1.4 2 
—+->2> 


a -b ab 


3 
wees —=sin x wali 
4 


ae 


cos 23 fi. cos2x 


. 


Tt _ 
Now ford ix sir S$ c0s 2x $1 


ose 
V4 2 2 

a 

V3 


ee ee iy Bs at 
Since ‘f” is continuous range of ‘f’ is i+ =} 


= f(x)2 


43. «0 <sin? 9 <$1and0<cos’0@$1 
=> 0 <sin® @ <sin’ @ and 0 < cos! 8 < cos’ 0 


0 <sin® 6 + cos'* @ <sin? 6+ cos” 0 


Hence, 0<AS1 
a: Tt 
44, sin & - a =- cos G, sin (+ +a) = cosa 


sin(3% + &) =— sina 
sin(5n — a) =—sina 


[ 


3 a (= a] + sin'(3n + a} 
| 


* \ a 
tt 
=f int + a] + sin°(5% -— a) | 


= 3{cos‘ a +sin‘* a} —2{cos° a + sin’ a} 


= 3{1 —2sin? & cos” a} —2{1 —3 sin? @ cos’ a} =1 


( / 
45. nla *) +cos| x+ 2) 
6, \ 6 
=Ji|sin(x+ 2 44)| 
PG eae 
= 2sin(x+ 22) < o 


Equality holds when x + = = : ie, x= Ld 


12 
Therefore, maximum value of given expression is attained at 
=e 
12 


46 


cot? x = cot(x — y)- cot(x —z) 


_{ cot xcoty +1 cot x-cotz+1 
\ cot y-cot x )\ cot z—cot x 


=> cot? x 


=> cot? x: cot y- cot z - cot? x- cot y—cot? x cot z+ cot* x 
= cot” x- cot y- cot z + cot x- cot y+ cot x-cotz +1 
=> cot x cot y(1 + cot? x)+ cot x cot 2(1 + cot? x) 
+1-cot* x=0 

=> cot x(cot y + cot z) (1+ cot? x) 

+(1—cot? x)(1 + cot? x) =0 
= cot x(cot y + cot z)+(1—cot? x) =0 

cot? x—1 


1 
= —————- = — (cot y + cot z) 
2cot x 2 f 


1 
=> g vent y + cot z)=cot 2x 


Chap 01. Trigonometric Functions and Identities 


47. 


48. 


49. 
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Given that,a+B+y=nr 
Taking a =~" .p=2- and y=2n 
2 2 
fs sina +sinB + siny=-1-1+0=~2 
but sin @ + sin Bh + sin y 2 —3 for anya, B, y 
Hence, minimum value of sin & + sin B + sin y is negative. 
cos x —sina cot Bsin x = cosa 


= sin B cos x —sina cos Bsin x= cosa sinB 
( \ 
: ae x 
=> sin | 1—- tan? —|-sing cos B- 2 tan — 
\ 2) 2 
x 
= cos asin {1+ tan? =) 
2x M : , x 
=> tan > (sin B — cos o: sin B)—sin of ene peaitan 


+ sin B(1 - cos a) = 0 


4 (sin? a cos? B 
—2sina cosB + ||+ sin? B(1 + cos a) 
(1 — cos @)]} 


I 
2 sin B (1 + cos @) 


x 
=> tan—= 
2 


-sina cos B 


_ £ sin’ a(sin’ B + cos’ B) 

. sin B(1 + cos a) 

_ sina cosB+sina _ sina(1 —cosB + 1) 
sin B(1 + cos a) sin BU + cos a) 


B 


a v1 B 
= tan — tan — or — tan — cot — 
2 2 2 


1 : ; 
: cos’ @ sec’ o 5 and sin’ @ cosec? o are in AP 


1=cos' 0 sec’ a + sin‘ @ cosec’ a 


cos‘@ sin’ 6 
= ———— + 


=> 1 ; — 
cos’a sin’ a 
4 Sd 
: > cos 8— sin’ 8 
=> (sin? 8 + cos” 6)” = i Sipe 
cos°a@ sin’ a 
‘ 
r 1 
=> cos 8 -1 nel -1 
cos” a ( sin a 
-2sin? 8 cos? 8 =0 
=> sin* a cos* @ + sin‘ 0 cos‘ a 
—2sin? @ cos’ @ sin’ a cos’ a =0 
—| (sin? cos” 6 — cos’ @ sin? 8)? = 0 
> tan? 0 = tan’ & 
O@=nntanel 
Now, cos’ @ sec® « = cos® o sec® & = cos’ & 
> 8 6, rer 8 G3) oh ae 
and sin’ 8 cosec’ @ =sin’ @- cosec’ & =sin" & 


| ae 
Hence, cos’ 6 sec*'a, . sin’ @ cosec® a 


3 ; 
ie, cos? Qa, PY sin’ o are in AP. 
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50. Given, (cot a,) -(cot @,)...(cot @,)=1 
a 
=> 1 cosa, = I sina, 
i=] i=) 
n n sin 2a 1 
= qi cos’ a, = I sina, cosa, = NM ——! s — 
i=l i=l ia] 2 on 
1 
=> n cosa, S — 
i=l 
By 
1 
Hence, maximum value of n cos &, is —. 
i=} 
- 
51. sin x- cos’ x > cos x-sin? x 
=> sin x- cos x(cos” x —sin? x) >0 
> sin x- cos x: cos2x >0 
=> cos x-cos2x>0 
| a a + | _ | 
| | 
0 x SK n 
4 2 


§2. wv =a’ +b? 
=a? +b? + 2y/sin? 8 cos? Q(a* + b*) + a7b%(sin* 6 + cos‘ 8) 
=a? +b? +2y/a7b%(1 -2 sin2@ cos?@) + (a + b*) sin@ cos’@ 
= (a? + b?) + 2y/a°b? + (a? — b?)? sin’ 6 cos? @ 


=(a? + b’) + 20s e- sin? 20 

Max. u? =(a? + 6”) + 2 + Cle 
Min. u? =(a? + b”) + 2ab 

= Difference 28 + (a’ — bh" —2ab 


= /4a°b? +a‘ +b' —2a’b? -2ab 
= (a? +b’)? —2ab 


=a’? + b? ~2ab =(a— b)’ 
§3. * (tan a + sec 8)= (2) (1+ cos@) 


mC 


cos 8 


=: 


— cos 6 cos 8 
= sin @ = tan9 (i) 
cos @ 


..By repeated use of Eq. (i), we have 
f,(8) = tan @ (1 + sec 20) (1 + sec 40)... (1 + sec 2” 8) 


= tan 20 (1 + sec 40)...(1 + sec 2” 8) 


= tan 40 (1 + sec 88)... 
=....= tan 2"6 


(1 + sec 2” 8) 


Now, i(®) ©) = tan{a? © =). tan—=1 
§{%) =tan (2? =) = tan ¥ = 
3\ 32 \ 32 4 
tT an T 
—j}|=tan|2° —]/=tan—=1 
=) ( 4 4 
Tl T 
and —]/=tan—=1 
(=) 4 


54. cosx=0 = x=(2n+ )- 


( ee, 

=> Sos et a 
\ 2 2 

: 1 ; 1 

=> sinz =— or sinz =-— 
2 2 


nm Sn 7m 11% 


=> =, 


6° 6' 6° 6 


55. £8) = cos® — cos20 + cos20 — cos30 +... + 


56. 


57. 


58. 


cos(n)@ — cos(n + 1)8 
f,(8) = cos® — cos(n + 1)0 
Now, check options. 
P =sin25° sin35° sin60° sin85° 
= sin25° sin(60° — 25°) sin60° sin (60° + 25°) 
= sin60° sin25° sin(60° — 25°) sin (60° + 25°) 
P =sin60° x : sin75° i) 
Q =sin20° sin 40° sin75° sin80° 
= sin20° sin (60°— 20°) sin75° sin (60° + 20°) 
= sin75° sin20° sin(60° — 20°) sin (60° + 20°) 


1 zs 
Q =sin75° x a X sin60° ..(ii) 
Hence, P=Q 
gee el 
1-cos*@ sin’@ cos? 
= 1 
1 -sin?@ cos’ 
1 1 ; 
= —+—=1 
x sy 
1 1 
=> xyyHrxty > -=1-— 
z xy 
=> xyz=xytzextytz 


1+ tanx + tan x), 


Given P(x) = cot? x i+ 
1+ cotx + cot” xj 


2 
cos x — cos3x + sin3x — sinx 
Asin2x + cos2x) 


Oe , 2 
_cot?+cotx+1  {2sinx(sinax + a 


| 
1+cotx cot?x \ Asin2x + cos2x) 


=1+sin?x 
P(18°) = P(72°) =(1 + sin?18°) + (1 + sin’72°) 
=1+ 1+ (sin?18° + cos?18°) =3 
_ 3sin(@ + B) - 4cos(a + B) 


59. E 
a3 sina 
_ Xsina cosB + cosasinB) — {cosa cosf + sina sin) 
V3 sina 
=. for 0< B<— 
3 
and E = Yo? +24 cota) font <f <T. 
15 2 
3 
60. cotA =— 
4 
= cotC =— 
5 
4 
a (iS 
3 


=> Cis obtuse angle. 


3 
sinC = 2 cosC =-—- 
5 5 


13 
12 
-12 
tan B = —— 
5 
2 
=> tan D = 


=> Dis an acute angle 
sin D = te cos D = 2: 
13 13 
Hence, sin(C + D) =sinC-cosD + cosC-sinD 


00-58 


Also, sin(A + B) =sin(2x —(C + D)) 
: 16 
ig 


=~—sin(C + D)=—. 
sin( ) ; 


/ 
1 
67. 2| cos’ x + <coss] =a 
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8a+1 [ 25| 
1 | 6 
=> 8a +1 (0,25) 
=> ae) 


62. A =sin44° + cos 44° 
= cos 46° + sin46°=C 
B =sin45° + cos45° = ¥2[sin90°] 


i ee 1 | 
Az V2 — sin 44° + —~cos 44° 
Ye " V2 | 


= V2 [sin 44°- cos 45° + cos 44°: sin 45°} 
= V2 sin89° 
=> BoA 
63. tan(2a + B) =x 
tan(a + 28) =y 
=  tan(Xa + B)). tan(a -B) 
= tan[(2a + B) + (a + 28)]. 
tan(2(a + B) -(a + 2B)] 
__tan(2a + B) + tan(a + 28) — 
~ 1—tan(20 + B).tan(a + 28) 
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tan(2a + B) — tan(a + 28) 
1+ tan(2a + B).tan(% + 2p) 


ad 


° l-xy l+xy 1- xy? 
64. We have x= tosng. 3 1+ cos > 
cos > sin > 
Multiplying, we get xy = Geet pcos 9) 
cos 9 sin > 


1—sin > + cos 6 —sin 9 cos 6 
_ + sin 9 cos > 
= xy +1 ear 
~ isin $+ cos 
cos > sin > 
id eam = Sts WE ce) 
cos > sin > 


_ sin 6 —sin’ $ = cos 6 — cos” 6 


cos > sin > 
sin @ —cos 6-1 
ci dam Lae er 
cos @ sin > 
Thus, xy+x-y+1=0. 
y-l1 1+x 
=> x= = ; 
yl L= x 


65. The given relation can be written as 


x 1—sin?x cos’ x 
tan | — | = ————- = ——_- 
2 sin x sin x 
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=> 2sin? (] > cos (=) aise ( ‘\) 67. 


x am(s}i-m( effet] 


=> 2y(lty)=(1-y)’ [where y =tan® =| 
=> y? + 4y-1=0 

-4+ J16+4 
= ig eNO Sas 


Since y > 0, we get 
9 (b -2y 245 
V5 #2 2+V5 


=(9 ~ 4/5) (2 + V5) 
(cos 2A -sin2A)* +1 


66. y = 
\(cos 2A +sin2A)* -1 

+ (cos 2A —sin 2A) +1 

= eo 


+ (cos 2A + sin 2A) —1 


which gives us four values of y, say y;, 2, y3 and y, We have, 
_cos2A—sin2A+1_ (1+ cos2A)—sin2A 
”* cos2A+sin2A—1_ (cos2A —1) +sin2A 
2cos* A-2sinA cos A 
-—2sin? A+2sin Acos A 


cos A(cos A —sin A) 
= cot A 
sin A(cos A —sin A) 
_ —(cos2A —sin 2A) +1 
sme (cos 2A + sin2A) -—1 
_ (1—cos2A) + sin2A 
—{1 + cos2A)—sin2A 


2sin? A+2sin A cos A 
aaa Sameera aONRE esi t z | 
-~2cos’° A-2sin AcosA 

(cos 2A —sin2A) +1 
-—(cos2A + sin 2A) —1 
(1 + cos 2A) —sin2A 
—(1+cos2A)—sin2A 
2cos* A—2sin Acos A 
-2 cos? A-2sin Acos A 
cosA-sinA 
cos A+sinA 


y= 


tan(% ~4) =~ cot ( 


—(cos 2A —sin2A)+1 
(cos 2A + sin 2A) —1 

(1 — cos 2A) + sin2A 
—(1—cos2A)+sin2A 
2sin? A —2sin A cos A 
-2sinA+2sin AcosA 


+A) 
4 


y= 


68. 


69. 


' 3sin B =sin(2a + B) 
2 sin B =sin(2a + B) —sinB 
=2 cos(a + B) sina 
sin B = cos(a + B) sina 
“. Alternate (b) is correct 
Also, sin B =sin(a + 8) —a) 
=sin(a + B) cosa — cos(a + B) sina 
From Egg. (i) and (ii) 
sin B =sin(a + B) cosa —sinB 
2 sin B =sin(a + B) cosa 
(.. Alternate (c) is correct) 


=> 


Alternate (a) 
LHS = (cot & + cos(a + B))(cot B —3 cot(2a + B)) 
_(__sin(2a + B) cosB 3 cos(2a + B) } 
sina -sinaa+B))\sinB  sin(2a + B) 
cosB 3 cos(2a + B) B) 


ff 3 sin B , 
3sinB, 


- | ina: -sin(o: + B) a -sin(a + B) )\ sin B 
(.3 sin B =sin(2a + B)) 


[sebrenta oD B — cos(2a + B)) 


(ae 3 sinB 
sin @ - sin(a + B) sin B } 
~ ge 3 sin B Zee 
sin & - sin(a + B) sin B 
=6 
Alternate (d) 
~ tan(a + §) =2 tana 
sinta+B) 2sina 
=> —————— = 
cos(a+B) cosa 
=> sin(a + B) cos & =2 cos(a + B) sina 


= sin(a + B) cosa — cos(a + B) sin & = cos(a + B) sina 
sin B = cos(a + 8) sina 
[Alternate (b)] 
P (u) be a poiynomial in u of degree n. 
sin 2nx = 2 sin nx cos nx 
=sin x P,,_,(cos x) or cos x P,, _ ,(sin x) 


sin & —cos & 
tan 8 = ——_——_ 
sin@ + cosa 
_ tana-1 
tana+1 
P x 
Tt \ 
tan @ = tan! a —-—| 
4) 
t 
=> PSR sh Gd 
a 
or aa ia 
/ r\ 
sin 20 = sin {201 - 2) | =—cos 20 
/ n\ 
and cos 20 = cos | 20 — =} =sin2a 
\ oY 


—_ rt 
and = sina —cosa@ = /2 sin (a 7) 


= 2 sin {0 —nn} = + V2 sin® 
\ 

: . Tt 
illicnre eosin Gale rg 


x 
= asin |= +0 —mn) 
2 J 
= ¥2 cos (@ — nn)=+ V2 cos 


70. cos 58 = cos(40 + 6)= cos 48 cos @ —sin 40 sin @ 


=(2 cos’ 20 — 1) cos 8 —2 sin 20 cos 20 sin ® 
= [2 (2 cos? @ -1)’-1 ]cos@ —2-2cos@ 


sin? 8 (2 cos” 6 — 1) 


=(2(4 cos‘ 6 — 4 cos? @ + 1)—1] cos 


- 4 cos @ (2 cos? 8 — 1)(1 — cos” 6) 


= cos 0 (8cos* 8 —8 cos” 6 + 1) 


— 4 cos 0(3 cos” @ —2 cos* 6 ~ 1) 


= cos 6 (16 cos‘ 8 — 20 cos” 0 + 5) 
11;%= \@ cos? & + b? sin? a + ya sin? a + b* cos’ o 
= fastens fe cos’ a + b” sin? a) 
(a’ sin? @ + b? cos’ a) 
a’ + b? + 2k, 
_ I((a + b”) —(a’ sin? & + b? cos’ a) 
Vx (a? sin? « + b? cos” a) 
x=a? +b? +2y(a? + b”)p — p? 
where p=a’ sin’ a + b’.cos’ o 


a’ 


2 
=a — cos 2a) + a + cos 20) 


¢ n 8 3 a 
72. cos A + cos 2] -(2Atees) 


where 


cos A—cos B 


rea) 


}itn odd, O 


, sinA —sinB 


= cos"(* 


A-B 


If n even, 2 cot” ( 


Wf nn 
73. P(k Hix aI (EE y —+— 
(k) = \ at al © ravi cos (3 if 
[1+ cos(x-%)) 
\ 4k], 
=(1+ cos4)(1+5in 4)(1-sin ¥)(1~ cos 4) 
\ 4k, 4k, 4k, 4k, 
f \ 
=(1 cost E}(1—sin? 5) 
\ 4k) 4k 
4 sin? — cos? = 
= k 4k 
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=> P3)s+---=— 
8) 44 16 
= P(4) =~ sin Pata? e 
4 4 8 
=1(1-cos%)=2—" 
8 4) 16 
1 n 1f mY 1 
=> P(5) =— sin? — =-|2sin? — |=- (1 — cos 36° 
6) 4 10 3 | I a ) 
_if, 541) 3-5 
8 4 32 
/ 
=> Pte) =< sin? T= (2 *E)=1(1 cos) 
12-8 12) 8 
mi 1-8) 2-8 
8 2 16 


74, x? + y? =a’ sin‘ 6 cos‘ 0 
xy =a’ sin’ @ cos’ @ 
(x? + y’)P _ a’?(sin @ cos 8)*? 
(xy)? a(sin @ cos 0)” 
which is independent of @ if 4p =5q 
i.e. p=5,q =4 
75. LHS 
= tan @ + 2 tan 2a + 4 tan 40 + 8 tan 80 + 16 cot 160 
= cot @ —(cot & — tan @) + 2 tan 20 Eo 


+ 4 tan 4a + 8 tan 8& + 16 cot 16a 


= cot &@ —2cot 2a — tan2a) + 4 tan4a 


+ 8 tan && + 16 cot 160 
(. cot & — tana =2 cot 2a) 


=cot a — 4{cot 4 — tan 4a) + 8 tan 8& + 16 cot 160 


(." cot 2a ~ tan 2a =2 cot 4a) 


= cot @ — &cot && — tan 8X) + 16 cot 16a 
= cot @ — 16 cot 16a + 16 cot 16a 


(“ cot 84 — tan 8% =2 cot 16a) 


= cot @ =RHS 
76. Let x =cot A, y =cot B,z=cotC 
cot A cot B + cot B cotC + cot C cot A=1 


A+ B+C=180° 
e- cota 


ee a 
(l+x°) (1+ cot” A) 
1 
=i y2tn 4 _ 2) sin 2A 
2 (l1+tan" A) 2 
=| (sin 2A + sin 2B + sin 2C) 
=5(4 sin Asin BsinC) =2 sin A sin B sin C 
= 2 
(1 + cot? A)(1 + cot? B)(1 + cot? C) 
2 2 


~ (i+ x") (1 + y*)(1 + 22) ~ na + x) 
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and sin 2A + sin 2B —sin 2C 
=2sin(A + B) cos(A — B) —2sin CcosC 
= 2 sin C{cos(A — B) — cos C} 
=2 sin C{cos(A —C) + cos(A + B)} 
=2 sin C(2 cos A cos B) 
=4cos A cos BsinC 
77. --acosx+bsinx=c 


1~ tan? (=) 
2 
Qa-—_?.].|.S"= 


2 
and tan( ©) tan (F} a." 
2 2 atc 


+B tan (2) + tan (F} 
Rasy - (* } 7 2 2 
1 — tan (2) tan () 
2 2 
2b 
at+c ; 
ane a, ee independent of c 
kes ie 
(: +c) 


Also, - (a? +b?) Sacosx+bsinx< (a? +b’) 


= (a? +b*)<ces (a +b’) 
78. -* A+ B+C=180° 
=> A =180°-(B+C) 
: tan A = tan(180° —(B + C)) 
| tan B+ tanC | 


=—tan(B +C)=- |1- tan B tanC | 


_{ tanB+tanC 
tanBtanC -1 


Now, *. A is obtuse 
im tan A <0, 
then tan B + tan C >0 
5 tan BtanC-1<0 
=> tan BtanC <1 


79. Let S =sin (=) + sin (=) + sin (=) 
7 7 7 
and C = cos (=) + cos (=) + cos (=) 
7 7 7 


C+iS=at+a’+a' 


on : 
Where & = cos (=) +isin (22) is complex 7th root of unity. 
Oe \7) 


Then, C-iS =0+07+a' 


=a’+ar+a? 


80. 


87 


82. 


Adding Eqs. (i) and (ii), then 
2C=atar?+at+ac+ar%+a°=-1 
(- sum of 7, 7th roots of unity is zero) | 


1 | 
C=- 2 | 
Also, multiplying Eqs. (i) and (ii), then C 2457 =2 


( a’ =1 and sum of 7, 7th roots of unity) 


2 
Pm | 
2 | 
We observe that y = gi" * 481° * 30 =0 
= git’ * 4 gy! sin’ * _ 39 = 9 
Easy 4 rer 
=> gi7" * 3081" * 4+82=0 
2 - 2 
= (81° * —3)(81™" * —27)=0 
039 1 3 
=> sin” x =—or— 
4 4 
123 3 
=> Hae eae 
2 2 
rt 5% Tt 27 
=> PEA gene 


=> The graph y = 815" * + 31° * _ 39 

Intersects the X-axis at eight points in(— 1m < x S 7). 
=> Statement-1 is true. 

Statement-2 is correct, using it we have cos 3x = sin 2x 
=> 4 cos’ x —3 cos x=2sin x cos x 


Similarly 4 cos? y —3 cos y =2siny cos y 


So, 4(1 —sin? x) -3 =2sin x 
=> 4sin? x + 2sinx-1=0 
and 4sin’? y + 2sin y—1=0 


Hence, sin x =sin 18° and sin y = sin(— 54°) = — sin 54° are the 
roots of a quadratic equation with integer coefficients. 

The minimum value of the sum can be — 3 provided 

sina =sin B =sin y=-1 


= a =(4l -1) 5, B= (m1) 4, y=(an-1) = 


Now a+Bt yon = [4+ mtn)-3] oan 


=> 41 + m+n) =5 which is not possible as /, m, n are integers. 
1. minimum value can not be — 3. 


3 
But fora ==",B==",y=-2n,0+B+ y=" 


and sina + sinB + siny =2 
So, sin @ + sin B + sin y can have negative values and thus the 
minimum value of the sum is negative proving that 
statement-1 is correct. But the statement-2 is false as 

3m 


a +B+ y=n fora =B=—- y=—2n which are not the 


angles of a triangle. 


83. We have 2 sin ( (?) 


84, 


“ioG)e() 6) 7 
a Jie :| + cos(5) -in(2 


2 


(@ 
(2 
=> at )+sin($ )>0 and cos( 2 J-a(3)< 


( 
=> ms ere 8 eee pees —+—);<0 
(2 4) \2* =) 
xn 60 
=> ant +—<—+—>2nN +0 
2 2 4 
n 8 3m 
> ann + — <— <2nt + — 
4 2 4 


So statement-1 is true but does not follow from statement-2 
which is also true. 


2 cos 8 + sin 8 =1 


Now7 cos 8 + 6 sin 89 


7(1 = tan (?) 6x2 tan($] 
. 2) 2 


1+ tan? (21 1+ tan? (?) 
2) 2 


Showing that statement-1 is true. 
In statement-2 


cos 20 — sin 6 = - 


=> (1 —2 sin? @) —sin® =1 
=> 4sin?@ + 2sin@-1=0 
—. 24/4416 -1445 
=> sin @ =————____ = ———_ 
8 4, 
= ind = 2H! wy 9=18° 
=> cos 68 = cos 108° = cos(90° + 18°) 
=—-sin 18° 


=> sin 8 + cos 68 =0 


So statement-2 is also true but does not lead to statement-1. 
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85. 


86. 


87. 


A+Ba 
3 
(n\ 
tan(A +B) = tan| — | =v3 
\3) 
tan A + tanB 
=> ee 
1-tanA tan B 
= tanvA tan B'=1——~ (tan A+ tan B) 


3 
..tan A tan B will be maximum if tan A + tanB is minimum. 
But the minimum value of tan A + tan B is obtained when 


tan A = tan B 
= A=B=— 
6 
Hence, the maximum value of tanA tan B 
cee deg eee sae 
6 6 V3 V3 3 
2 2 
Let3* =A and 3° *° =B 
=> A’ -2A.B+ B?=0 
=> A=B 
=> aah? +c? 
C 
a 
fe) 
B 
A fo. 


Sol. 


= 


88. 


89. 


From figure, it is clear that a = b secC =c cosec C 


3 
=> Equilateral triangle = Area= Bs 


(Q. Nos. 88 to 90) 
78 =(2n + 1)n,n=0to6 
40 =(2n + 1)n -30 
cos 48 = — cos30 

=> 2cos?20 —1=—(4c0s°@ —3c0s@) 
=> 2(2x? —1) -1=~(4x° —3x), where x = cos0 
=> 8x* + 4x? —8x* -3x+1=0 
(x + 1)(8x° — 4x? - 4x-1)=0 


P 


man = M log.., , (sin x) + n log... , (cot x) 


2 n(log .o, (sin x) + log... , (cot x))Vm2n 
= MlOg og , (Sin x cot x)) 
=n logos x COSX=N 

Thus, P,, 22Vm2n 


Clearly, Pol =] = 4 log in (+,} +9 log < (1) =4 
V2 V2 


Similarly P,, -(*) =9 


Mean proportional of P,, (= and Py, (=) is J9 x 4 =6 


113 
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90. P,,(x) = Pp2(x) 
=> 3 log... , (sinx) + 4 log... , (cot x) 


= 2108.9, x (Sin x) + log,,, , (cot x)) 
=> HXlog,., , (sin x) + log,,, , (cot x)) + log,,, , (cot x) =2 


=> 3 + log,,; x (cot x) =2 
=> log cos x (COt x) =— 1 
-1 cos x 1 
=> cot x=(cosx) => — = 
sinx  cosx 
= cos’ x =sin x 


l-sin?x=sinx = sin? x+sinx-1=0 


= sin x = 

2 
=p sin x = - : (. sin x €-1 )) 
Thus, p+q=7 


Sol. (Q. Nos. 91 to 93) 
70 =(2n + 1), n=0to 6 
48 =(2n + 1)n —30 
cos 49 = — cos30 
=> 2cos’20 —1=-—(4cos*@ —3cos0) 


=> 22x? -1) -1=-(4x° —3x), where x = cos0 


= 8x* + 4x? —8x* -3x+1=0 
(x + 1)(8x°? — 4x? —4x-1)=0 
91. The roots are cos, Frias aise cos 
where cos = cos, eral = oS dos = cos 


T 3n 51 
”. The roots of 8x° — 4x? —-4x+1=Oare oS cos 3° oor 


3 2 


1 3x 5X . 8 4 4 
92. sec —, sec —, sec — are roots of — —-—--—+1=0 
7 7 7 x x x 


=> x — 4x? -4x4+8=0 
+14 3 5n 
ee tien ene a 
an o 3n 2 5n 
93. sec ee “> 7sec ald roots of f(vx) =0 ‘ 
= (Vx)? - Vx)? -4Vx+8=0 
= x? — 24x? + 80x -—64=0 
3m 
sete + sec? — Pe Solel = 24 
7 7 
Sol. (Q. Nos. 94 to 96) 
Let S$ =1+ 2sinx + 3sin’ x + 4sin?x +... 


= sinx.S =sinx + 2sin’ x + 3sin’x+... 
(1 -—sinx)S=1 sinx +sin’x +... 
1 


(1 —sinx) § = ———_ 
1 -sinx 


_ 1 


. (1 —sin x)’ 


1 


Given §S=45 —_;= 
(1 — sin x) 
; 1 Ba 
= sinx =— or = (rejected) 
2 2 
Number of solutions in = ‘ tn] isk =5. 
94. k=5 
v2 
- 1 
95. gos’ 1 - 2sin x =|tanx| w/t 
sin2x 2 cosx sinx 13 
96. Sum of interior angles =(k -2)x =3n 


97. Now, (2 sin x — cos x) (1 + cos x)=sin” x 


= (1+cos x) (2sin x —cos x -1+ cos x] =0 


=> (1 + cos x) (2sin x -1)=0 
1 
=> COs Aerts 
1 
So, dies nace 
2 [ 2 
eee 
3 
cos @ = — 


3 cos’ x -10 cosx+3=0 


1 
= a a 


i. 2V2 
=> cos B = -, sin B = — 
3 
and 1-—sin 2x =cos x —sin x 
=> sin? x + cos’ x —2sin x cos x=cos x —sin x 


= (cos x —sin x) (cos x —sinx —1)=0 


: 1 
> sin x = cos x =—= 
v2 


or cosx-—sinx=1 
= _cos x =1,sin x =0 
=> cos Y=1,sin y=0 


3 3 + 
cosa + cosB+ cosy= 2h 4 4122 8 


98. sin(a —B) =sina cosh - cosa sinB 


1 V3. 2v2 _1-2v6 


3s SCO 


99. (A) If M is mid point of PQ, then M = (* = gong : sin ‘) 


yY 


(8, sin 8) 
Q (0, sin 6) 


y= sinx 
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Also, 


na(% ® sin(2% *)) 
2 2 


It is clear from the figure. 


ML s NL 
= amon csin(25* 
> sin 8 + sin 6 $2 sin (2 ) 
Tt 
=2 sin Gg 
4 
sin @ + sino $ V2 
and (sin 8 + sin o)sin * sp, q..r:5::0) 


(B) a? + b? =(sin 8 —sin o)° + (cos 8 + cos 6)" 
=2+2 cos(8 + 0) 


= 4 cos” (A=) < 4(s, t) 


(C)*3 sin 8 +5 cos8 =5 
=> 3 sin 8 = 5(1 — cos 8) 
Squaring both sides, then 

9 sin? @ = 25(1 — cos 8)" 


=> X1—cos @) (1 + cos @)=25(1 — cos 8)’ 


=> &1 + cos 8) = 251 — cos 8) (1 — cos 8 # 0) 
34 cos8 : 16 e 101. 
cos § = —, then sin 8 = — 
17 17 
5 sin 8 — Sy ee 
17. 17 
Hence, 5 sin 8 —3 cos 9 =3 
ee 
100, (A) Lety = 2+ 6 tand — tan’ 
(1 + tan“ 6) 


=7 cos? 0 + 6sin Ocos @ -sin’ 8 
- 2 
= (Lees ON acer (! cos *) 
. a 2 
=3 sin 20 + 4cos 20+ 3 


~ (3? + 47) +3<3sin 20 + 4cos20+3 
< (3? +47) +3 


“ -2SyS8 >A=8y=-2 
=> A +p =6,A -p =10(R, S) 


(B) Let y = 5cos0-+3 cos( 0+ \43 


\ 
1 ‘en 
=5 cos +3{2 cod — 2 sind) + 


hens 0-inoes 


i) G4 


any 


cos ind +3 
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= 3-7SyS3+7 
=> -4sys10 

fs A=10pp=—4 

= AX+p=6,A —p =14(R,T) 


_(n ) (= 
C) Let y =1 + —+60/+2 —-6 
(C) ery sa cos 4 
/ 
=1+ cos(=-(£4+0))+2.cos(¥-6) 
2 \2 \4 
=1 + cos{%~0] +2.c09{ 0) 
\4 4 
=1+3.cos(-0) 
\4 


{ \ 
-1Sc0s| 7-0] 51 


= ~3$3 cos( = —0) <3 
4) 
(rx \ 
= 1-351+3cos( = -8!s1+3 
4 ) 
ee ~2Sys4 
=> AK=4p=-2 


N+ =2,A -p =6(P, Q) 


I 
(A)| cot x| = cot x + —— 
sin x 


tl 
PORE Seo Net 


. 1 1 . 
So cot x = cot x + —— = —— = 0, no solution 
sinx sinx 


Tt 1 
If— <cot x <,—cot x=cot x + —— 
2 sin x 


2cos x I 
+ 


= “ea eee 
sinx  sinx 
is 20 

=> ite Gis. Sele ne See 

' . : 1 : 
(B) aes e eNO (i) 
and cos 8 + cos d =2 w».(ii) 
(ii) is true only if @ = o = 0 or 2x but 6 = 6 = 0 or 2x do not 
satisfy (i) 


Hence given system of equation has no solution. 


(x (x \ 
(Chat @ubdak slot —#ot 
(3) iG ) 


.2 _2hm . 39 3 
=sin° &@ + sin ries Q=-. 


4 
(D) tan 8 =3 tan o 
fant <9) = tan 6 - tan ss 2 tan 6 
1+tanOtand 1+3tand 
: - Max if tan o > 0 


~ cot 0+3 tan > 
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see Pee a (Using AM 2 GM) =-144sin{ = 4) sin(*2) cos (225) 
2 \ 4 4 4 
“2 
=> (cot d + 3 tan 6)” 212 > on 212 (C) cos (4) + cos (2) — cos (<) 
= tan’ - 9) <+ = [co (4) + cos (2) —| cos (£) + cos ()) 
3 2 2 2 25) 
102. (A) sin (4 + sin (2) + sin (<) =2 cos (A = °) cos (4-*)- cos , z= <) cos (; -<) 
2 2 2 \ 4 4 4 
B) 


: 
=1+[sin(4) +sin(2)} - (sin -sin c) =2 cos(#=£} loo A 
Aq?) 2 cos(=*5) sin (2) (.A+B+C =n) 

4 4 (n-C) 
m—-C A-B)_ (z+ ae 
4 a ae : ite : Geel 
2 sin |} —————_———_ | sin } —————_- 
(cA+B+C=n) 8 8 
4 
- - -C - -A 
fesin(S#C44=2) in(EtCHP-A)| wt eoe(® ee ee ee ) 
_(a-C). (n-B). (n-A - n+4) eee (=) 
14+ 4sin( ; )sin ; ) sin ; 4 cos/ ; cos Fi cos i 


_(n-A). 1-5), [F=5} $0 Gi eg Be 
=1+4sin sin sin : , 
4 ( 4 4 [4 -tan®= avian? état 
é za) (* 2), es) : 2 é 
=1+ 4cos| — - ——— | cos] — - ——|sin LAA Bee] 
2 4 2 4 4 =k) 1+ sin— sin— sin— 
A n+B m-C é : 2 | 
er ps ) cos/ )sin( ) 2A 2B 2C 
\ 4 4 4 COR PROS GOST 
_( A) B (Cc) . 
(B) a thas Fo ae ey, =2) + sin= sing sing [by using identity] 
=-1+ (six (4) +n (2)}« (sin (=) -sin (<)) 104. sind, | cosy 
2 2)) 2 2 sinB —_cosd 
=-142sin{ +?) cos(4=*) => sina ~sinB _ cosy ~ cosd (using dividendo) 
4 ) sinB , cosd 
+2¢0s(2% ©) sin(2=*) 200e{ %*P) sn( A= 
4 ) 4 2 
> in 
s 
~quode 2) {co (4- 2) cos ( “<)| si 5 
“oe 4 i 2 n( )sin(>=7) 
(: A+B+C=n) = 2 2 
C cosd 
--142sin{ ==") 18 us 
105. Let — =0 = 100=— 
{ (eae B) (fee, xec+-A)] a 5 
2 cos cos => 20 = 18° or 8 =9° 
‘ F : Now, tan8 — tan30 + tan5@ — tan76 + tan90 
== 14 4sin( 2 } cos (== *) os (7 ; tan® — tan360 + tan58 — cot36 + cot@ 
: (tan@ + cot@) — (tan36 + cot3@) + tan 45° 
==1 4 4c0s/ 4) co (== =).in(% <} {using tan50 = tan 45°] 
‘ E= ee: 4 
=-14 4sin(E-2=4)sin(E—*=2) cos(E-2=C) sin20sin68 
2 4 2 4 2 4 
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(1 109. We have, cosSa = cos°a 
E=2 +1 
aa a cos5a = cos (3 + 20) = cos3a@ cos2a — sin3a sin2a 
\ =(4cos’a —3cosa) (2cos’a — 1) - 
E=2 _ +1 F rae | 4 
Far om sina — 4sin O)2 sina cosa 
Pie a |. wae =(4cos*a@ —3cosa) (2cos’a — 1) -(1 cos’) (3 - 
5 -1 7 +1 4+ 4cos’a) 2cosa 
siifie pee sin66 — sin20' =(4cos*a@ —3cosa) (2cos?a — 1) -(2 cos’a — 
. sin26-sin68 2cos’a) (4cos’a — 1) 
2 - sin20 ; 
ni 4 2( Zee sn) =8 cos’ — 4cos’ — 6cos*a + 3 cosa — 
sin20- cos 48 ‘ ; 
gee oe [8 cos*a —2 cosa — 8cos’a + 2cos’ a] 
106. x _ cosl® + cos2° +... + cos 44° =16 cos°a _ 20cos*a + 5 cosa 
sinl° + sin2° +... + sin 44° - 16 cos*a — 20 cos’ +5 cosa = cosa 
i ie] 
sin22” cos225° 15 cos°o. — 20 cos’a + Scosa = 0 
sin(1/2)° 
= Sat = cot 225° 5 cosa. (3 cos‘ — 4 cos’ + 1] =0 
———_—  —— + j ° 
sin(1/2)° sin225 Also cosa = 0 
4 2 2 xd 
[using the formula of sum of cos series] 3 cos’ @ ~3cos'a@ — cosa +1=0 
_ sin(n6/2) cost” +19 3cos’a(cos*a — 1) —(cos’a -1)=0 
sin(@/2) 2 (3cos*a — 1)(1 — cos’a) = 0 
in(n6/2 +1 
for sine series, S = sininb/2) sin aris cos?a =1 
sin(8/2) 2 ‘ 
2 
tT - P cos @ =— 
cot(=] = V2 +1=2414... 3 
8 
= sec? = 3; cosec’a = ~ cot?a = 4 
fi x=2.414.., 2° 2 
Greatest integer = 2. : ; ; 3 1 
107. LHS = tan15°. tan(30° — 5°) -tan(30° + 5°) a enn ee) eae 
Let t = tan30° and m = tan5° 110. We have, 
ait 
= tt wT an 3X 
UMS = (enisehs Sen (36°) -- tan?— + tan?— + tan?— +... 4 tan?— 
1+ + tm 1-—tm tm’? 16 16 


_ 3m-m 1-3m? 
1-3m? 3-m’ 


if t tt 2n on 
=! tan? — + cot? — + | + (tan? + cot? —— + 2) + 
16 16 16 16 | 


3n 3n 4m 
ye ee tan? — + cot? — + 2] + tan’—— -6 
rid!) 0-3) ange (tan? 3 + cot? 2% +2) + tant 
(1-3m*) 3-m r f tn ‘ ; 
Hence, tan@ = tan5° IfA+ B= ri then tan B = tan| = - Al =cota 
= 8 =5°. hs 8m OL 1 
1 1 1 So, tan? — = tan’ (5 - Ls = cot? — etc. 
108. We have, +. + 16 16 16) 16 
sinl0° sin50°  sin70° P 3 ea 
1 1 1 = (tan + cor} + (tan? + cot22) 
=———_ + —___ - ___ \ 16 16 16 16 ) 
cos80° cos40° cos20 . l \2 
_ c0s40° cos20° + cos80° cos20° - cos40° cos80° Sai peel es 
cos20°. cos 40°. cos80° ‘ (16 
= 8 (cos20° (cos 40° + cos80°) — cos 40° cos80°} 4 4 4 
= 8[2c0s20° cos60° cos20° — cos 40° cos80°] p * ria It -9 
: sin?— sin? — — 
= 4[2.cos“20° —2cos 40° cos80°} 8 \ 4 
= 4[1 + cos 40° —(cos120° + cos40°)} af sin?3™ eine *) 
Laveg = +4 F° 435 ~O_ 43=3243=35 
2 sin? — sin? — sin’ - 
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o 
111. We have, oe seca) 
cosec 20° 
20° 
oe (4 cos20° + 1) 
~ ¢0s20° 
2 sin 40° + sin20° 
cos20° 
_ sin40° + (sin40° + sin20°) 
cos20° 
_ sin 40° + 2sin30° cos10° 
cos20° 
_ sin40° + sin80° 
cos20° 
of 2sin60° cos20 nex 3 a V3 
cos20° 2 
Hence, square of the value of expression =3 
112. A+B+C=n .-(i) 
sinA cosB- tanC fe 
—= = ..(ii) 
3 3 2 
T 
=> snA=cos®? > A+ B= PI (rejected) 
™T os 
Or A-B= 2 (iii) 
3K : : i 
=> 2A+C= oa [from Eqs. (i) and (ii)] 
sinA 3 
Now == from Eq. (ii) 
tanc 2 EomvEg 
=> —“ = ; [from Eq. (iii)] 
tanj ——i—. 2A) 
\2 ) 
=> 2sinA =3 cot2A 
. 2 — 
= dsin A = 2209S A-}) 
2sinA cosA 
= 4cos A(1 — cos” A) = X2cos* A — 1) 
=> 4cos’A + 6cos*?A — 4cosA -3=0 
Put cosA = w: 
2 
=> (2cosA + 1)(2cos?A + 2cosA —3) =0 
=> cosA=--, 


cosA = , =-1+7 (rejected) 
=> A= =a B= Lil Bs = x 
6 6 
sinA cos B tanC tig Pantom 
cos2A cot2B cot2C 2 2 
113. f(®)= ..(i) 
+0 
Given, 2 f(a) — g(B) =1 
2f(a) =1 from Eq. (i)] 
f(a) =1+ gB)= rs [from Eq 
2 f(a) f(®) =1 »»(ii) 


0 (001 en Oe) 


Now, 2/(8) - g(a.) =2f8)+ 1-(1 + g(a) 


1 
Sa eh . 
f(@) ; 
— 2f(@) fB)-1 | 1=1 [from Eq. (ii)] 
F(@) 
114. As we know that peer es 
cosx 1+sinx | 
lo 1+sinx i 
“TRE cose 
Now, series is 
2 = 
letS'=] - ee, 21-2 
2 4 aE; 
2 
as =X. 2 =x ~ l= x) _ _ Ki -x) 
2-x 2-x (2-x) (2-x) 
Thus, k =2 
115. From the second relation 9x sin? @ = Sy cos? 0. 
3 | 
= cos’ 8 _ sin A) ae a 
9x Sy | 
i 2 
=> cos 8 = k(9x)3 and sin 8 = k(5y)3 


Squaring and adding, we get 
2 2 


1 = cos” 0 + sin? @ “0 + | 


and — 2 7 = 56 (From Ist relation) 
K9x)3_k5y)? 
2 2 
=> (9x)3 + (Sy)? =56k 
2 ZT 2 
=> [os + (Sy)3 | =(56)*k? = ee) , 
(9x)3 + (5y)? 
2 2) 
=> (9x)3 + (Sy)3 | =(56)? = 3136. 
116.A> ~=>B+C <= 
2 2 
= AD eCysg Set NS ny 
1-tan BtanC 
=> tan Btan C <1astan B>0,tanC>0 
=> [x] =2635 -1 = 2634 
117.-. veo (7 1 *) 1+ cos 15 
2 sin 15° 
se) V3 +1 
= 2V2 ie 2/2 + V3 +1 
V3 -1 3-1 
2V2 
_ 2N2 +V3 + 1) (V3 +1) 


2 


_ 26 +22 +34 V3 +V3 +1 


2 
=V6 + V2+2+3 
= 2 + V3 + V4 + V6 


aie ee en 


and cosaee= 4 


° 
Hence, 4 cos 36° + cot (? “) 


= V1 +2443 +74 +5 + V6 


n, =1,n, =2,n, =3,n, =4,n, =S5andn, =6 
Yn} = nf + np + ny + ny + ng + ng 
f=] 

=17 427 4374 47457 +6" 

=91 


4 
118. -; n sin(rA) =sin Asin 2Asin 3A sin 4A 


=sinA-2sin A cos A-(3sinA—4sin’A -2sin 2A cos 2A) 
=2sin? A cos A-sin A(3 - 4 sin? A) 
-4sin A cos A-(1—2sin? A) 
=8x"(1 — x) (3 — 4x) (1 — 2x) 
= 24x? —104x? + 144x4 —64x° 


On comparing, we get a = 24, b =— 104,c =144,d =— 64 
10a - 7b + 15c —5d 
=10X24-—7xX-104+ 15 x 144-5x -— 64 
= 240 + 728 + 2160 + 320 = 3448 


119. Let x +5 =14 cos @ and y -12=14sin 8 


x? + y? =(14 cos @ —5)* +(14 sin @ + 12)? 
= 196 + 25 + 144 + 28 (12sin 8 —5 cos 8) 
= 365 + 28 (12 sin 8 —5 cos 8) 


> +y?| = (365 — 28 x 13 =./365 — 364 =1 
min 


120, «12° x 5 =60° 
Let 12° =8 
‘ 50 = 60° 
=> 38 + 20 =60° 


cos(30 + 20) = cos 60° 


= cos 30 cos 20 ~ sin 30 sin 20 = - 
=> (4 cos’ 8 —3 cos @)(2 cos? 9 —1)—(3 sin ® — 4 sin’ 6) 


2sin@ cos 8 = — 


Let cos8 =x 
(4x* —3x) (2x? - 1) — 2x3 — 4(1 - x”) (1 - x’) =¢ 
=> (8x° — 10x? +3x) —(2x — 2x°)(4x? -1) = 


=> (16x° — 20x? + 6x) —(4x — 4x")(4x? -1)-1=0 
> 32x° — 40x? + 10x -1=0 
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1\ 
=> (x- ; | (32x* + 16x° — 32x” — 16x+ 2)=0 
] 
1 
but x #-, 
2 


16x* + 8x° — 16x? -8x+1=0 
”. Degree is 4. 


121. From conditional identities, we have 
sin 2A + sin 2B + sin 2C 


sin A +sinB + sinC 
4sin A sinBsin C 


: 4 cos (A ) cos (2 cos (Cc) 
(2) \2) 


=8 sin( “) sin 2 mG => k=8 
2 2 2 
and 3k° + 2k? + k + 1=1536 +128 + 8 + 1 =1673 


d22vser el” eele a ee 20 = 
8 8) 


=> (x +1)? =2 
x’? +2x-1=0 
Now, f(x) =x" + 4x° + 2x? -— 4x47 
= x°(x? + 2x-1)+ 2x9 + 3x? -— 4x47 
=0+2x?+3x?-4x47 
=2x(x? + 2x -1)—- x? -2x4+7=—- x2 -2x47 
=—(x? +2x-1)+6=0+6=6 
(sin A) 
23. Tan B) + (sinc) - [om A) oss 
Se py te coe eae - Va) (Vb + Ve + Va) 
(Vb +Vc + Va) 


eae =Orena)+20k , 
Hence, Vb +Ve *- >0 
Now, let vb + ve -Va=x,Vce+Va-Vb=y 
and Va +¥b -Ve =z 
/sinA _ytz 


sin B + ,/sin sin C —JsinA 2x 
(sin A) 


> Lins Jeno) - y(sin A) 


21+1+1 (..AM2GM) 
202 ee 
v (sin B) + y(sin C) - (sin A) 


*, Minimum value is 6060. 


S 6060 
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124. We have, sin 6(1 + sin? 6)= 1 —sin? 6 
=> sin @(2 - cos” 8) = cos’ 6 
Squaring both sides, we get 
sin’ @(2 — cos” 6)* =cos‘ 8 
=> (1 — cos” 6) (4 — 4 cos”? @ + cos* @)=cos' 6 
= — cos’ @ +5 cos’ 6 —8 cos? 8+ 4=cos‘ 8 


cos 8 — 4 cos‘ 8 + 8 cos? @ =4 


125. 16 (cos @ — cos *) & 8 — cos **) (cos 8 —cos ==) 


(cos 8 —cos 7) 
8 } 


é 
T 7h 
= 16 {cos 8 -— cos *) (cos @ —cos 7n) 


f 


\ 
{ Tt 4 
=16 | cos @ - cos = cose rnces 


\ 
2 1 2 3K 
= 16] cos” 6 — cos” = cos” 8 —cos = 


\ 
( 


=2c0s 48 


\ 
-6(! =a). 16 cos 49 


AK=2 


126. 2k cos cos 40° = : 


+ ————— 
sin 20° V3 cos 20° 


ie V3 cos 20° + sin 20° 
V3 sin 20° cos 20° 


V3 1 
— cos 20° + — sin 20° 
2 2 


~ V3 
— sin 40° 
4 


_ sin 60° cos 20° + cos 60° sin 20° 
3 
4 4 


4 
+,| 2 cos 40° 


(5 


=> 2k? =16 


sin 40° 


so 18k* + 162k” + 369 =1745 


3% 51 
x | cos 8 — cos =) (cose — cos >) 


f 
31 3n 
x I cos 8 — cos 2") (cos 6 + cos 2") 


\ gpd 
= 16 ~ cost Osint+ 4) =16(=88™ 4 


127. 


128. 


129. 


1 
cos7—° 


1 
tan82-—° =cot7-° = 
2 5 8 eg 
sin7 ~ 
2 


daa . 1 
On multiplying numerator and denominator by 2 ROSH °, we get 


1 
2n*0 
tan82t° = aEp8 G _ 1+ cosi15° 
“aa ans) 
2sin7 —°cos7—° sinl5 
2 2 
j V3 +1 
Me toe cos(45° — 30°) _ 2/2 


sin(45°-30°) 3-1 
ava 
_we+va+1 V3 +1 
Baa a4 
_ 2va(V3 +1) + (V3 +1)? _ 2va(v3 +1) + (4 + 2V3) 
2 2 
= J2(V3 + 1) + (2+ V¥3)=V6 + V2 + V4 4+ V3 
= V2 + V3 +4 +6 =(V3 + V2)(V2 +1) 
2 — m(sin2a + sin2B) 
1— m(sin2a + sin2B) + m’sin2asin2B 
2 —2msin(a + B)cos(a — B) 
“4 ~ 2msin(a. +B).cos( —B) + 4m’sina. cosasinB cosh 
afi - cos*(a — B)} 
“4 — 2msin(@ +B).cos(% —B) + 4m’sina cosasinB cosB 
[using m sin(a + B) ="cos(a — B)) 
2sin?(a -B) 
1-2cos?(a —B) + m?[sin (a + B) + sin(a — B)}[sin(a + B) - sin(a - B) 


LHS = 


alate = —B) 
Psd ?(a — B) + m’sin2(a + B) - m’sin2(a —B) 
os 2sin7(a — B) 
~ 1—cos*(a —B) — m’sin’(o ~ B) 
2sin(a —B) waa 
fi sin*(a — B) — m?sin*(« — B) =m 


Given tan=G + ¥—- 2a). tani(Y +Q—- B)tan_(c +B-y)=1, 


Jan =21) 0 


\ 4 


wherea+B+y=n 
m™-—2a 
=> ta o( 4 )en{ 228 
( a. \f e 


1 1—tan— = an! 
=> Ge tan— rai t ait t 4 


= (1 + tant} + tanb fy + tan 1) 
\ / 


04 
=> tan— + ake tan2 + ae 
2 2 2 2 
a fe) ‘ 
=> tan— + tne + inne = fie eae ane i) 
2 2 2 2 2 


130. 


131, 


B BY Y 


Qa 
tan—tan— + tan—tan— + tan-—tan 
2 2 2 2 2 


Also, 


On squaring Eq. (i) and using Eq. (ii); ¢° je 
2 Bt 


7 O 
tan + tan” — nan 2 = tan’ — 


The Peres to be prove is 
1 + cosa + cosf + cosy =0 


t-tan?=  4- rant 1 - tan?! 
2. a ——3? ———_£ =0 
1+ tan?— 1+ tan’D 1+ tan?+ 
2 2 
rf _ ove 
2 \ 2 2 


0 


ee f 
a 
1+ tan’ i + tan? at + tan 7) 


> fig tan” =a tan? B tant) + (i + tnt BY + tnt) =0 
X 2 2 
a 
= (1+ tant - tan? Ean’ t — tan? Stan’ +E tan? 1) 
\ 
+(1 + - tan?! + tutte} 
2 2 2) 
a i 
=> 2+ tan?— + tan?P + tan? = tan?& tan? "tan ...(iv) 
2 2 2 
From Eq. (iii) and (iv) 
1+ cosa + cosB + cosy =0 
We have, sin‘ x + cos’ x <sin? x + cos’ x, 
as |sinx| $1 and|cosx| $1 
=> asi° .-(i) 
Next, sin‘ x + cos‘ x =a 
> (sin? x + cos” x)? ~2sin’ xcos’ x =a 
1 
=> 1 —-sin?2x =a 
Z 
1.2 
> -sin"2x=1-a 
2 
1 4 1 
=> l1-as- [ sin? x 1 
2 L 2 | 
1 = 
= a x .. (ii) 


From Egg. (i) and (ii), 
t<ast 
2 


Let asec8 — btan® =x 


So, a’sec’@ =(x + btan@)’ 
=> a’(1 + tan?@) = x? + 2bx tan + b’ tan’ 
=> tan’@(a? — b*) - 2bxtanO + (a? — x”) =0 
7 (sae bs 7) ee 
a“ —-b (a? ~ 6”)? 
Thus, x’ +(b? —‘a?) 20 
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132. 


133 


134. 


121 


=> x? 2>a*~p? 


Thus, the minimum value of x is ja? - 6”, which is attained at 


\ 

C= sn =} 
a 

We can write 


(btany —ctanB)’ + (ctana —atany)’ + (atanB — btana)’ 


=(a’ +b? +c”)(tan’@ + tan’B + tan? y) —(atana + btanB + ctany)? 


The minimum value of the LHS being zero, that of 
(a? + b? +c*)(tan’a + tan?B + tan? y) —k? 20 

2 
=> tan’? + tan’B + tan?y>——* 
a’ +b? +¢7 


Hence, minimum value of tan’o, + tan?B + tany is 


‘ 


Laine 
.a" 4 3| 


Here, a = era = By componendo and dividendo 
at tan(0 + a) + tan(® + B) _ sin(26 + @ + B) 
x-y  tan(0 + a) — tan(6 + B) sin(a — B) 
X*Y sin?(o —B) = sin(20 + a + B)-sin(a. - B) 
XFY sinter -B)= 1 0520 + B) — cos2(6 + a)} (i) 
x-y 2 
Similarly, 
Seed -sin?(6 - y) = 2 ic082(8 + Y) — cos2(6 + B)} .-(ii) 
y-z 2 
BAX 2 1 mee 
and -sin"(y -@) = ; {cos2(8 + a) —cos28+ y)} _ ...(iii) 
z-x 


From Egg. (i), (ii) and (iii), we get 
>a Y sin’ -B)=0 
x-y 


F Ro 3} 
f(x) may be written as f(x) = 2 zz c08(a, + x) 


=12 


1 
= pis cos x — sing, sin x) 
\ 
-(i7 es — s- 5 ET : ‘sing, | ‘sinx 
where, A = = L —*—cosa,, B= = Ee 77 Sina,. Now, A and B 


both cannot ie zero, for if re were then f(x) would vanish 
identically. 


Now, 
f(x,) = Acosx, — Bsin x, =0 
f(x,) = Acosx, — Bsinx, = 0 
> tanx, = 4 and tanx, =< 
B B 


tanx, = tanx, => x, —- xX, = mn. 
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135. 


136. 


137. Let 


x= tan(n® + a) — tan(7@ + B) 


_ sin(n8 +a) — sin(n® + f3) 
~ cos(n@ +0) cos(nd + B) 
sin(n8+a-—n8-B) _ 2sin(a — B) 
7 cos(n8 + a) cos(n6 + B) ‘ cos(2n8 + a + B) + cos(a — B) 
2sin(a — B) 


Ai) 


= cos(2n@ + a + B) + cos(a — B) = 


Again y = cot(n® + a) — cot(n6 + B) 


_ £08(n8 +) _ cos(n8 + B) sin(n8 + B ~ n8 —a) 

sin(n@ +a) sin(n@+ PB)  sin(nO + a)sin(nO + B) 
nm iP sin(B — a) 

cos(a — 8) — cos(2n8 + a + B) 
= cos(a —B) — cos(2n8 + a + B)= ae =e (ii) 
On adding Egs. (i) and (ii), we get 
deoser= Bim 2sin(a — B) ‘ 2sin(B — a) 
y 
=> cot(a —B) =2-+ 
x 


{sino — B) + cos( + 2B)-sinB}? = 4cosa -sinB-sin(a + B) 

=> {sina cosB — sinBcosa + (cosa cos2B — sina sin2p)sinB}? 
= 4cosasinBsin(a + B) 

= {tana —tanB + cos2B-tanB —sin2 B- tana tan B}? 

= 4tan{tana + tanB) {. dividing by cosa. cos”B} 


=> 
{tana - cos2 B — tanB + cos2 B- tanB}* = 4tanB{tana + tan} 


= {(tana + tanB)-cos2 B — tanB}* = 4tan{{tana + tanB) ...(i) 


If anode tanB)eee Ai) 


Eq. (i) becomes; 


2 
JtanB 3508 - tanh @ianposee 
| x x 


(cos2B — x)? = 4x 
cos*2B + x? —2xcos2B = 4x 
x’ —2x(cos2 B + 2) + cos’2B =0 
x =(cos2B + 2) + 2/1 + cos2B 
x=cos2B+2+2y2cos?B 
x =2cos’B -1+2+2¥2cosB 
= (V2 cosB +1)? 
tanB tanB 


=> tana + tanB = - ~ (2 cosB — 1)? 


sinA  sinB sinC 


Yueu_UEUS 


(since, x < 1] 


A=j;cosA cosB- cosC 
cos*A cos*B cos*C 
tanA tanB_ tanc 
=cosAcosBcosC;} 1 1 1 
cos?A cos*B cos*C 


139. 2(cos(a 


=cosAcos BcosC 
tanA tanB-tanA tanC -tanA | 
1 0 0 
cos’A cos?B-cos?A cos’ A- cos’ A| 
’ sin(A ~ B) 
{since, tan B — tanA = — Peer 
cos’ B — cos” A =sin(A — B)sin(A + B)] 
A =-cosAcosBcosC 
_sin(A ~ B) _ sin(A — C) 
cosAcosB cosA cosC 
sin(A — B)sin(A + B) sin(A —C)sin(A + C) 


=cosAcosBcosC:- 
sin(A — B).sin(A-—C)} cosC cos B 
cosAcosBcosC |sin(A+ B) sin(A +C) 


= —sin(B —(C)sin(C — A)sin(A — B) = 
IfB=CorC=AorA=8B 
Hence, AABC is an isosceles. 


vsin A Ja 


. Here, SS = 
vsinB + VsinC — VsinA vb + ve eda 


- (vb + ve - Va)(vb + Vc + Va) 


Now, a ea 
(vb + ve + Va) 
b+c-—a+t2Vbc 
= >0 
b+Vc+Va 


Hence, /b + Vc — Va =0 
Let Vb +e -Va =x, ve + Va —-Vb =y,Va+Vb-Ve =z 


VsinA _ytz 
vsinB+VsinC -VsinA 2x 
VsinA 
=> Y= —— 
VsinB + VsinC —VsinA 


124 y +ihe] ‘an ret! 12,3 
2lx x 2\z y es v 
which is greater than or equal to 3, as each term 


é : (2+ 4 ee is greater than or equal to 1. 
x 


L2\y 
(using AM 2 GM) 
Now, equality hold if and only if, 
a A eee 
y £2 y 
and la Lex=y=Z 
x y 


= a=b=ci.e. triangle is equilateral. 
— B) + cos(B — y) + cos(y -—a))+3=0 
=> 2Acos(a + 6 -(B + 8)) + cos(B + 6 —(y + 6)) 
+ cos(y +8 —(a + 6))) +3=0 
=> 2Acos(a% + Q).cos(B + 6) + sin(a + 6).sin(B + 6) +... +...)) 
+ {(sin’(a + 0) + cos*(a + 8)) + (sin2(B + 6) + cos?(B + 9) 


+ (sin’(y + @) + cos’(y + 8))} =0 
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=> (sin(y + 6) + sin(B + 8) + sina + @))? + (cos(a +8) _ On adding Eqs. (i) and (ii), 
2. f \ 2 2 
+ cos(B + 6) + cos(y + 8))° =0 Acie *)+fla-E|=2-2 a+b a 
which is only possible if; \ 4 4 v2 
sin(a + 6) + cos(B + 6) + sin(y + 8) =0 ..i) = a? +b? <2 
cos(a + 8) + cos(h + 6) + cos(y+6)=0 _ ...(ii) id Pee 
From Eq. (ii), we get Silt) eae ifana Wek 
d(cos(a + 6) + cos(B + 8) + cos(y + 6)) =0 imilarly putting @ =p andB + r. : aed 
=> sin(a + 6)-do + sin(B + 6)-dB + sin(y + @)-dy =0 fB) + fB + x)=2-2A" + B’ 20 
eB = fA? +B? <1 = A? + B51 
sin(B + @)-sin(y+6) sin(a +6)-sin(y + 8) ae 
fy wi 142. Clearly 6,, 6, are roots of ; ; +— 
sin(a + @)-sin(B + 8) cos : sin8, 
in® 0 in°@ 2sin0 
140. The quadratic equation, es ie — my “ 7 a - : = 
: i cos6, sin8, cos", sin"@, sin®@, 
qe ty? ox + (5 -B+ :} = 0 have real roots : . 
2 i 1 1 2sin® 1 
= into 5 +—_)- Bie, i-— =0 
,sin"@, cos @,} sin®, cos’@, 


141. 


F 
= Discriminant = 4 - aap? —B+ | >0 
2 The roots of the equation are 6, and @,. 


1 
cos’@, 
{ 2 1 1 
Ce ee eee eee See 
out 24,6 -pri=(p+4) +22 sin’@, cos’0, 


=(cos*@, ~1)-sin?@, = -sin*@, 


sec? a| a2 1} 
=> 4 B -Bt+ 5 €1 
2 > sin8, -sin8, = 


2 
i.e. the equation will be satisfied only when 4° ° = 4 and 


BB + 11 a =-sin’6, wi) 
oz Pema 2 
2 4 

(1 Similarly, taking a quadratic in cos®, we get 
=> secta =1 and (B+) =0 cos®, -cos6, 2a . 

Y 2 > a OS a . (ii) 

1 sin’@, 
” cos’ & =1andB = 2 On adding Eqs. (i) and (ii), we get 
1 sin@,sin8, _ cos8,cos8, 
= dgp=- te hr 

ms Teel 2 sin’@, cos’@, 


143. Let the given expression be E, then E can be written as, 
a-l 


-1 -if1 
cosa + cos ff =cosnn + cos ; 
E=zr"G 

k=1 


1 ‘ A 
=1+ 3° when n is an even integer. 


a-l 
4 coskx-cos(n+ k)x+ Z "C,sin(n —k)x.sin(2n - k)x 
=-1+ ? when n is an odd integer. k= 


a-l 
ie. values of cosa + cos 'B is : =A ; +1. 7 is ra ic 
a-l 
f(®) =1 —(acos@ + bsin®@) -—(Acos20 + Bsin20) cos(n + k)x + J "C, sin(k)x-sin(n + k)x 
=1 
2 2 2 2 
=> f@)=1~- Ja" +b’ cos@ -a) - yA* + BY cos(26 - B) [replacing k by (n — k) in the second] 
/ 5 [2 12 i a = 
, \ + Sum and using "C, = "C, _ 
Now, fla + }=1- = - a+ BF coo = + 20-8) 1 eet . 
— E= R "C,(coskxcos(n + k)x + sinkx-sin(n + k)x) 
+0 e ; 
ae + JA? + B’sin(2a —B) _ ...(i) n-1 
V2 =e "C, cosnx 
fo la? + b? ( Tt \ i“ 
and fers | Sse G - JA? + B? cos| 2a. -B~ = | = cosnx{("Cy + "C, +... + "C,)-"C, - "C,} 
Jeae = cosnx {2" — 2} 


b? ae 
=o z A? + B’sin(2a -B) __...(ii) 2. E=(2" -2)cosnx 
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144. 


145. 


146. 


147. 


It is evident from the inequality that, 


{1 + sin2x — V1 —sin2x|s V2Vxe [0, 2x} 
|f1 + sin2x -— <i —sin2x|$./1+sin2x < V2 
Now, 


2cosx $|,/1 + sin2x — 4/1 —sin2x| holds for all x for which 
cosx $0. 


as 


<[% 3 3n | ' 
=> -,— (i) 
al es 
Now, if cos x > 0 
Then, 4cos’x $1+sin2x + 1 —sin2x - yl —sin?2x 
=> 2 + 2cos2x $2 —2| cosx| 
=> | cos2x | S$ — cos2x 
> cos2x $0 
nm 30 5m 71 fe 
= xe [x aul, [ ie 7x] ...(ii) 
lea laa] 
Hence, from Eqs. (i) and (ii) 
xe) =, 72 
44] 
; . 2 Or ae) 
The given equation can be rewritten as, x° —3 =3 sin| x ie | 


Here, right hand side can take only the values —3, 0, 3. 
Case I When x* -3 =-3 > x=0 


At x =0, 


sn{ x- 2] =-1, so x = Ois a solution. 
‘nr! 
Case H When x? -3=0>x=+ V3 


( 
Now atx=Jisn( x2) ]-09 28 
[ 6 
nr) | 
But atx =— 3, jin(x-2)|=—1, hence x=-3 is nota 


solution. 
Case III When x? -3=3=>x=+ v6 


i / 
But sin| + 6 = ©) et 9x=2 WG isnota soltion 
hn ANS AM 


Hence, the given equation has only two solutions x = 0 and V3. 


zr "C,a'b"~ "cos(rB -(n — r)A) 


rz0° 
= real part of x "Ca’b" een) 
re 
Now, zr Cay ee nen 
r=0 
= E "C(ae®)(be)'~" =(ae® + bey" 
r=0 
=(acosB + iasinB + bcosA — bisin A)" 
= {(acos B + bcosA) + i(asin B — bsin A)}" 
={C+i-of =C" 


Let 2° +1=0=92° =-1=(cos(2r + 1) + isin(2r + 1)r) 


{2+1), 


z=e\ 5 J) 


=> r=0,1,2,3,4 


148. 


=> Roots ofz* + 1=Oare e™/5, "5, o™ ei7R/5 Gi. Clearly 


4 i , 
7K/S i9K/5 and gone. elnls 


er age are pairwise conjugate. 


eS \(z ah e BRS\(z — ¢*5) 


=> 2°+1=(z—e™ iz —e® yz - 
3n : 
=> 2+¢1a(z+ vf? —2z cos ~ (2 —2z ots + ] (i) 


It is required factorisation of z° + 1. 


5 
Now, z S eciap apt eis ag »» (il) 
z+1 
=> l-z+z?-z +z 
/ Vv 
la — 2zcos~ + ie oP SGaeoa ee 1) 
5 OR Sg 
[using Eqs. (i) and (ii)} 
On dividing both side by z? 


¥.. 3 1 
z+—zj-|zt—]ti 
z z 


oe Tt 1 3% 
=} 2+ ——2cos— |] z + — —2cos— 
oz B) Zz > 
Let z =e 
2, 1 1 
=> z° + — =2c0s20,z + — =2cos8 
2 z 


( 4 3n 
= 2cos20 —2cos8+1=4 [cose - ao cos8 — 


Putting 8 = 0, we get 


ee bit cos - cos] 
a \ 5 5, 


1 
=> - =2sin? = oytek 
4 10 10 
ft 3x 1 
=> sin—-sin— =— 
10 10 4 
(xn 3n\ 
=> 4sin—- a aad 
10 ) 
. 1 414 
=> 4sin—-cos— =1 
10 5 
2n +1) 
Let 8 = cca) where n = 0, 1, 2, 3, 4, 5, 6. 


Then, 40 =(2n + 1)n -—30 


=> cos 4 8 =—cos30 

=> 2cos*2 8 —1=~(4co0s’@ — 3cos0) 

=> 2 (2cos’@ — 1)? ~1 =—4cos*@ + 3 cos@ 

=> 2(2x* -1)? -1=-4x° + 3x (put x = cos6] 
=> 8x‘ + 4x? ~8x? -3x+1=0 

=> 


(x + 1)(8x° — 4x? -— 4x + 1)=0 


The roots of this equation are, 


XK 71 on 11% 13% 
cos—, cos—, cos—, eOs cos—, cos——, a 
. The roots of 8x? — 4x? — 4x +1=0 
+14 3 51 ; 
are cos: cos—, oes (i) 


RR ___ “REE O_O ee | | 


149, 


150. 


Put x = L in Eq. (i) (i.e. y = sec), then 
y 


mn ‘3x Sn 
sec—, sec rk. sec — are the roots of the equation. 


7 
Site pie 
y y y 
=> y’ — 4y’ —4y +8=0 
nr 3 51 
> sec— + sec— + sec—— = 4 
7 7 7 


Again putting = = y in Eq. (i) 
x 


(i.e. y = sec’) 
oe ae 


a ay"? — 4y + y?? = 
yy - 4) = My - 
yy — 4)? = 16y - 2)? 
y? —24y’ + 80y —64=0 


wud dy 


Hence, the roots are 


23m 25% 


2% 
sec” —, sec’ —, sec” 
i 7 
Now, putting y = 1 + z, (Le. z = tan’6) 
We have, 
(1 +z)? -24(1 +z)? +801 +z) -64=0 
S z*—21z? +35z -7=0 
5% 
whose roots are tan? ™, ae tan? —. 
7 7 7 
We have, 2 (cosB — cosa) + cosa cosB = 1 


or 4(cosB — cosa.) + 2cosa cosh = 2 


=> 1 —cosa + cosf — cosa cosf 
=3 + 3cosa —3cosf — 3cosa cosh 
=> (1 — cosa) (1 + cosB) = (1 + cosa) (1 — cosB) 
x (1 — cosa) 2 3(1 — cosf) 
(1+ cs 1+ cosB 
=> tan? > = =3 tan’ B 


ae 
2 2 


Here, x? —2xsecO +1 =0has roots a, and B.. 
2secO + /4sec’6 -4 2sec6+2|tan6| 
QO, B, Se a ee ee 
2x1 2 
Since, Qe (_® -*) 
\ 6 12 
ie. .0€ IV quadrant = “600% 2000 
a, =sec@ — tan8 and, =sec 6 + tanO 
[as a, > B,] 


and x’ +2x tan@ ~1=0 has roots a, and, . 
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~2tan6 + V4tan70 +4 
2 


ie. a,, 8. = 

a, =—tanO +secO 
and Bp, =—tan® —secO [asa, >B,] 
Thus, a,+f, =~—2tan6 


13 
1 
151. Here, X= m (k-1)n|_. (x kr) 
#1 Site ae 
4 6 J \4 6) 


Converting into differences, by multiplying and dividing by 


..{ii) 


(x Ae) {E aoe tt e.sin(*} 


as | al 
13 u(t) {E+ -1)— At 


. »y Ml 
kal sin fin {® ry | er ps £lsin(% +42) 
6 | rir || 


13 r 
| 


. " : 
ek = + (k-1) =} cot fF +4) 
l \4 6 J 4  6)) 


wis! Jack (2) -cee (E+5)| 


+ J cot (s + x) — cot e 2s)| 
| \4 e ee | 
r)|| 


+...4' 


\ 
Babinski ps oot SE =e 48) 
=2(1-2+ V3) 
=2 (3 a 
152. f(cos 48) = ———— al) 
—sec’ 6 
At eos” => 2 cos?20-1=4 
3 3 
= cos?20 =: = cos20=+t 2 »»(ii) 
2-cos*@ 1+ cos 26 
8) = ——__- = —_—__ 
ficoet) 2cos°@-1  cos20 
= 7 (2) =1+ fp (from Eq. (ii)] 
3 V2 
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153. Given equations can be written as 
cos38 cos36 _ 0 


xsin38@ —-———_ - ——__ = 
y z 
in36 
xsin3@ _ 2cos36 _ ésin = 
y Zz 
and xsin30 ~ A eas Aeass0 +sin36) =0 
y z 


Eqs. (ii) and (iii), implies 
2sin38 = cos38+sin38 = sin38 =cos36 
tan38 =1 


154. For 0 <8<~ 


mn (, .(m-1)n) 
: inl +— (2 + Fi ] 


= > z = 4/2 
m=} sin” fin(04 =) (0+); 
4 J) 
6 cot(o+ D7) cor(o+ =) 7 
=> ee a ae Se 
> 1/2 
‘ ‘ 
moar) { mn 
=> cot|@+ —cot:8+—||=4 
3, [eo (oe SP) -n( 
f \ 4 \ 4 
=> cot(@)-cot[ 0+ |+ cot[0+= | cot 947) 
\ 4 4 4 
4 : , ‘ 
{ 5 | f 67 | 
+...4¢ cot! 6+ —i-cot!@+—j)j=4 
Cay rea) 
f 
=> tone xe =< 
M2 J 
=> cot@+ tan @ = 4 
= tan?@-4tanO0+1=0 ~ 
=> (tan @-2)?-3=0 
=  (tanO0—-2+ ¥3)(tan 0-2-3) =0 
= tan 0 =2-43 
or tan 0 =2+-3 
= gee gee fs @ [ 
12 12 
. 4 ‘ 
155. sin x es xii 
2 3 5 
sintx (1—sin?x)’ 1 
=> ——_—_ + ——__—_—_———- = - 
2 3 5 
sintx 1+sin‘x-2sin?x 1 
=> +. 
2 3 5 


156. 


157. 


158. 


=> Ssin' x—4sin?x+2=° 
= 25sin* x —20sin? x + 4 =0 
=> (Ssin? x —2)? =0 
= sin? x = 


WO min 


2 
cos” x =e tan? x =— 


sin® x n cosx. 1 


8 27.—«125 


( \ 
_As when 8 el 0, Ph < cot 6 
4 


Since, tan®@ <1 and cot @>1 

(tan 6)°® <1 and(cot 6)%"® >1 
*, ty >t, which only holds in (b). 
Therefore, (b) is the answer. 


Since, cos (a —B) =1 

=> a —B =2nn 

But —2n <a —-B <2n [as a, B €(—z, x)] 
a-Bp=0 

Given, cos (a + B) = - 


1 ee 
= cos2a =—- <1, which is true for four values of a. 
e 


[as -2n < 2a < 27] 


Given, 5 (tan? x — cos? x) =2cos2x +9 


ee 1+ cos2x 
=> 5 | qq“ - — 


=2cos2x +9 
1 + cos2x 2 


Put cos2x = y, we have 


s{ 222-222) -ay 4s 
l+y 2 


5(2-2y -1-y’ ~2y)=21 + y)(2y +9) 
51 — 4y — y”) = 2(2y + 9 + 2y” + 9y) 
5 —20y — Sy? =22y + 18 + 4y” 
Sy? + 42y + 13=0 
Oy? + 3y + 39y +13=0 
3y(3y + 1) + 133y + 1) =0 
By + 1)3y +13) =0 


Yuvud’yudsu d 


3 

1 13 
=> cos2x =—- *” COS2X # -2) 

3 3. 


2 
1 
Now, cosdx =2e0s"2x-1=2(- :] -1 


159, fi, (x)= ; (sin* x + cos* x), where x € Randk 21 


1 | ee 
= Fi (sin* x + cos‘ x) - ; (sin® x + cos® x) 
1 ey) 2 1 su) 2 
“70 — 2sin* x- cos* x) ~34 —3sin’ x - cos” x) 
a oe 
4 6 12 
160. Given expression is 
tan A cotA — sinA sin A 
1~cotA 1-tanA cosA sinA-cosA 
cos A cos A 
sinA cosA-sinA 
~ 1 sin? A — cos’ A | 


Now, f, (x) — fe (x) 


~ sin A—cos A cos AsinA | 


= sin? A + sin A cos A + cos’ A 
. sin A cos A 
_1+sin AcosA 

sin Acos A 


=1+sec A cosec A 


161. Given A APOR such that 


162. 


3sin P + 4cosQ=6 
4sinQ+3cos P=1 


i) 
..(ii) 
On squaring and adding Eqs. (i) and (ii) both sides we get 

(3 sin P + 4 cos Q)* + (4sin Q+3 cos P)’ =36 + 1 
= 9(sin? P + cos* P) + 16(sin? Q + cos” Q) 

+2x3x4(sin P cos Q + sin Q cos P) =37 
24[sin (P + Q)] =37 —25 
sin (P + Q) = ; 


=> 


= 


Since, Pand Q are angles of APQR, hence 0° < P,Q < 180°. 


=> P+Q=30° or 150° 
=> R=150° or 30° 
Hence, two cases arise here. 
Casel R=150° 
R=150° => P+Q=30° 
=> 0<P, Q<30° 
1 
=> sinh Sarco Ot 
: 3 
=> ie ca 
=> 


11 
SURE CORO Se 


= 3sin P + 4 cos Q = 6is not possible. 

Case II R =30° 

Hence, R =30° is the only possibility. 
A=sin’x + cos‘ x 


A=1-cos’?x+ cos! x 
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; a oe 
=cos x-cos x+-+-— 
4 4 
1\ 
= (cos*x-1] 
2, 4 


z 
4 


‘d 2 
where, 0 <! cos’ x — 1) S$ 
2) 


\ 


Sasi 
4 


163. 


4 
cos(a + B) = S = a+ Elst quadrant 
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(i) 


(ii) 


and sin(o.-B) = = = a-—f elst quadrant 
Now, 2a =(a+B)+(a—-B) 
Ce 
tan2cr = tanta +B)+ tan(a-B) 4 12 _ 56 
1-tan(a+B)tan(a-B) , 3.5 33 
4 12 
164. cos (B® —y) + cos (y—-@) + cos (a -B)=-= 


=> 2 [cos (B — y) + cos (y —-@) + cos (a -B)]+3=0 
= 2[cos(B — y) + cos (y —a) + cos (a —B)] 


+ sin? + cos’@ + sin?B + cos”B + sin?y 


+ cos? y =0 


= (sina + sinB + sin y)* + (cosa + cos B + cos y)* =0 
It is possible when, 

sina + sinB + siny =0 
and cosa + cosB + cosy =0 


Hence, both statements A and B are true. 


165. Area = . x Base x Altitude 


x cos 6 


x cos 8 


= = (2x cos 8) x(x sin 8) =ox? sin 26 


[since, maximum value of sin 26 is 1] 


1 
.. Maximum area 5 x? 


? 1 
166. Given, cos x+sinx=— 
x 
1- tan? — 2 tan — 
2 1 
+ ==5 
l+tan?~ 14tan?~ 2 
ba). 2 4 
Let nat ; hea 
2 1+t l+t 2 
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= a1—t?+2t)=14 0? = 3t?-4t-1=0 
7 =2tvt 


x Tn 
As O0<x<n => 0<-—-<— 


x. aus 
So, tan z is positive. 


ery ell 
2 3 
x 
2 tan — 
2t 
Now, tan x =——_2_ =" 
1-tan? ~ 1-t 


; SO 
ke J 
1-24) 

3 


=> tan x = 


- ran ee tT) , 1-2v7 
1+2¥7 9 1-2V7 


> anx=-( 


tat 


3 
Q 


167. Since, tan - and tan ou the roots of equation 


ax’ + bx +c=0 


tan = Pants 
2 
and tan tan 2 =£ 
2 2 a 
Also, Laem gees 
& @ 2-2 
ee P+Q_n R 
2 2 
- P+Q_ 4% 
2 4 


[- P+Q+R=n) 


PZRe . (given)] 


i » 
=> tan{£ +2) a1 
\2 2) 
ent Gee 
=> 2 =] 
(ee tae 
2 
_5 
=> al 
j=-— 
a 
=> Pe 
a a 
=> -b=a-—c 
=> czatb 
Alternate Solution 
Since, fis 
2 
T 
=> BY eS 
2 4 2 
tan = = tan (% - 8) 
4 2 
tan oti 
- 2 
1+ tan ™ tan 2 
=> ian dane en a 
2 2 2 
=> eh an 2 cena 
2 2 2 
=. Aa 
a a 
=> -b=a-c 
c=at+b 


[from Ec. (i)] 
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Session 1 


~ — = <r er ewer ten 68 eee 


Trigonometric Equations, Principal Solution 


and General Solution 


Trigonometric Equations 


The equations involving trigonometric functions of 
unknown angles are known as Trigonometric equations. 


e.g. cos 8 =0, cos’ 6 — 4cos 0 =1, 
sin? @ +sin@=2,cos’ 0 -4sin@=1 


A solution of a trigonometric equation is the value of the 
unknown angle that satisfies the equation. 


e.g. a ee ad 


J2 4 
mu 3m 9M 117 
or §=—, —, —, —.... 


Thus, the trigonometric equation may have infinite 


number of solutions and can be classified as 
(i) Principal solution (ii) General solution 


Principal Solution 


The solutions lying in the interval [0, 27] are called 
principal solutions. 


General Solution 


Since, trigonometric functions are periodic, a solution 
generalised by means of periodicity of the trigonometrical 
functions. The solution consisting of all possible solutions 
of a trigonometric equation is called its general solution. 
We use following results for solving the trigonometric 
equations. 
Result 1 sin6=0 6 =nm, néE I. 

We know that sin 6 =0 for all integral multiples of 7. 

sin8=0 = 0=0,+ 7, £27, +37, ... 


= O@=nt,neE! 
Thus, sin@=0 
— 6 =n, neé I. 


Result 2 cos8=0 <6 =(2n +1) one I. 


We know that cos 0 =0 for all odd multiples of ; 


orOspaget s25 a7... 
2 2 2 
Tt 
> a 
Thus, cos8=0 
e O=(2n+1)" nel 


Result 3 tan8 =0 <6 =nm, née I. 
We know that tan @ =0 for all integral multiple of 7. 
tan 6@'=0 8 =0, 2:1, £27, E35; <. 
=> 6=nn, nel 


Thus, tanB=0 © O=nn,nEe! 
Result 4sin8 =sina #6 =n 7 +(—-1)" a, where né J and 
nm 1 
ae}-—,— 
-F4 
We have, sin8=sin a, where a € - . 4 
Now, sin § -—sina=0 
-o \ 
© 2eos(° )sin( 9=8 1=0 
2 ) 
cr) cos(°* \=0 or sin 9-2) <0 
¥ 2 
rc BE) nici ® med 
2] 2 
f —— 
or [R52 )=mamer 
. 2 
<> (6 +a) =(2m +1)n,me I 
or (0 -a)=2mn,melI 
= 8=(2m+1)n-a,mel 
or 6 =(2m tm) +a,meE I 
o 6 =(any odd multiple of 1) -a« 
or 6 = (any even multiple of t) +a 
= 6=nn+(-1)" a, where ne I 
Thus, sin8 =sing 


= =n +(-1)"a, where ne Tandae| ~ 4] 


wla 


a a) ee | a! | U 
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Note sing =1 @ sind = sine @0= n+ (-1)" (i) sin’ @=sin’ a 
» 1-cos28_ 1-—cos 20 
=> 86=(4n+1)—, NEN. 1 ee 
2 2 2 
Result 5 cos8 =cosa @ 0 =2nn+a,neE I andae (0, 1} = + cos 28 =cos 20 
We have, = 26 =2nn +20,neE! 
cos 8 =cos @, where a € (0, 71] = 6=nnta,ne!l 
x 2 2 
Now, cos@-cosa=0 (ii) cos" 8 =cos" o 
f = 1+cos28 1+cos 2a 
= -2sin 25) sin) <0 ad Se 
\ q 2 2 
(0 +a" —(0-a S cos 20 =cos 2a 
aoa 9 )=0orsin| 9 Jr S 280 =2nn +20, ne I 
rene ime Se B=nnta,nel 
= =nTor =nn,nel (iii) tan? @ = tan? o 
2 2 
= 6+Q=2nn or8-a=2n7, ne! S 1-tan’ @ _1-tan' a 
—) 8 =2nn -—a or 8=2nn +a,neE I 1+tan’?9@ 1+tan’o 
eS 6=2nn ta,ne I {applying componendo and dividendo] 
Thus, cos8=cosa@ —) cos 20=cos 20 
Se 6=2nn +a, neé I, whereae (0, 7] —) 26=2nn t+2a,nel 
rc) B=nnrta,nel 
Note 
(i) cos8 = 1 > cos =cos0 = 8=2nnt0 > O=2nn Summary of Above Resuits 
(ii) cos@ = -1 > cos8 =cosn > G=2nntT1 1.sin0 =0: 26 =ne 


= 8 =(2nt1)n => O=(2n+ 1)n Ps 
(ili) sin@ = sina and cos =cosares si 229 2. cos 8 =0 > 0 =(2n +1) ma 


4. sin® =sina @0=nn +(-1)" a, whereaie|~ 


4] 


wfa 


Result 6 tan@ = tana 0 =nn +a, ne I where 


.cos8=cosa = 6=2nn +a, where a € (0, 7] 


.tan@=tana @68=nr +a, whereae(-2,) 
2 


R 
m 
| 
| 
wn 


nN 


We have, tan 6 = tana, where ae (- = *) 


7. sin? @=sin’ a, cos” @ =cos” a, tan’? @=tan? ae 


sin® sina 
——— B=nn ta 
cos8 cosa P 
© sin8 cosa —cos 9 sina =0 Sana Bere een 
omy sin(®@ —a) =0 
( ) 9. cos8=1>0=2nn 
— 86@-a=nn,nel 
10. cos 8 =-190 =(2n +1)2 
© Q=nn+a,nEel fo cad ae 4 
Thus: fail = tank 11. sin9@ =sin@ andcos9 =cosa@ @0=2nt +a 
Tu 1 
& @=nn +a where ae(-=,2) Note 
2 2 (i) In this chapter ‘n' is taken as an integer, if not stated 
otherwise. 


sD a aa a ee 
Result 7 sin” @=sin" a, cos” 8 =cos" a, tan” @ = tan’ a= (ii) The general solution should be given unless the solution is 
B=nrta required in a specified interval or range. 
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| Example 1. If sina, 1, cos 2a are in GP, then find the 
general solution for a. | 
Sol. Since, sin @, 1, cos 20 are in GP. 


1=sin @ cos 2a 


= 1=sin a(1—2sin’ a) 
= 2sin? a —sina +1=0 
= (sin & + 1)(2sin? «& —2sina + 1)=0 
=> sina +1=0 (as2sin*?@ -2sina +1+#0) 
sina =- 1 
: = 
=> sin @ = sin} -— — 
& 
tt 
= a=m+(-1"(-2}nez 
2) 
n+1{ 7 
= a=nn +(- 1) (E}nez 


1 
[| Example 2. if 5 on 8, cos 6 and tan@ are in GP, then 


find the general solution for 0. 
Sol. Since, ~sin 6, cos 0, tan @ are in GP. 
cos’ @ =< sin@ -tan 8 
=> 6cos>@+cos*6-1=0 
Note that cos @ = ; satisfies the equation (by trial), 


(2 cos @ — 1)(3 cos? 6 +2 cos 8 + 1)=0 


=> cos § = ; (other values of cos 6 are imaginary) 
= cos @ = cos =’ 
3 
1 
=> @=2nn + 3° neZ 


[| Example 3. Solve sin? 8 —cos 6 =; for 8 and write 


the values of 6 in the interval 0< 6 <2n. 
Sol. The given equation can be written as; 


bungee Oct 2 
4 
2 3 
=> cos greene = 
=> 4 cos? 0 +4cos8-3=0 
=> (2 cos @ — 1)(2 cos 8 +3) =0 
= SeGecdns 
2 2 


3. , 
Since, cos 9 = — 5 is not possible as;- 1 cos 8 $1 


cos pet 
2 
=> cos 8 = cos ; 
=> Q=2nnt™ 
3 
For the given interval, n = Qandn =1. 
Tu 57 
=> =—,— 
3 3 


| Example 4. Solve cos 6 + cos 30 + cos 58 + cos 78 =0. 


Sol. We have, 
cos 8 + cos 38 + cos 50 + cos 78 =0 
= (cos 6 + cos 76) +(cos 30 + cos 50) =0 
=> 2cos 40-cos 30 +2cos 40-cos@=0 


=> cos 48 (cos 30 + cos 8) =0 
=> cos 46 (2 cos 28 cos 8) =0 
Either cos 6=0 

= @=(2n +1) > 

Tt 
or ene Se CSC 

Te 
or a ia 


T ie IG Tt 
6 =(2n + 1)—,(2n + 1) —, (2n + 1) — 
(2n ae ygolen i 


| Example 5. Find the number of solutions for, 


sin 56 -cos 36 =sin 96 - cos 76 in fos 


Sol. Here, 2sin 50 - cos 30 =2sin 90 - cos 70 
——" sin 88 + sin 20 = sin 160 + sin 20 


= sin 86 = sin 168 or sin 160 = sin 80 
168 = ni + (— 1)" 88 (i) 
when n is even Eq. (i) becomes; 
80 =nn => 0 = ... (i) 
when n is odd Eq. (i) becomes; 
240 =nn => 9= «+ (iii) 
24 


..For the given interval E 4 Eq. (ii) and (iii) gives the 


solution as, 


4’2 24.8 2424 8 24 
.. Number of solutions is 9. 


sINX+/COSX . 


| Example 6. Solve , i=./-1 when it is 


purely imaginary. 
Sol. Here, sin x+icos x _ (1 ~ i)(sin x + i cos x) 
1+i (1-i)(1 + i) 
gfe coset Uns ee) 
- 2 
which will be purely imaginary, if 
sin x + cos x =0 


Tt 
= tan x= -1=tan(-*] 
4 
ae 
= x=nt—- 7 is the general solution. 


| Example 7. Find the general solutions of 


2 3 ; 
3! +| cos x |+| cos x| +| cos x |° +... toe mit 


2 3 
Sol. g} + | cos x | +| cos x | +| cos x | +... too 


1 2 ] 
— —_—_—— = Ss 
gi =| cos x | 1-| cos x | 
1 ] 
=> | cos x | == => cosx =+- 
2 2 
Tl 
x= tmnt © am 2 n— 2) 
3 3 
T T 
= 2nn + —,(2nt1)nF— 
3 3 
n 
=> ES 


[ Example 8. If x z = and (cos x)s™ *~38inx+2 4 
then find the general solutions of x. 


nt 
Re => cosx¥0,1,-1 


So (cos xin’ x~3sin x+224 

=> sin’ x—3sinx +2=0 
(sin x — 2)(sin x -1) =0 

=> sin x= 1,2 


where, sin x = 2is not possible and sin x= 1 does not satisfy 
the equation. 


.. No general solution is possible. 


some Important Results 


1, While solving a trigonometric equation, squaring the 
equation at any step should be avoided.as far as 
possible. If squaring is necessary, check the solution 
for extraneous values. 
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2. Never cancel terms containing unknown terms on the 
two sides, which are in product. It may cause loss of 
the genuine solution. 


3. The answer should not contain such values of angles 
which make any of the terms undefined or infinite. 


4. Domain should not change. If it changes, necessary 
corrections must be made. 


5. Check that denominator is not zero at any stage while 
solving equations. 


| Example 9. Find the set of values of x for which 
tan 3x—tan2x _ 
1+ tan3x-tan2x 


tan 3x — tan 2x 


Sol. We have, =1 = tan(3x -2x)=1 


1+ tan 3x: tan 2x 


Tl 
=> tanx=1 => reer. 


Tt 
= Can (using tan @ = tana @0=nn+a] 


But for this value of x, 


Tt 
tan 2x = tan big + *) = oo, which does not satisfy the 


\ 


given equation as it reduces to indeterminate form. 
Hence, the solution set for x is 9. 


sin x 
| Example 10. Solve sin x =0 and 


xX 3X 
cos — cos — 
2 2 


and show their solutions are different. 
Sol. We have, sin x=0 => x =nm, 


ie. x=0, 1, 2M, 31, ... (i) 
Where as, 
aialled Lh witiecenie a Qandees = Xe 
x 2 2 
cos — cos — 
2 2 
x 1 3n 52 3x nt 3n 5x 
ie —#—-—,—,—,.. and —F#-,—,—,... 
2 2 2°2 oo 2 2 
tT 51 
i.e x #1, 37, 5x, ...and—, 7, 3" bes (ii) 
But = =0 =>: sinx=0 
x 3x 
cos — cos — 
2 2 
=> x =, 2m, 3m, 47, ... ...(iii) 


From Eqs. (ii) and (iii), 

x =2n, 47, 67, ... 
From Egs. (i) and (iv); 
The two equations are not equivalent. Since, some solutions 
of the first do not satisfy the second equation. 


...{iv) 
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| Example 11. Find number of solutions of 
tan x+ sec x=2Cos x in [0, 277]. 


Sol. Here, tan x +secx =2cosx = sinx +1=2cos’ x 


= 2sin?x+sinx-1=0 = sinx=5,-1 


an. , 
But sinx=--1 > x= = which does not satisfy 


tan x + sec x=2 Cos x. 


Thus, mt 51 


Siegel gent 
2 6 6 


Number of solutions of tan x + sec x =2 cos x is 2. 


l Example 12. Solve sec x -1= (J2 —1) tan x. 
Sol. We have, sec x — 1 =(J2 -1)tan x 
=> 1- cos x =(V2 -1)sin x 


=> 2sin? ~ -(V2 -1)-2sin ~ cos ~ =0 
2 2 2 


=> asin ~ sin ~ -(/2 - 1) cos ~ =0 
ae 2 
=> sin = sin = - (V2 -1) cos = =0 
2 2 2 
=> sin ~ =0 or tan ~ =(/2 -1)= tan = 
2 2 8 
x x 18 
=> —=ntor—=nnt + — 
2 2 8 
x = 2nn, 2nn + = 
4 
Note 


6 #(2n+ oF otherwise the equation will be meaningless. 


I Example 13. Solve tan@ + tan 26 + tan@ - tan 26 =1. 


Sol. We can re-write the given equation as; 


tan 8 + tan 20 = 1-— tan @- tan 20 
tan 8 + tan 20 


em 1 = ten W=1=tan= 
1 — tan 8 tan 20 4 


| Example 14. Find the number of solutions of 
| cos x |=sin x, O<x<4n. 


. Sol. Case I If cos x 20, ie. x€ c ai 


n| [3x 5x] [72 
LPt ane], 
: E | E | 
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then, cos x =sin x. 


= tanx=1o5x=nnt+—=—-,—,—, 
4 44 4 4 
nm OT 
*. If cos x 2 0, the possible values of x are = 


nm 7% \ 
Case II If cos x <0,ie.x€ (=. *) U (=. i, then 


2 2 
—cos x =sin x 
Tm 32 om 11m 157 
=> tan x =—-153%*% =n --— = —,, —, > 
4 4°4 4 4 
3m 11% 


. If cos x < 0, the possible values of x are Car te 


Thus, the possible number of solutions are 4. 


| Example 15. Solve cot @ = sin 26 by substituting 


tan6 


sin 26 = Pe and again by substituting 


sin 29 =2sin@-cos 8 and check whether the two 
answer are Same or not. 


Sol. Method I 
Put sin 29 = tan _ 
1+ tan“ 8 
cot @= sin 26 = cot @ = ano 
1+ tan‘ 6 
1 2 tan 8 
= ——_ = 
tan@ 1+tan’0 
= 2 tan? @=1+ tan’ 0 
=> tan? @ = 1=> tan? @ =(1)* = tan’ 7 
= O=nn+— (i) 
4 
Method II Putsin 20 =2sin 6 cos 8 
. cot 6 = sin 20 
=> SSF 2956 e080 
sin 8 
= cos 8 =2sin’ @ cos 6 
=> cos @(1—-2sin’ 6)=0 
ae eee i 
= cor @ =0orsin’é = 2 =(-) = sin? — 
2 \J2 4 
- @=(2n+1)~or8 = nn wii) 


From Eqs. (i) and (ii), it is clear, first method gives less 
number of roots then the second method. 


Note As far as possible, avoid the use of following 


formulae 
: 2 tan x 1-tan’ x 
Sin 24 cos a+ 
1+ tan” x 1+tan~ x 
3 
2 tan x 3 ta ~tan x 
tan 2x = ————-— and tan 3x =-—* 
1-— tan” x 1-3tan” x 


As these formulae are not defined for some real values of x. 
Hence, in many cases the solution obtained with use of 
these formulae may not be the complete solutions set of the 
given equation. 
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Exercise for Session I 


= 


. Solve sin5x =cos 2x. 


2. Find the number of values of x in [0,57] satisfying the equation 3cos* x -10cos x +7=0. 


oe ,N EN, then find the greatest value 


3. If2tan? x -5secx is equal to 1 for exactly 7 distinct values of x e| 


of n. 


Find the general solution of equation sec x = /2 (1- tan? x). 
Solve 7 cos? 6+ 3sin? 6=4. 
Find the general solution of the equation tan* «+23 tana=1 


Find the number of solutions of sin? x —sinx -1=0. 


So NO QO 


Find the general values of @ satisfying tan 8+ tan (= + e =2. 
\ 


9. Find the general solution of sin x + sin5x =sin2x + sin4x. 


10. Solve cos @cos 20cos 30= ; 


11. Solve 2cot2x -3cot3x =tan2x. 
12. Find the roots of the equation cot x —cos x = 1~cot x cos x. 


» 


( 
13. {f the equation x? +.4x sin 6+ tan@=0 { 0<0< 4 has repeated roots, then find the value of @. 


14. Find the number of solutions of the equation 2sin® x + 6sin? x —sin x -3 =0 in (0,2z). 


15. Find the number of roots of the equation 16sec® 6-12 tan? 6-4 sec @=9 in interval (- 2,7). 


Session 2 


20 Oe ET Pe ea RS Co eS OW aE OT OS Teen AAT OT aa Pe a) ST es a SS 


Equation of the Form acos 6 + )sin@=cand 
Some Particular Equations 


cos(6 — ) of as cos(@ — 9) = ——_— 
e a’ +b" 


Equation of the Form 
acos0+bsinO=c 


To solve the equation acos@ + bcos@=c, puta=rcosd —If|c |> a + b*, then the equation a cos 0 + b sin @ =c has 
and b=rsin @, where 
no solution. 


10 
Lapel gop a 1 
r=Ja°+b° andg=tan = — a 
a If|c|< a” +b”, then put ——— =cos@Q, so that 


tA 

le 
Substituting these values in the equation, we get, a’ +b" 
rcos dcos8+rsin dsin6 =c cos(8 — 6) =cos a 
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=> (8-6) =2nn ta 
=> @=2nn+ta+0, wherene I 
Working Rule 


Step I Check whether |c|< Va? +b? or not. If it is 
satisfied, no real solution exists. 
Step II If the above condition is satisfied, divide both 
; bz aig 
sides of the equation by ya“ + 5°. 


| Example 16. Prove that the equation 
pcos x ~qsin x =r admits solution for x only if 
aalpe hg <r<yp?+q’. 

Sol. Here, 


pcosx-—qsinx=r 


On dividing both sides by J p? + q’, we get 


Fa cos x - ——L— sin x = ...(i) 
vp" +4 Vp? +q Vp? +q 
Put, 2 = sin $ in Eq. (i), we get 


ee ee 
Vp? +7 aan Vp? +? 


cos @ cos x — sin @sin x = 
p +q° 

> cos (x + 6) = = 
p+? 

As we know, —1S cos(x +) 1 


.. The above a: posses solution only if, 


—13 eee cre ae <1 or -yp" +q 4 rel pe +q° 


| Example 17. Solve sin x+ V3 cos x =~2. 


Sol. Given, ¥3 cos x +sin x =/2, dividing both sides by 
fa? +b = \(v3y +1? =2, we get 


J2 1 
=> — cos x +~sin x = — =—= 
2 V2 
T 1 
=> cos| x -—|=cos| — 
( 4 ( 
4 1 
=> x-—=2nrt — 
6 4 
1 
=> x=2nnt—+— 
= pees onn— —~, where ne I 
12 12 


| Example 18. Find the number of distinct solutions of 
sec x + tan x = J3, where O< x < 3m. 


Sol. Here, we have sec x + tan x= V3 


= 1+sin x = V3 cos x 
or V3 cos x -sin x =1 
On dividing both sides by ja” +b’ ie. V4 =2, we get 
V3 fo" 1 
= — cos x --sinx=- 
2 2 Z 
1 
=> cos — cos x —sin —sin x = 5 
4 Tt 
=> cos («+2 = cos () 
=> x+-2=2nn+= 
3 
518 
or <=onn +2. on == 
6 2 


Tt : 
Now, when x = 2nt + . there are solution for n = 0, 1 and 


T ‘ 
when x = 2nm — a there are solution for n = 1. 
Thus, total number of solutions are 3. 


| Example 19. Prove that the equation 
k cos x — 3sin x=k+1is solvable only if k € (— =, 4]. 
Sol. Here, 
k cos x - : sin x =k +1, se be re-written as; 


=== cos x - sin x = care 
i +9 cee 249 
k+1 
or cos(x + o)= 
yk? +9 
2 . k+1 
which posses solution only if, — 1< $1 
yk? +9 
i.e. ea <1 
yk? +9 
ie. (k+1) sk? +9 
i.e. k? +2k+1Sk? +9 
or ks<4 


Thus, the interval in which, k cos x — 3 sin x = k + 1 admits 
solution for k is (— ©, 4]. 
4 


| Example 20. Let [.] denotes the greatest integer less 
than or equal to x and f(x) =sin x+cos x. Then, find 


the most general solution of f(x) = fi (=| 


Sol. Here, 
2] =sin 18° + cos 18° = V2 [sin (45° + 18°)] =-2 sin 63°. 


As sin 63° > sin 45° = 7 and sin 63° <1 
2 
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tis wees) Tt : 
1<fi—|<72 = —|/=1 > Q=nn+— ..(i) 

f (5) ) (i) . 

So, the equation is sin x + cos x = 1. or tan@=- 3 =tan( =) 
3 
1 Tt 1 

cos(x-=)=—orx—Sa ams ® - 

4 v2 4 4 => eT ...(ii) 


+14 
=> X= 2nt + —, nn Tl Tt 
2 ia aa ade 


[Example 21. Find the number of solutions of 


cos x=|1+sinx|,0<x<3n 
Sol. As we know, 1+sin x 20, for all x 


| Example 23. Solve the equation 
Ssin? x -7sin xcos X+ 16C0S* x =4. 


Sol. To solve this equation, we use the fundamental 


So, cos x =1+sin x, forallx = cosx-sinx=1 trigonometric identity, sin? x + cos? x =1 


On dividing both sides by al a’ +b’ ie. by 2, we get Given equation can be written as 
1 Ds 1 4(sin? x + cos” x) +sin? x-7sin x cos x +12cos? x = 4 
—= COs X —-—= SIN X= —= 
v2 v2 v2 = sin? x-—7sin x cos x + 12 cos’ x =0 
T ae : 
=> cos 7 cos x — sin “sin x = cos 7 On dividing by cos’ x both sides, we get 


tan? x -7 tanx +12=0 


(= Tt Tt Tt 
=> cosi'x+—|=cos— => x+—=2nnt— 
4 4 4 4 


\ 


Now, it can be factorised as; 
(tan x — 3)(tan x - 4)=0 


> x =2nm, 2nn- uss where 0S x $3” 
2 tan x =3,4 
: = -1 
=> x =0, ell 2m are the only solution. ane an a ena) 
2 or tan x= tan (tan™! 4) 
Thus, number of solutions are 3. a 
=> x=nmm+tan 3 
or x=nm+tan™'4 


Some Particular Equations 
Equation of the Form 


a, sin" x +a, sin" x cos x +a, sin" ~* x 


Equation of the Form 


R (sin kx, cos nx, tan mx, cot Lx) =0, 
where R is a rational function of the indicated arguments 


cos’ x +...+ a, cos" x =0, and k, I,m, n are natural numbers, can be reduced to a 
where @p, @;,...,@, are real number and the sum of the rational equation with respect to the arguments sin x, 
exponents of sin x and cos x in each term is equal ton, are _cos x, tan x and cot x by means of the formulae for 
_ Said to be homogeneous with respect to sin x and cos x. trigonometric functions of the sum of angles (in particular, 
For cos x #0, above equation can be written as, the formulas for double and triple angle) and then reduce 


a, tan" x +a, tan"! x +...4a, =0 the obtained equation to a rational equation with respect 


to the unknown, f= tan = by means of following 
| Example 22. Solve 3cos?@ -2V3 2 


sin@ cos8 - 3sin? 6 =0. formulae; 

x 2x 

Sol. The given equation can be written as: 2 tan * 1— tan a 
3tan?6 +23 tan@-3=0 ma aa ; re 
2436 1+tan” — 1+tan’ — 

—2V3 + J12+36 

=> tan9 Ns late tf 2 2 

: 
1 ~ 2 tan ~ 1-tan? — 

Either, ae Lars tan x ——. SS ,cot x= 2 

1- tan 2 tan — 


N 
bo] & 
x 
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| Example 24. Solve the a Equation of the Form 
(cos x —sin x)| 2tanx+ |+2=0 R (sin x +cos x, sin x -cos x) =0, 
' COS X , , : : 
\ 7 where R is a rational function of the arguments in 
Sol. Using above formulae, we get brackets. To solve such equations, put sin x +cos x =t...{i) 
| 1 — tan? : Stans | Aan | Sean? ;| and use the following identity 
ae ee mal apo (sin x +cos x)” =sin’ x +cos” x +2sin x cos x 
[1+ tan? 2 1+ tan = = 1-tan 4 
2 2 Jl 2 =1+2sin x cos x 
eg? op AE ae ae 2-1 
| Oe kee ee Pee => sin x cos x = (ii) 
bee? oer fla-t? 1-t 
(Taking tan Se . t) Taking (i) and (ii) into account, we can reduce given 
2 equation into; 
ar" +6" +81" -2t-3 H #2 ~1) 
(t? +1)(1-t7) f Jr 
] 1 
Its roots are t; = —= andt, =- aa Similarly, by the substitution (sin x —cos x) =t, we can 
v3 3 
reduce the equation of the form; 
Thus, the solution of the equation reduces to that of two ‘ ; 
: R(sin x —cos x,sin x cos x) =0 
elementary euqations, / 5 
1—t 
x 1 x 14 ‘on: = 
ee ee ee ee cL! to.an equation; RI t ; =0 
V3 2 6 K y 
uw. F . : 
=> x =2nn + —, is required solution. | Example 26. Solve the equation 
: sin x +cos x — 22 sin x cos x=0 
j Example 25. Solve the equation Sol. Let (sin x + cos x)= t and using the equation 
sin x+cos™ x =~ cos! 2x P-1 
~ 16 sin x + cos x = , We get 
Sol. Using half-angle formulae, we can represent the given -(72-4 
equation in the form; t — 2v2 =0 
(1=- cos 2x) (? +cos2x\" _ 29 seth ; fs 
= : 1 ; F 
Put cos 2x =, ; ; The numbers t, =/2, t, =-—~ are roots of this quadratic 
(ety fie _29 4 V2 
( 2 2 16 equation. 
= 24t4 —-10t7 -1=0 Thus, the solution of the given equation reduces to the 
1 solution of two trigonometric equations 
whose only real root is, t? = -. ' 
2 sin x + cos x = 2 and sin x + cosx=——L 
2 
eos? Pee 54 heoe asd 1 1 1 4 1 
2 ic fo ee and fo a es 
Tt 2 2 
=> cos 4x =0=> 4x =(2n +1)— . 
2 oe sin x- cos ~ + sin = cos x =1 474 sin x cos ~ + sin = cos x =-- 
nm 7 I 4 4 4 4 2 
=> x=—+—,neé ¢ \ 
4 8 sin{x+ =I and sin(x+ B)=— 2 
4 4 2 
Note = x4 Zecane1)% and r+ Zemect (-4] 
Some trigonometric equations can sometimes be simplified 4 2 4 6 
by lowering their degrees. If the exponent of the sines and oe and =nn+ (-19! 2-(2 
cosines occurring into an equation are even, the lowering of 4 x=nm + (—1) ag 


the degree can be done by half angle formulas as in above 
example. 


——— hs a | 
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Exercise for Session 2 


. Solve the equation sin x + cos x =1 
. Solve /3 cos 0-3sin 0 = 4sin26cos 30. 


. Solve cot @+ cosec @= V3. 


. Find the general solution of (V3 -1)sin 6+ (v3 + 1)cos @=2. 


1 
2 
3 
4. Solve ¥2sec@+ tan@=1 
5 
6 


. Find the number of integral values of k for which equation 7 cos x + 5sin x =2k + thas at least one solution. 


[Hint : acos 6+ b sin @=c has solution only when {|< ja? + 57}. 


7. Solve 2sin? x —5sin x cos x -8cos* x =-2. 


8. Solve the equation (1- tan 6)(1+ sin26)=1+ tan @. 


Session 3 


CR CENSUS OPT RE MES EPS ES Re STP NS TERI OOS 


2+ eevee 


et ee a ee ee] 


Solution of Simultaneous Trigonometric Equations 
and Problems Based on Extreme Values of 


sin X and cos x 


Solution of Simultaneous 
Trigonometric Equations 


Here, we discuss problems related to the solution of two 
equations satisfied simultaneously. 


We may divide the problem into two categories : 


(i) Two equations in one ‘unknown’ satisfied 
simultaneously. 


(ii) Two equations in two ‘unknowns’ satisfied 
simultaneously. 


| Example 27. Find the most general values of @ which 
, 1 1 
satisfies the equations sin@ =—— and tan6@ = —=. 
q 5 i 


Sol. First, find the values of 6 lying between 0 and 27 and 
satisfying the two given equations separately. Select the 
value of 6 which satisfies both the equations, then gener- 
alise it. 

7m =< 


Moroes eet ay 
2 6 6 


mn 7 
tan8 =——=> 6 = = or — [value between 0 and 27] 


Common value of 8 = x 


7] 
The required solution is,@ = 2nn + = 


| Example 28. if tan(A—8)=1 and sec ee ee 


13 


then find the smallest positive values of A and B and 
their most general values. 
Sol. For the smallest positive values, find A + Band A -B 

between 0 and 27 from the given equations. 
Since, A and Bare positive angles, A + B > A — B. Solve the 
two to get A and B. 
For the most general values, find the general values of 
A — Band A + Bby solving the given equations separately. 
Solve two to get A and B 


tm Su 
tan(A - B)=1>A- air (i) 
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z nm 11% 
Also, sec(A+B)=—==>A + B= —or — 
V3 6 6 


Since, A+B>A-B, 
Ape 
6 
On solving Eqs. (i) and (ii), we get 
_ 25m 19" 
24 24 
or A= am ~ x 
24 24 


Solve for the most general values 
tan(A - B)=1 => A-B=nm+" 


V3 
sec(A piped eaees (A +B) = — 
v3 2 


= A+B=2mn + 


On solving Eqs. (iii) and (iv), we get, 


A=Z\om+nyns te 
2) 4° 6 


ii) 


(iii) 


...(iv) 


_! (2m —n)n-~% 4% where m,n eé I 
2| 4° 6 


| Example 29. Solve the system of equations 
sin x 
X+y= an and —— =2 
= sin y 


Sol. Let us reduce the second equation of the system to the 
form, 


sin x =2sin y 


; on , __ ( 20 
USB a We eG rahe 2a rhe 


\ 


mE a 
= —-cos x ¢-—:sin x 
2 2 


sin x=V3 cos x +sin x 


, (3 2m 2m Ss 
= sin x=2 To ee ee 


= 
=> cos x=0 
Tl 
> x =(2n +1)— 
2 
Tt 
=> x=—t+nm 
2 


2 
Substituting in x + y= > we get 
se 
6 


x=2+nm,y= 7 — nm, wherene I 
2 


(i) 


| Example 30. If r>0,-2<0 <7 andr, 6 satisfy 
rsin@ =3 andr =4 (1+sin6), then find the possible 
solutions of the pair (r, 8). 

Sol. Here, r=4(1+sin 9) andrsin 8 =3 


a. 
On eliminating 8 from above equations; r = 4 [i + ;) 
‘ 


=> r? —4r-12=0 
=> (r —6)(r +2)=0 
> r=6orr=-2 


3 
r sin @ = 39 sin @ == orsin@ = ~ = 


3 : ™ 5ST 
Neglecting sin 8 = — -, we get 6 = —, — 
Boone 2 CE 6 6 


(r,8) = ( =) and (6 ==) are the required pairs. 


Problems Based on Extreme 
Values of sin x and cos xX 


Mes 1 
| Example 31. Solve 2cos? 5 sin’ X=x?+ 


> 
O<xs 
2 


Sol. In this problem, terms on the two sides of the equation are 
different in nature. 


LHS is in trigonometric form, whereas RHS is in algebraic 
form. Hence, we will used inequality method. 


Here, LHS =2 cos? - -sin? x 


=(1+ cos x)sin? x <2 
[1+ cos x <2sin? x $1] 
and RHS=x? + a 22 [.. A.M. 2 GM] 
x 

Hence, LHS is never equal to RHS 

.. The given equation has no solution. 
| Example 32. Solve sin® x =1+cos" 3x. 
Sol. LHS = sin® x <1 

RHS = 1+ cos‘ 3x 21 


Hence, sin® x = 1+ cos‘ 3x is possible only when. 
LHS = RHS = 1 


= sin’ x =1 and 1+ cos’3x =1 
=> sin? x =1 and cos‘3x =0 
=> cos’ x =0 and cos3x =0 
=> cos x=0 and cos3x =0 


pe 8 


“> x=(2m+ yess 
. 2 
Tt 
and 3x =(2n + oe, where m,neé I 
™ 
=> x=(m +1) and ee nA) 
where m,né I 
=> x =(2m + 17 
and x =(2n + = 


t : 
Common values of x is (2n + 1) where n € I. The required 
solution, 


x=(n+i) nel 


| Example 33. Solve sin’ x =1+ tan® x. 
Sol. LHS = sin‘ x <1 
RHS =1+ tan® x21 
=> LHS = RHS only when 
sin‘ x = 1and1+ tan® x=1 
= sin’? x =1andtan® x =0 


which in never possible, since sin x and tan x vanish 
simultaneously. 


Therefore, the given equation has no solution. 


I Example 34. Solve sin? x+cos? y =2sec? z. 
Sol. LHS = sin? x + cos? y <2 
RHS = 2sec? z 22 
Hence LHS = RHS only when, 
sin? x = 1, cos” y = 1and sec? ra | 
= cos” x =0, sin? y=Oand cos” z=1 
=> cos x =0,sin y =0,sin z =0 
=> x=(m+1)y=mmz= tn, 


where mm, n, t are integer. 


| Example 35. Solve the equation 
(sin x+cos x)'*5"** =2 when-m<xSn. 


Sol, We know, ~ Ja? +b? Sasin0+bcos@ <a’ +b* and 
-1Ssin8 <1. 
(sin x + cos x) admits the maximum value as V2 and 
minimum value as V2, 
(1 +sin 2x) admits the maximum value as 2. Also, 
(+2)? =2 
.. The equation could hold only when, 
sin x + cos x = +V2 and1+sin 2x =2 
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Now, sin x +cos x = V2 


> cos E ~ n) =1 
4) 
=> x =2nt + ie 
4 
and sin x + cos x = —V2 
as = zm) =-1 
k ) 
x =(2nti)n+ : 
and 1+sin 2x =2 
; -. 
=> sin 2x = 1=sin 5 
=> 2x = nm +(-1)" 7 
nt at 
=> =— +(-1)' — 
2 Cy) 4 
The value in [— 1, 1} satisfying Eqs. (i), (ii) and (iii) is 
eo Shenae = 0, -1). 
4 4 
| Example 36. Find the most general solutions for 
gsin X 4 9COSX _ 2! -V2 
Sol. As we know, AM 2 GM 
gsin x + ges x 


; > 2" x. goes x 
Now, Eq. (i) admits minimum value when 


sin x + cos x is(— 72) 


{using — \@ +b? Sacos x +bsin x < ya? +b? + b*} 
gsin x $255* >2- V7 afd 
v2 


or genx 42% 59.9 2 
1 


1 
oF gst x 4 9608 > 9 V2 


Thus, the equation holds only when, 
sinx + cos x = —V2 


tt \ 
=> ot ee. er 

4) 

tr 
= x-—=2nnin 

4 

T 

> si a Lr 


| Example 37. Solve | V3 cos x—sin x| 2 2 for 


x € (0, 47]. 
Sol. We know, | V3 cos x -sin x |< 3+1=2 


and | V3 cos x sin x |22(given) 


141 


..{ii) 


...(iii) 


wi) 
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Thus, from Egg. (i) and (ii), we must have 


| v3 cos x-sin x |=2 


=1 


1 
> ee 


=1 


cos — cos x aig —-sin x 
6 


= ree - = 0,27, 47, ... OF 1, 37, 57, .. 
Tt 
= gad uot LL for x € [0, 41] 
6 6 6 6 


6 6 6 6 J 


| Example 38. Show that the equation, 


sin x = {1+ sin x}+[1-—cos x] has no solution for x ER. 


(where [.] represents greatest integers function). 
Sol As we know that the period of sin x is 21, we need to 

check the solution for x € [0, 27]. 
Let us first check at those points on which sin x and cos x 
are integer and then for the values as between them. 
CaselI (a) Atx=0 

[1+sin x] =1and[1-cosx]=0 

sin x =1+0=1orsin0 =1(as x =0) 
=> 0=1 (absurd) 


(b) Atx=— 


{1+ sin x] =2and[1~ cos x]=1 
sin x = 2+1=3 (absurd) 
(c) Atx=7 
{1 +sin x]=1and[1—- cos x}=2 
sin x = 1+2=3 (absurd) 
(@) Atx=22, 
2 
[1 +sin x]=Oand[1— cos x]=1 


sin x =0+1 or sin = a(as x = 2) 
a 


= — 1=1 (absurd) 
(e) Atx =2n; 
[1 + sin x]=1and[1—- cos x]=0 
sin x =1+0 
or sap ce 
=> 0 = 1 (absurd) 


Atx= loz, TL, on an} 
(ie ate: 
we do not have any solution. 
Now, to check for the values lying between them. 


Case II (a) When xé€ (o, n) 
\ 


2) 
{1+sin x]=1,[1~ cos x]=0 
= sin x =1+0 


But since x € (o, eI sin x #1 


\ 


\ 


{ 
sin x = 1is absurd when x €! 0, 4 


\ 
(b) When x € (=. x) 


[1 +sin x]=1,[1-— cos x]=1 

=> sin x =1+1=2 (absurd) 

37 \ 

(c) When xe, 2%) 
\. 22 

(1+sin x]=0,[1-cos x]=1> 

sin x =0+1=1 
( 310 \ 

Bubs [a — !in whichsin x #1 


2) 


*, sin x = 1is absurd, when x € [x = 
f \ 
(d) When x €| St on 
\2 } 


{1+sin x]=0,[1— cos x] =0 
sin x =0+0=0 


\ 


But sin x #0 when x€ (3% 2m | 

L200) 

Thus, the given equation does not posses any solution for 

x€[0,2n]orin general, sin x =[1+sin x]+ [1 -— cos x] 
does not posses any solution for x € R. 
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Exercise for Session 3 


1. Find the general values of @ which satisfies the equations tan @=-1and cos e=—.. 


v2 
2. Find the most general solution of cosec x = -2 and cot x = 73. 
3. Find the common roots of the equations 2sin? x + sin® 2x =2 and sin 2x + cos 2x =tan x. 
‘ . . : 1 
4. Solve the equations, V3 sin2A =sin2B and V3 sin? A+ sin’ B = 3 (v3 -1). 
5. Find the number of solutions of sin? x cos? x =1+ cos? x sin‘ x in the interval (0, x]. 
6. Solve: 1+ sin x sin? , =0. 
7. Solve: cos™ x -sin® x =1 


8. Find the number of real solutions of the equation (cos x )° + (sin x)* =1in the interval [0,27] 


9. Find the number of solutions of the equation 


44 ox = [pin x] 1 + SOSA for x € (0,52) 
1+sin* x 


. 


10. Find the number of solutions as ordered pair (x, y) of the equation 28% * + 2°°Y -2cos? x(1-cos?2y)in 
[0,27} 


Session 4 


OR Ee SEE ETT ES 4 Nw a a es Re Te OT EL, SRE NE OS EB eee 


Trigonometric Inequality 


Trigonometric Inequality {| Example 39. Find the solution set of inequality 


An inequality involving trigonometric function ofan. sin xX >-. 
unknown angle is called a trigonometric inequality. 2 


1 
. . . e L i = —~) th al f tw 2 
Solution of Trigonometric Inequality Sol. When sin x , e two values of x between 0 and 27 are 


To solve the trigonometric inequation of type f(x) <a, or tae” mewitte graph of y =sin x, it is obvious that 
f(x) 2a where f(x) is some trigonometric ratio, the : . 
following steps should be taken: sin x> : for 7 <x< = 


1. Draw the graph of f(x) is an interval length equal to 
the fundamental period of f(x). 


2. Draw the line y =a. 


3. Take the portion of the graph for which the 
inequalities satisfied. 


4. To generalize, add nT(ne J) and take union over the : 
set of integers, where T, is the fundamental period of Hence, sin x > : 


f(x). 
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1 5% 
> ant +— <x < 2nm +— 
6 


™ 3 
The required solution set is U [20 iF e ant + é 


nel 


Note 


- We added 2nr to find the general solution as period of sin x is 2n. 


| Example 40. Find the solution set of inequality 


1 
Cos X2-=. 
2 


Sol. From the graph of y = cos x, it is obvious that cos x 2 - . 


For -—Ssxs— 


1 
Hence, cosx2- 5 


=> ann — <x $2nn + 


The required solution set is 
2m 7 

U ann — 2 onn + 2 

nel 3 3 | 


| Example 41. Find the solution set for, 


4sin? x-8sin x+3<0 where xe [0,27]. 


Sol. Here, 4sin? x —8sinx+3<0 
=> (2sin x - 1)(2sin x —3)S0 
Here, 2sin x— 3 is always negative. 


2sin x - 12 0i.e. sin x2 


i 
2 


Nia 


-1 


”. From the figure, A Sxs * 


| Example 42. Solve 2cos? 6+ sin@ <2, 


where 7 /2<8 <= 


Sol. 2cos?6 +sin0 <2 


or %1-sin?6)+sin@ <2 
or ~2sin’@+sin8 <0 
or 2sin?@—sin® 20 
or sin6(2sin® —1)20 
or sin@(sin@ -1/2)20 


which is possible if sin® $0 or sin6 21/2 


From the graph 
sin@21/2 => 1/2<0<51/6 
sin6s0 => 2S0<S3n/2 
Hence, the required values of 6 are given by 
BE[n/2,572/6]U[7,37 /2] 


| Example 43. Solve sin? @ >cos? 6 


Sol. We have, sin?@ > cos?@ = cos2 <0 
= (1/2) < 20 <(32/2) or (1/4) <0 < (32/4) 
Taking general values i.e., adding 2nn, we get 
ann+ mt /2<20 <2nn+3n/2,nEZ 
or nm+1/4<8 <nmt+3n/4 


| Example 44. Find the solution set for, | tan x |<1 
when x € [— 2, 71]. 
Sol. Here, | tan x |< 1 


= —1< tan x $1, the value scheme for this is shown below. 
From the figure, 
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- -nsxs-% | Example 46. Solve tan* x+3>3tanx+ tan? x 
an Sol. tan? x—tan? x +3-3tan x>0 
or —Sxsn 2 
4 = tan“ x(tan x-1)—3(tan x-1)>0 
xe(- 2-7 |U|- #2) U[% a] = (tan x-1)(tan? x-3)>0 
4 44) 14 (tan x ~ 1)(tan x + V3)(tan x — V3) > 0 
=> (y-1)(y+-¥3)(y-3)>0, where tan x=y 


I Example 45. Solve sin2x > V2 sin? x+(2-~2)cos? x 
Sign-scheme of above inequality is as follows: 


Sol. sin2x>V2sin? x+(2~V2)cos? x , (-) (+) (-) (+) 
=  dsinxcosx>V2sin? x +(2-V2)cos? x ~V3 1 V3 
=> tan? x—2tan x+(V¥2-1)<0 a 3<y<lory>v3 
= (tan x-1)(tan x-(V2-1))<0 => -J3<tanx<1or tanx>v3 
=> (v2-1)<tanx<1 For —n/2<x<1/2 
=> 1/8<x<71/4 —1/3<x<x/4 0rN/3<x<Kn/2 


1 1 Acad 
eel ae m+) where nez. .. General solution is 


\ ( 4 4 ( Tt =| 
x El nt+—,nn+— |U} mm-—,m+— 
\ 3 2 3 4 


. 


where néZ. 


Exercise for Session 4 


If 2cos x < V3 and x E[-7, 2} then find the solution set for x. 

Find the set of all x in the interval [0, 2] for which 2sin? x —3sin x + 120. 
If cos x -sin x 21and0<x <2n, then find the solution set for x. 

Solve sin0+ V3 cos 624-1 <0Snz. 


Find the set of values of x, which satisfy sin x -cos? x >cos x-sin? x, 0<x <2n. 


So of Rk WD DS 


Find the set of all x in (=) which satisfy |4sin x -1|< V5. 
7. Solve sin *| - cos'( *) we 
a. Way" 2 


8. Solve tanx - tan? x >0 and |2sin x|<1. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


© Ex. 1. The number of solutions of equation => sin x +-V2cos’ x = 4k 
8[x’ ~ x] + 4[x] =13 + 12[sin x],[.] denotes GIF is Now as|sin x + ¥2 cos? x| $ |sin x}+-V2 |cos? x| $ 1+42 <4 

(a) 0 (b) 2 . k =Qis only possible value. 

(c) 4 (d) 6 = sin x + ¥2cos’ x =0 
Sol. (a) 8[x? — x] + 4[x] = 13 + 12[sin x] he sein cin Ae 20 

LHS is always even and RHS is always odd. Hence, no ; =i iG 

solution. aid ae v2’ 

ie i 1 : 
@ Ex. 2. The number of ordered pairs (x, y) satisfying => sin x = —? (sin x # V2) 
2. : 
. | UX é 
I+1yl=2andain( 2 =1 is/are => x=2nn-= or ann+ = 
/ 4 4 

(a) 1 (b) 2 From Eq. (ii) we can say that the only solution possible is 

(c) 3 (d) 4 PO a 
Sol. (d) |x| +yl= . 

a Ix|.1y] € [0.2] Hence, for x € [— 27, 271] we have 2 solutions. 

f 2. ~ 
Also sin |= 1 @ Ex. 4. The general solution of _ 
aie sin? 6 secO +-/3 tanO =0 is 
mx" Tt 
=> Bree es (a) =n +(—1""= O=n7; ne! 
ai x* =(4n +1)- Wo=m nel 
(c)6 =— © nel 


*" |x| [0,2], then only possible value of x’ is : 


; ; ie ies nel 
Ixl= Biyl=2- 2 - 
Sol. (b) sin?@secO + V3 tan@ =0 


Hence, total number of ordered pairs is 4. = sin0(sin0 + J3)secd = 
@ Ex. 3. Number of solutions of => sin8 =0 
iy = 6=nr, nel (3 sin® # — V3,sec0 #0) 


os* [ein x + V2 cos? x) 


@ Ex. 5. as number of solutions of the equation 


ial oe Bat le ; (n 
tan [+B ta x|=1, xE[- 27, 27] is sn a) a igh ensaca es 
(a) 1 (b) 2 
(a) 0 {b) 2 
(c) 4 (d) 8 
; (c) more than 2 (d) 1 
Sol. (b) The solution is only possible, when 
‘ Sol. (d) We know that -1Ssin~ <1, 
cos'( Bisinx + V2 cos? x)| | iG) (¢) 2/3 
therefore, we must have 
and tan'( = + Pll = =0 ...(ii) ~1Sx?-2V3x44S1 
2 
Let’s solved Eq. (i) ¥ -1s(x-3) Nee 
= -2<(x- 3)?s0 


* isinx + J2cos? x) = kn 
4 


But, square of a real number cannot be negative, therefore, 
we must have (x--/3)*=0 


x=v3 


Note that x =+3 satisfies the given equation. 


=> 


® Ex. 6. x, and x, are two solutions of the equation 
e* cos x =1. The minimum number of the solutions of the 
equation e* sin x =1, lying between x, and x, can be 
(a) 0 (b) 1 
(c) 3 (d) None of these 
Sol. (b) We have e* cosx =1 or cosx =e * 


~x 


Consider the function, f(x) = cos x — e 

f(x,)=0 = f(x,). 

~ Clearly, f(x) is continuous in [x,, x,] and differentiable in 
(x,, x,). 
Hence, by Rolle’s theorem, there is atleast one x € (x,,x,) 
such that f’(x) = 


=> 


-sinx +e *=0 


=> sin xe“ = 1 has atleast one solution € (x,, x,). 
@ Ex. 7. The product of common differences of all possible 
AP which are made from values of ‘x’ satisfying 


cos (tax) eos ¢ px] 


An 
Ap 


(b) 


(d) None of these 


2 
Om 
1 + cus(Ax) ‘ 1+ cos(px) 

2 2 

cos(Ax) + cos(ux) = 0 


2eos( AW) cos AH) =0 
2 2 | 


Sol. (a) =1 
=> 


=> 


AtWs on eiye 
2 2 


ms (A-p)x _ us 
2 


=(2n + LE 


_ (an +1)0 
A+p 


__ (an + 1)n 
A-p 


Thus, common difference can be 
2n 
A-p 


20 
or 
At+p 


2 


Now, product = — 


2 


-p 
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@ Ex. 8. Number of solutions of the equation 

cos’ 2x +2sin’ 2x =17(cosx +sinx)',0 <x <2n is 
(a) 4 (b) 8 
(c) 10 (d) 16 


Sol. (a) Let sin2x = y, then 1 + y* =17(1 + y)* 
Clearly, y=sinax=- : is the only possibility 


x = 105°, 165°, 285°, 345°. 


@ Ex. 9. The number of values of 6 in the interval is 


satisfying the equation (v3 aa * =tan‘ 6 +2tan’6 is 
(a) 2 (b) 4 
(c) 0 (d) 1 


Sol. (a) tan‘® + 2tan’0 =(tan’6 + 1)’ -1 
=(sec’@)’ —-1=sec‘O -1 

sec'@ =t 

(V3)! =t? =1 


‘=>t =2 is only solution ast >1 
. There will be 2 values of 6 in given interval. 


Put 


=> 


@ Ex. 10. Number a. solutions es the equation 
+cot(36) =0, where 


cot(8) teot| ‘9 - | |-cat[0-2 7 


4 


8eE [0 4 
2 
(a) Infinite (b) 0 
(c) 1 (d) None of these 


Sol. (c) cot(6) + cot(@ + *) + ct(6 - 4 + cot(38) =0 


PutO = -« 
2 


fm) fo 4,10 
tana + tania ——/+ tan) a +—/+ tan3a =0 
tc oye ag 


Tl TC 
tana — tan— tana + tan— : 
a + tan3a =0 
1+tana tan— 1- tana tan— 
3 3 
‘3 tana — tan o | 
\ 1—-3tan"a 
4tan3a =0 
=> tan3a =0 
=> 3a = nT 
=> Qa=— 


147 


=, 2) 
a3 
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JEE Type Solved Examples: 


More than One Correct Option Type Questions 


SA A a a 


@ Ex. 11.0 <a<2n, sin”'(sina) <x’? —2x forallxe! 


thenaeé 
/ 


| 3m 
(a) (0, = + 1) (b) (* +1, a 
(7, on - } (d) (2m - 1,2n) 


Sol. (b,c) sin™'(sina) < x? — 2x for all x 


sin” (sina) < min(x* —2x)=-1 
Tl 
Forae(0=}ac-1 => aed 
ae eee ee 
Forae (2,2) sin (sina)=n-a 
2 2 
T-a<-l1 
3 
a>nm+1 => ae(n+1, 2] 
ae eee 
Foraeé 32m p sin (sina) =a-—2n 


a-2<-1 
a<2nm-1 


\ 
a<2n-1=> ae (*,2n-1} 


y 


© Ex. 12. If 


2 


| Cos’ x + 
\ cos’ x 


Je + tan’ 2y) (3 + sin3z) = 4, then 


(a) x may be a multiple of x 
(b) x cannot be an even multiple of 
(c) zcan be a multiple of x 


(d) y can be a multiple of 


Sol. (a,d) feo x+ a Je + tan’ 2y) (3 + sin3z) = 4 
\ cos’ x 


Since, cos’ x + ; 
cos’ x 


so, the only possibility is 


1 : 
cos’ x + ——— =2,1+ tan’2y = 1,3 + sin3z =2 
cos 
= cosx=t1™— x=nmn 


mie 
tan2y =0 => yr 
sin3z =-1 


~~ 2=(4k-1)Timnkel 


>2,1+ tan’2y 21,253+sin3z < 4 


a. 
@ Ex. 13. The value of x in [0 4 satisfying equation 


5-1, V0 + 2V5 =gik 


sinx cos xX 


3m 
(a) — (b) 10 
71 
(c) — (d) 70 


Sol. (a,b) MST, 1 ylonevs ot, 


4 sin x 4 cos x 


aferasy we 4 ¥10+2v5 
4 4 


X sin x = 2sin x . cos x 


a 
or onl x+ a = sin(™ — 2x) 
. 10, 


1~2x +5x? 
3x? -2x-1 


® Ex. 14. Given2sint = 


™ 1 
fe;-—,— 


n 1 3 1 
(c) \-5, =| U 25. — 
2°10 10° 2. 
Sol. (a,b,c,d) Given 
x*(6sint — 5) + x(2— 4sint) — (1+ 2sint) =0, since 


satisfying this lie in the interval 


(d) All of these 


xERA>0O 
iis 
=> sint < 
4 
1445 
or sint > Fi 


eT 
"tej -—,— | U 
2 an ) 


the real values of 


ne 


© Ex. 15. The system of equations 
tan x =a cot x, tan2x = bcos y 
(a) Cannot have a solution if a =0 
(b) Cannot have a solution if a = 1 
(c) Cannot have a solution if 2Va > lb (1- a) ; 


(d) has a solution for all aand b 


Sol. (b,c) If a=0, then tan x =0 => x =nm and then for any 
value of y such that cos y = 0 the second equation satisfies 


option (a) is false. 

Ifa=1thentanx = cotx = tan’x =1 
= _ tan2x is not defined. 

=> option (b) is true 

Now from the first equation tan x = va 


= amust be positive 


2tan x ava 
Jeosy|=} 
K1i-tan*x)| |K1-a) 
= ava <|W(1-a)| 


© Ex. 16. ¢Y*3 
ay +5 


lie in the interval 


mi i 12 
a)}| —0°, —— b -—,o 
«| | | : ) 
8 12 8 12 
—)— d)| —=, -=|U]——, 2 
ad Ga 
Sol. (a,b,d) cos? x — 2cosx +1=3- Ale 
2y+5 
ee ee ne 
2y+5 
Also, -l1<cosxS1 = -2Scosx-150 
=> 0<(cosx -1)? $4 
= oc ttc, 
2y+5 
Now Sy + 12 4<0 Sy —8 . 
2yt+5 2y+5 
= 3¥ +8) = (3y+8)(2y +5) 20 
2yt+5 
and Sy Fe ys (5y +12) (2y +5) 20 
2yt+5 


“(M3 


= sin’ x + 2cos x +1, then the value of y 
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@ Ex. 17. Which of the following set of values of ‘x’ 
satisfies the equation 


errr ey 2=2sin? x4 3sinx 
(a)x=m+7 ne! ()x=m+— nel 


(c)x =m,nel (4) x= 2mm += ne! 
[2sin? x -3an x41) 3-(26in? x-3an x1) 
Sol. (a,d) 2 +2 =9 
2 . 
meee rosimaet) 
= t$229 > 94820 t= 18 


=> 2Qsin’x -—3sinx+1=3 


or 2sin’x —3sinx +1=0 


: 1 
=> sinx =--, 
2 


: _ 
cole sinx =1 


@ Ex. 18. For0<8< ; the solution(s) of 


Srcosee{ jg vs I osee(0 +m). = 4V2 is (are) 


m=! N 
Tl Tv 
ae b) — 
(a) F ( le 
tT 5 
er 7 ye 
(c) 7. (d) 
Sol. (c, d) We have, ; 
: re. ; . 
S cose + (aE aces! Oe | = 4/2 
m=! 4 - - 4 - 
4 


sin 


mm (m—-1)n 
0+) _(o (=k) 


- S—— ao m—1)t mn | 
ons info sin|o #2 | solo + a 0+ 


ih | 
=> in in(a + mm cos 


(0+ EME) - oslo + ME) sin(a + 28) 
4 ee 4 
“ + me 77 (4g + o 
4 4 
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as cot - cot ¢ oa *) + eo ¢ + 4 ~ cat(0 + =) 


=> ssiocaloae® laa 
2) 


\ 


=> cot6® + tan6 = 4 
= cos’*@ + sin*@ = 4 sin® cos0 
=> Tos. Soe Rms 
6 6 
T 51 
=> =—or — 
12 12 
© Ex. 19. pine = nA= - [ee where A and 
1-sinB 
Be (0.90° ).. then 
(a) A=8B (b)8A=B 
(c) A-7B =6° (d)A+B=54° 


(sin3° + cos3°)* 


Sol. (a,c,d) ——_——_.__ 
caee) (cos’3° — sin*3°) 


=tanA= 


: Be B 
sin3° + cos3° sof vues — 2 eae 
cos3° — sin3° B .B 
cos — — sin— 

2 2 


JEE Type Solved Examples : 
Passage Based Questions 


B 
(tan3° +1) _, eae 
(—tan3° + 1) 


{ B) 
tan(45° + 3°) =tanA = tail 43) + 4 


= A = 48° and B= 6° 


® Ex. 20. if ji+sinA -J1—sinA =2cos - then value of 


A can be 
(a) 110° (b) 260° 
(c) 300° (d)190° 


Sol. (a,b,d) J1+sinA — Jl -sinA = Zoos — 


A A A A A 
sin — + cos—| — |sin — — cos —| = 2cos — 
2 2 2 2 2 
135° 45° 
So, jee eG and onesie 
2 2 2 2 
=> 45° <5 < 135° = 0 < A <2 


TS TT ee te a RN RA en NS eer aR er eo “een +e sha 


Passage I 
(Ex. Nos. 21 to 23) 


Consider a circle, in which a point P is lying inside the circle 
such that (PA) (PB) =(PC) (PD) (as shown in figure). 


On the basis of above information, answer the following 
questions : 


21. Let PA = 4, PB =3 and CD is diameter of the circle 
having the length 8. If PC > PD, then - is equal to 


(a) 3 (b) 4 
(c) 5 7 (d) 6 


Sol. (a) (PA) (PB) = (PC) (PD) 
4X3=x(2r — x) 


=> 12 = x(8 — x) 
x? —8x+12=0 => x=6,2 
Pi 
PD 2 


22. If PA =|cos@ +sin8 | and PB =|cos@ — sin6@| then 


maximum value of (PC) (PD), is equal to 
(a) 1 (b) 22 
(c) V2 (d) 2 
Sol. (a) PC. PD = (PA) (PB) 
=]cos 8 + sin 6||cos 6 — sin 6| 
=|cos’ @—sin? 6] =cos 26 
Maximum value = 1 


23. Iflog », x =2, log, x =3,log, PC =4, then log py x is 


equal to 
7 t.. 
aS (b) 7 
' 6 
(c) — (d) - a 


Sol. (d) (PA) (PB) =(PC)( PD) 
log ,((PA)(PB)) = log, ((PC)( PD)) 
log, PA + log, PB = log, PC + log, PD 
bg 44 ing PD 
2.33 


ie POS 2 ae 

6 6 
Passage II 

(Ex. Nos. 24 to 26) 


PA and PB are two tangents drawn from point P to circle of 


radius 5. A line is drawn from point P which cuts circle at C and 


Dsuch that PC =5 and PD = 15and ZAPB = 8. 


On the basis of above information, answer the following 
questions : 


24. Area of AAPB is 


8 (b) 25V3 
753 75v3 
EVE ENG ioe ed 

(c) ; (d) j 

25. Value of sin 20 +cos 40 + sin50 + tan 70 +cot80 is 
equal to 
43 -1 4-3 
b 

(a) 5 ( ae a 

4+ 43 4V3 +1 
d 
«) 23 ae 


26. Number of solution(s) of the equation 


log sg (X +2) =2+3log,,,. sin( is 


) 
(a) 0 (b) 1 
(c) 2 (d) 3 
Sol. (Ex. Nos. 24 to 26) 


OD = OC =5, PD = DC + CP 
> CP = 15-10=5, OP = 10 
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= ne cc re 
2 OP 10 2 2 
=> 8 = 60° 


24. (d) .. APB is an equilateral triangle. 


4 4 
A 
Jo 
Aso 607” 
B p 


25. (b) sin26 + cos 40 + sin50 + tan7@ + cotsd 


Area = 


151 


= sin120° + cos240° + sin300° + tan 420° + cot 480° 


3 1 43 {ews 
B—---— t+ v3 - eS 
2 2 2 V3 v3 
26. (c) Given log,,, (x +2) =2+ 31og,, +2) q 
Let log,,. (x +2)=t 
t=2+2 
t 
= t? -2t-3=0 
=> t=3or-1 
=> log,,. (x +2) =3 
or log, ,. (x +2) =-1 
15 
id x=-— or x=0 
8 
=> two solutions. 
Passage III 


(Ex. Nos. 27 and 28) 


If 3sin’ x - 7sinx +2=0, e/a ana f,(8) = sin"’@ + cos"@. 


On the basis of above information, answer the following 
questions : 


27. The value of f,(x) is 


97 57 65 73 
il 5) isch ac. 
(a) 81 (6) 81 ©) 81 @) 81 
28. The value (eee is 
1+ 2cos3x 
3+2V2 3+ 4/2 
(a) —— (b) ——— 
9 9 
42 = 2 4V2 -3 
(c) 5 (d) ; 


Sol. (Ex. Nos. 27 to 28) 3sin? x —7sinx +2=0 


. ) nee : 
=> sin x = 3 or sin x = 2 (reject) 
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27. (c) f,(x) =sin‘ x + cos‘ x =1-2(sinx cos x)’ 


sin5x + sin4x 
1+ 2cos3x 

_(sin5x + sin4x) sin3x ze (sin5x + sin 4x) sin3x 

(1 + 2cos3x) sin3x 


28. (b) 


sin3x + sin6x 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


®@ Ex. 29. Number of integral solutions of the equation 
log ,,, Vsin’ x +log..., Vcos? x =2, where x € (0, 670] is 
Sol. (4) log,,,, Vsin?x + log..,, Vcos*?x =2 

sinx > Oandsinx #1 


cos x >Oandcosx #1 


( Xe uf oo 6 \ 
Domain x €| 0, = )u| 2n, jul an) 
a ee a ee 


=> Number of integers=1+1+2=4 


1 1 1 
@ Ex. 30. If x, = (sec) +(tan0)” andy, = (sec) * 


1 
—(tan 9) , then value of 3 (x, ) is equal to 
Vn k 
k=O 


Sol. (3) x, -y, =(sec 0)" —(tan@)~ 


=> Xu Ve = Ven 


Now, y,°[[% =y, | [2 
kao kao Ve 
=y, x U1 x Yo x “ines x Yetsy, 
Yo VW Yn 


= (sec)? —(tan6)’ = 1 


© Ex. 31. The number of ordered pairs (a, B), where 
a, B € (0, 271] satisfying log ,...,(B’ — 6B +10) =log , kos a is 
Sol. (2) log, ,...(B’— 6B + 10) = log, |cosar| 


it is only possible when 
B’ — 68 + 10=1and cosa =1 
=> B=3 and a=0,2n 


.. Two ordered pairs (0, 3) and (27, 3). 


. ‘9X ae x , 3x 3x 
2sin — cos—sin3x cos—.2sin-—cos— 
eo 2 2 po 2 2 

. 9x 3x 3x 

2sin — cos — cos — 

2 2 2 


= sin2x +sinx 


© Ex, 32. if cos’ 6 7 sin’ 6 
(1-sin8) (1+cos@) 
of possible values of 8 is (where & (0, 270] ). 
cos@cos’0@__ sin@ sin’0 
(1-sin6) (1+ cos@) 
coso - sin’6) ss (1 — cos’@) sin® eee 
(1 -— sin®) (1+ cos8) 
cos8(1 + sin8) + sin@(1 — cos®@) = cos 8 +1 
sin8 + cos6 = cos8 +1 => sinO =1 


=1+cos0, then number 


Sol. (0) = cos8§ +1 


8= - which is not possible. 


© Ex. 33. If the sum of all values of x satisfying the system 
of equations 

tanx+tany +tanx:tany =5 

sin(x +y) =4cos x- cosy 


kr i 3) 
is < where x € (> a then find the values of k. 


Sol. (1) Given, 
tanx + tany + tanx:tany =5 (i) 
and sin(x + y) = 4cosx-cosy Ai) 
Now, from Eq. (ii), we get 
sin x cosy + cos x siny = 4cos x cosy 
On dividing by cos x-cos y, we get 


tanx + tany = 4 (iti) 

.. Eqs. (i) and (iii), tan x(4 - tanx)=1 
=> tan’?x —4tanx+1=0 
=> tanx =2+ 3 or Zt JS 

T T 
= =—or— 

12 12 

67 
Sia eee = k= 
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JEE Type Solved Examples : 
Statement | and II Type Questions 


rs nt ee et a ne eres ee es on ee = 


® This section contains 2 questions. Each question contains 
Statement I (Assertion) and Statement I (Reason). 
Each question has 4 choices (a), (b), (c) and (d) out of 
which only one is correct. The choices are 


(a) Statement | is true, Statement Il is true; Statement II is 
a correct explanation for Statement I. 


(b) Statement | is true, Statement II is true; Statement II is 
not a correct explanation for Statement Il. 


(c) Statement | is true, Statement II is false. 
(d) Statement | is false, Statement II true. 


© Ex. 34. Statement | x= ke | does not represent the 
1 


general solution of trigonometric equation. 
sin13x — sin13x cos 2x =0 


Statement II Both x=m, rel andx= “ ke! satisfies the 


trigonometric equation. 
sin13x —sin13xcos 2x =0 
Sol. (d) sin13x(1-cos2x)=0 
> sinl3x=0 or cos2x=1 
13x=kn or cos2x=1 


JEE Type Solved Examples: 
Matching Type Questions 


ee Nw eee neers em 


®@ Ex. 36. Match the statement of Column | with the value 
of Column Il. 


Column I Column II 
A ~The number of solutions of the equation p l 
|tan 2x|=sin x, x €[0,7] 
B The value of 4tan—-—4 tan? q : 
16 16 
+ 6tan?——tan*— +1 
16 16 
C If the equation as p(tanx)has r 3 
4p ; 
a solution in (0, pak —}, then —P.,, is 
2 o 
s Z 


The value of in{0,2n } if 
Tt 


gpos? 2+ 2sn? x ee 52000? x+ sin? 2x 


= 126has a 
solution 


AE | a 


153 


ee ke Integer. 
13 


=> 2x=2nt => x=nm, ne Integer 
=> Statement I is false and Statement II is true. 


@ Ex. 35. Statement | Common value(s) of ‘x’ satisfying 
the equations. 

log .i,y (Sec X +8) >0 and log, cosxtlog ..., sinx=2 in 
(0,47) does not exist. 

Statement II On solving above trigonometric equations we 
have to take intersection of trigonometric chains given by 


1 
secx>landx=nmt+—,nel 
4 


Sol. (c) log,,,, cos x +log.., ,sin x=2 only 
When sin x=cos x 


T ; 
— a aca (i) 
Also, log,,, ,(secx+8)>0 
=> secx+8<1 => secx<7 .».(ii) 


Clearly, x= = +nm satisfy Eq.(ii) 


.. Statement I is true and Statement I] is false. 


TSN et - eae eee oe eee 


Sol. (A) —{q); (B) — (s); (C) > (p); (D) > (p,r) 


(A) Clearly, number of solutions of |tan2x|=sin x in [0,7] 


4tanA 
2tan2A —tan’ 
(B) tan4A= say do tan" A : 
1—tan°2A 2tanA 
iat see 
J-tan?A | 
—tan? 
ee 4tan A(1-—tan‘ A) 


1+tan* A-6tan’A 
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= 4tanA—4 tan’ A+(6tan’ A-tan’? A-1) tan4A=0 ee 4 Px =} 
i max 4 ’ n 
If A=— ' : 
16 (D) 5cos” 2x+ 2sin? x 4 e2cos” x4 sin? 2x _ 196 
= hin tant e ae ae ea Fn 4=9 goes 2x4 2ain? x | @2-2sin” x41-cos? 2x 
16 6 16 16 Sesanatact ee 
a Required watue a 2. cos 2x + 2sin a Sa 2x+2sin” x 
(C) tan(p cot x)=cot(p tan x) Put cos’2x + 2sin’ x = y, we get 
\ = 
tan(peotx)=tan{ %— ptan 5” +5°°” =126 
. 57+ =126 = 5”=125,1 = y=3,0 
pcotx=nnt+—-—ptanx 5 
2 nT 37 
cos?2x+2sin?x=3 => x=—,— 
us 2 2 
TOT I 
= 4 = gj ae 2 
Ray Peay Calc (xe [0,7]) cos?2x+2sin?x#0 ; —~=1,3 
Tl 
Subjective Type Examples — 
© Ex. 37. If0 <x <$31,0<y $3n andcos x: sin y =1, then ig gab 28 sdk pe 
find the possible number of values of the ordered pair (x, y). 22 
Sol. Clearly, cos x-siny=1 . Required ordered pairs are 
=> cos x =1,sin y=1 & \(%-1)(% 1)(%.-1) 
or cos x =-1,siny=-1 \2 2 2 - 
Now, cosx=1; sin y=1 ie. 4 ordered pairs. 
= x =0, ere (i) 
2 2 "i © Ex. 39. Find all the values of 8 satisfying the equation, 
and, cos x = —1,sin y=- sin 78 = sin 8 + sin 30 such that0 SO <7. 
- ee ee a (ii) Sol. Given, sin 78 = sin 6 + sin 36 
2 = sin 76 — sin 6 — sin 30 =0 
From Egs. (i) and (ii), 4 2 sin 30 - cos 46 — sin30 =0 
the required of pea pairs are . sin 30 (2 cos 48 - 1)=0 
0, & 0, 51 on = 1 
me | ene soe => sin 30 =0 or sostOrae 
nyi4 3% 3n ; T 
2m, — || %, — || 3%, — ie. 30=nn,n€l or 40 =2nnt—,nel 
z 2 Z 3 
i.e. 6 solutions. ° = Be ee ae Bag ae 
3 2 12 
@ Ex. 38. 0,32] andr € R. Then, find the pairs o 
feel nan f ’ fi B f put n =0,68 =0 or o=2%(- eee rejected 
(r,8) satisfying 2 sin@=r° —2r° +3. 12 2 
Sol. Here, 2sin@ =r‘ —2r? +3 put i=1eS= 
=> 2sin 8 =(r* — 1)? +2 ? 
=> asin @ =(r? 1)? +222 (i) oF Q== 5 -= 
= “ 2 de 2° 72 
But max (sin 8) = 1 a TT ST 
=> max (2 sin 8) = 2 ...(ii) 2’ 2 
.. From Eqs. (i) and (ii) ; ; 9 on 
sin@=1 and r?-1=0 pu we 3 


or @=ntuln+ = rejected | 
124 3612 
putn =3,0=7 


Tl ™ 27 117 
Solutions are 0, ee es au i = a 


12°3°12' 12° 3. 


and 7. 


@ Ex, 40. Solve sin 3x +cos 2x =~-2. 
Sol. Since, sin 3x 2 — 1 and cos 2x 2 — 1. We have, 
sin3x + cos 2x 2-2. 
Thus, the equality holds true if and only if; 
sin 3x = — land cos 2x = -1 
tt \ 


3x =nn+(- vents and 2x = 2nn + T. 


cof 


nm 


x= um + 


i.e. wine! 


. Solution set is, 


Note 


Here unlike all other problems the solution set consists of 
the intersection of two solution sets and not the union of 
the solution sets. 


© Ex. 41, Find all values of 8 which satisfy, 
sin(36 + a) + sin(36 — a) +sin(a — 98) — sin(a +8) =cos a 
givencos a #0. 
Sol. Given, sin(30 + a) + sin(38 —a) + sin(a — 8) 
-sin(a +6) = cos a@ 


= 2sin (30) -cos (a) + 2sin (— 8) cos(a) = cosa 
= 2(sin 38 —sin 8) cosa=cosa 
> 2 (sin 30 — sin 8) = 1(as cos a # 0given) 
=> 2-2sin 8 -cos 20 =1 
= 4sin 0 (1-—2sin’ 0) =1 
=> 4sin@ -8sin? 8 =1 
=> 8sin?O@-4sinO6+1=0 
=> (2sin 0 —1)(4 sin’? 6 + 2sin 8 — 1) =0 
—2+./4 +16 -1tV5 
> woes or doa 2 2EVOt I 2 tbs 
2 8 4 
mi =: 
=> @ = nm +(— 1) nm +(- 1) sin” Y5=1 
af'<t=45 
or nm+(-1)' sin" 1) 
\ 4 
=> G8=nn+(- We nt +(— We 
or msear(-2 haat 
0) 
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= 


._ : - 
** sin — =sin 1g = 5 sin(- =| =n (-54°) = ——_" 
10 4 10 


.. General solution set 


= {010 =m +(-17 Je 


lee i 
6| ° =m +(—1y 5} 


[ 31 
vsore = nm —(—1) = 


Ex. 42. Solve the equation 


; a 
sin‘ x +cos‘ x =—sin x-cos x 
2 
, sit 4 BA ag 
Sol. Given, sin” x + cos” x = ra x-cos x 


; : = 
=> (sin? x + cos’ x)’ —2sin’ xcos’ x = Poa xcos x 


1 7 
= 1 — - (sin 2x)’ = — (sin 2x) 
Z 4 
= 2sin’ 2x +7 sin 2x - 4 =0 
= (2sin 2x —1)(sin 2x + 4)=0 
= sin 2x =- 
or sin2x=-4<-1 (Rejected) 
T 
=> 2x = nt +(- iy Pe 
Tt 
ie. x=—+(-1" — 
12 


® Ex, 43. Find all the solutions of 
4cos’ x sinx —2sin’ x =3 sin x 
Sol. Given, 4 cos’ x sin x —2sin” x =3sin x 
=> 4(1-sin’ x)sin x —2sin* x —3sin x =0 


4sin x —4sin’ x —2sin’ x —3sin x =0 


= 
= - 4sin® x —2sin’? x +sin x =0 
= —sin x(4 sin’? x + 2sin x -1)=0 
=> sinx=0 or 4sin?x+2sinx-1=0 
; ; : ~24,/4 + 16 
> sin x =sinQ or sin x = —————— 
44) 
; -1+V5 Tt ( 4 
=> x=nn or sinx= = sin —, sin | — — 
4 10 | 10 
Tt ,( 3% 
=> x=nn,x=nn+(-1)' — x=nm+(-1) (- =) 
10 \ 10 


.. General solution set 


£ 


= {x|x=nn} Uy sls mn +(-1) | 
up =n +(- 1) [- = 


0)| 
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x 
— sec? — = n= omine See 
© Ex. 44. Solve the equation + 2 cosec x = 2 . 
2 = Q=nn +(-1)' — 
2x 6 
—sec. = ie 
Sol. Here, 1+2cosecx = 5 or 6 = nn +(-1) = 


14st => General solution set is, 
o 2° ai, if n| 


” 40/8 = nn +(- 1)" —) U{8|8 = nz + (- 1)" —} 
- 2 (ayn FP 40 (a 5 
i.e 2(2+sin x)= owt —|sin x putn =0,0 == or 
i Tm 20 
2tan{ “ 9 tan putn =1,0=n— T= 0 or aS ae 
2 [1+ tan +z = ; ‘ 
1+ tan’ + | 1+tan? — . Solutions are =, aa atc 
2 Fs ae ce 6 
_ 
pantan oe © Ex. 46. Solve the following system of equations. 
ot sin x + cos y = 1, cos 2x —cos 2y =1 
g| 2 aos eey ; Sol. Gi 7 
1+t? 1+t ol. Given, sin x + cos y=1 wi) 
4t°7+4t4+442t(1+t?)=0 and = (1~2sin’ x) —(2 cos’ y—1)=1 
2t°+4t?+6t+4=0 i.e. sin’ x + cos” y => ii) 
. 3 2 a 
oe geen saree eae Put sin x = wand cos y = v in Eqs. (i) and (ii), 
t+1)(t? +1+2)=0 
(t+ 1 ) 2 utvel and wtviat 
=> t=-1 [eto +t+2#0] 2 
1 
or anes alps a Solving above equations; u = ~ and v == => as 
Z 
x TN n 1 1 
= ee ee | => x=nt+(-1)'—,neEI andcos y=— 
2 4° 6 2 
7 5 : “ =2 4 I 
cae ae eh Gls the required solution. = y=2mn ae 


.. The given ese have solutions, 


© Ex. 45. Find all values of 8 lying between 0 and 21, satis- x ani) me anlyeonn ds net 
6 3° 


fying the equations 
r sin @ = V3 (i) 
., © Ex. 47. Find the coordinates of the points of intersection 
r+ 4sin@ =2(3 +1) alii) 
= = Si if—-—<sxs— 
Sol. We have to solve for 8, Sh eIeURes YORE Ay SINGS 2 i 2 
..We shall eliminate r from Eqs. (i) and (ii), Sol. The point of intersection is given by 
From Eq. (i), ; nT ) 
i sin 3x = cos x =sin| — -x 
v3 ( 2 } 
r= 
sin 8 ; = 
3 > sa = mn +(-1" (2-5) 
. From Eq. (ii), a0 +4sin 8 = AV3 +1) 2 
sin 


=> V3 + 4 sin? 0 =2(V3 +1)-sin® be 
=> 3x =2mm +1 —- x 
=> 4 sin? 0-23 sin @ —2sin 8 + V3 =0 
= 2sin 6 (2sin 8 — V3) - 1(2sin @ — V3) =0 ms aim a 
=> (2sin @ — 1)(2sin 6 — V3) =0 2 8 


(ii) Let n be oddi.e.n =2m+1 


=> 3x =(2m + 1)n (5 -] 


v4 
= Bx = 2mm +7 + x => Ox = Dr + > 


T 
= x=mn+— 
4 


Now, as— isxs™ 
2 2 


31 
8 
Thus, point of intersection are 


poe 


nm 1 
x=-,-,- 
8 4 


Tt 
cos — |} 


3} 


@ Ex. 48. Find the range of y such that the equation in x, 
y +cos x =sin x has a real solutions. For y =', find x such 


that0<x <2n. 
1 
Sol. We have, y =sin x- cos x =v( —= sin X — ~~ COS x 
V2 V2 
Zsin(x- 2) 
4) 
= -J2<ys42 
Now, for y =1 
age 
1 
> sin x — pcos x gee 
4 B 
\ 
=> rae 
4) M4) 
Tt a: 
> x-—=nn+(-1) — 
4 4 
nr 
> x=nm+(-1!)—+— 
4 4 
x=—,7 


{From Egg. (i) and (ii)] 
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2A+B=™ 
sum Fe 
= 2A = ra ; [from Eq. (ii)] 
=> P gk ca% 
4 12 


@ Ex. 50. Find the number of values of 8 in the interval 


ec 
Tt (a) 
——,—|, satisfying the equation, 
59 f satisfring 


(1 tan @) (1+ tan @)- sec? @ +2" ° =0. Also, find 


ee|-,2 
3 as 


Sol. Given, (1 — tan 8) (1 + tan @) sec? @ +24" ® =0 


, satisfying the given equation. 


~ (1 — tan? @) (1+ tan?) +2 ° =0 

=> 1- tan‘ @ +2"°° =0 

=> 142%"? = tan‘ @ 
By observation, we have tan’? 6 =3. 

=> 8 = m +( =| 


Moreover there will be values of 9, satisfying, 3 < tan’? 6 < 4 
and satisfying the given equation as if f(x) = x’ - 27 -1, 
then f(3") f(47) <0. 


So the number of values of 8 is 4. 


..(i) 


, Tt 
is t —. 


tt 
And 6, lying in the interval} - —, — 
a a. 3 


@ Ex. 51. Find the general solutions of the equation 


N 
[cos 2 sin x| sin x1 +sin a= 2 cos x cos x=0. 
4 
Sol. Here, 


{x Pa x ) 
(aig ae iY cd a 


\ ) 


x . e 2 . x 2 
=> cos—-:sinx—-2sin’ x + COS HSIN: SORE COs x=0 
4 


T 
© Ex. 49. A triangle ABC is such that sin(2A +B) =-. If A, 
: : => (sinx- co } + sin{*)-cos : + cos x -2 
B,C are in AP, then find the value of A, B andC. 4 4 
2 Biya de 
Sol. We have, sin(2A +B) = ¥s sin (=) (sin S095" %)=0 
2 6) 2 x 
=> sin{x+=) + cos x=2 
= 2A +B=nn+(-1)'— (i) : 
: Since, the greatest value of sin (=) and cos(x) is 1. 
Also, we have, A+B+C =nand2B=A+tC 4 
ss Ba SRS - a) Therefore their sum is equal to 2 only if, 


From Eq. (i), for n = 1 


sin (=) = 1 and cos(x) = 1. 


5x 


- ~* = an + © and x = kn (n,k € 1) 
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Since, we have two choose those values of x which satisfy 
both of these equations, we have 


ok = ORE 4 2% 
5 5 
4n+1 : : 
mk= , where both k and n are integers. We write, 
kan - aD 
5 
for 2 —! = m, we haven =1+ 5mandk=1+ 4m (me J) 


x =2n+8mn, me I. 


@ Ex. 52. Find all possible triplets(x, y, z) such that 
(x+y) +(y +2z) cos 26 +(z —x) sin’ 6 =0, for all. 
Sol. We have, 

(x +y) + (y +2z) cos 20 +(z —x) (=<) =0 


=> (2x +2y) +(2y + 4z) cos 20 +(z —- x) -—(z —x) cos 20 =0 


=> (2x +2y+z—-—x)+(2y + 4z-—z+ x) cos 20=0 
=> (x + 2y +z) +(x + 2y +3z) cos 20 =0 
Which is zero for all values of 8, if . 
x+2y+z=0Oand x + 2y+3z=0 
=> x+2y+z=0 
and x + 2y +3z =0 
ee See ee F 
6=2 1=3 2-2 
=> x = 4k, y =—2k,z=0 
or x=2k,y=—-k,z=0 


ie. (2k, — k,0) for anyk € R. 
Hence, there are infinite number of triplets. 


@ Ex. 53. For every real number find all the real solutions 
to equation sin x + cos (a + x) +cos(a —x) =2. 
Sol. Given, sin x +cos (a + x) + cos (a— x) =2 
=> 1:sin x +2-cosa-cos x =2 
Let 1=rsin $,2cosa=rcos > 
=> r(cos x cos >+sin x-sin >) =2 
| where r?=14+4 cos’ a 


=> rcos(x—)=2, 
ey | = r=J1+4cos’a@ 


=> cos(x— gee 
r 
2 


St ea aNa ai (i) 
1 +4cos’a 


=> cos(x — 0) = 


This equation has real solution if, 
2 


V1 +4cos’a 


or 2<.J1+4 cos’ a or 4cos*a23 


s1 


3 
or cos? a>— 
4 


3 3 
“cosas ~— = 1-cos’as Ne 


1 
=> sin’a <— 
4 
= (sina + 1/2) (sina-1/2) <0 
1 
=> gt aay 
2 2 


mn — = S aS mn+ =, where me | 


f 
2 . 
Clearly, x — @ = 2nn + cos” | ~——————— | [From Eq. (i) 
1 +4 cos’ a 
=> x=+2nn + cos’ [2 
Reel +4 cos’ a, 


‘ 


2cosa 2 cos a 
where cos > =— 


yi+4 cos’ a | 1+ 4 cos’ a, 


@ Ex. 54. Find the solutions of the equation 


i : : Tl 
(sin x +cos x) sin2x =a(sin® x +cos° x) located Benieel 


and t and for which values of ‘a’ does this equation have at 


most one solution satisfying the condition 5 SxS. 


Sol. (sin x + cos x)sin2x = a(sin x + cos x) 
[sin’? x + cos’ x — sinx cos x] 


/ 
=> (sinx + cos) | sina - a|1 - ssinds) =0 (i) 
; 370 
Now, sinx+cosx=0=tanx=-1= ra 
ent we exsn 
4 2 4 


Hence, there is always at least one root lying in . and 7 for 


any value of the parameter a. 


Now, 2sin2x — 2a + asin2x =0 [from Eq. (i)] 
a inva Ait) 
2+a 
1 
Since, Be TORN e Sak 
=> -1<sin2x <0 .» (iii) 


Now, from Eqs. (ii) and (iii), we have 


2 
-~1¢ ——". <0, wherea#—-2 
2+a 


=~ (4 Vanden) <0 
2+a 
Using number line rules, we get 
+ - + 
i t —— 
-2 ~2/3 
2 
a<-2 or az-- (A) 
¥ = + 
2 0 
and -2<as0 ...(B) 
From (A) and (B) -; Sasso ...{iv) 


[ie. common to both (A) and (B)] 
Hence, for every value of ‘a’ satisfying the condition 
has the roots lying 


2 
--Sas0 the equation, sin2x = 8 
3 2+a 


between . and 7. 


Now, we have to find the solution of the equation 


; 2 
sindx =", where -= Sa $0 and acest 


+a 
Clearly, M<2x <2n 
Case I R<dx<o 
0<2x-n< 
2 
2 
sin(2x) = 
2+a 
um 1.2, 2a 
sin(2x Se =—-—-s} (24) 
2 2+a 
3m 
Case Il i 
—m cox -2n <0 
2 
Since, dee 
2+a 
. 2 
sin(2x — 27) = z 
2ta 
-{ 2 
sencian (=) 
2+@ 
1 
x=N+ 
2 \2ta, 
3 
for a (-, i 
Thus, x=+4 Ed an “tir for sao 
2 2 ea} 


{ 2a ms (or = Seed 


\ / 
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@ Ex. 55. Solve the equation 


2 , 
(tan x)“ * =(cot x)*"*. 
Fa ~anr 
Sol. (tan x) | = 
tan x } 
=> (tan x) ea) ey 


Now, here two case arises, 
Case I When tan x = 1, the power (cos’ x + sin x) can take 


any value. 
tanx=1 


14 
=> ume 


Case II When tan x #1, 0 and cos’x + sinx =0 


4 
or alam aay 
and 1-sin’?x +sinx =0. 
= sin’ x —sinx -1=0 
f 1+ y1+4 541 1-v5 
wor LE Bot 18 


— 1 which is not possible. 


sinx = = sina 


‘ 


. «| lL 
. x=n7m+(-1)'a, wherea =sin ‘cs 


T 
Tavs eens On x= Tee LR 


] 


where @ = sn“ ; 


@ Ex. 56. Solve the equation. 
acos x + cot x + 1 = cosec x. 


cos x 1 
Sol. acos x + —— +1=—— 
sin x sin x 
=> asinxcosx + cosx +sinx =1(sinx #0) 
=> sin x + cosx =1-—asinxcosx 


On squaring both sides, we get 
1+ 2sinxcos x =1+,a’sin’ xcos’ x — 2asin x-cos x 


a’sin’ x cos’ x — Xa + 1)sinxcosx =0 
sin x cos x[a’sin x cos x - Aa + 1)]=0 
sin2x[a’sin2x - 4(a + 1)]=0 
sin2x = 0 for any value of a. 
2x=nt 


x= forae (2, ©) 


or a’sin2x — 4(a + 1) =0 
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: 4at+1 
=> sinax = 44+) 


**-1 S sin2x <1 for all values of x. 
“1 Met) 
a 


~a’ $4(a+1)Sa’ 


i.e. -a’ S$ 4a+40r4a+4<a 
= a’+4a+420 
or | a’ - 4a—-420 
=> (a+2)’ 20 
or (a-2)? -820 
which is true for all ‘a’ or (a — 2)’ 28 
= a~22>2V2 
or a-25-2v2 
= as2-2V2 or a22+2V2 
or a € (-0, 2 — 2V2]U [2 + 21/2, 02) 
=> 2x = nm +(-1) sin( 229) 
x= — + CF sn M229) 
B® . for ae (—©, ©) 
= xe (-1" . 4(4(a+1)) 
oF Pw S} 


for a & (-©°,2 - 2/2] u (2 + 2V2, oo) 


@ Ex. 57. Find the values of a’ which the system of equa- 
tions sin x -cos y =a’ and siny -cos x =a have a solution. 


Sol. We have, 
sinx-cosy =a’ and cosx-siny =a 
adding above equations, 
sin xcos y + cosxsiny =a’ +a 
=> sin(x + y)=a’ +a 
As we know, 
-1Ssin(x + y)S1 
-1Sa’°+aS1 
i.e. -1Sa’+aanda’+aS1 
= a’ +a+120anda’+a-150 


2 2 
( \ 
=> [e+3) + 20and/a+-| = 6 
4 \ 2) 4 


2) 
V5 1_ V5 


=> true for all real ‘a’ and -— <a+-—-<S — 
2 2 2 


- {f2)s0s42 
2 2 


.. (ii) 


Again, on subtracting the two given equations, 
sin x cosy — cosxsiny =a’ —a 
=> sin(x — y)=a’-a +-o{iii) 
As we know, 
—1Ssin(x —y) <1 
-1Sa’-aSl 
-1Sa’-a and a’-asi 
=> a@’-at+120and a’?~a-150 
= (--2) +320 and (2-2) <5 
2) 4 2) 4 


/ 


y 


y 


es 
=> True for all real ‘@ and-~ sa—>s 


=> 


..iv) 


1-5 we glo 
[- 2 2 


From Egg. (ii) and (iv) common solution is 


8) ne =! 


@ Ex. 58. Find all the numbers ‘a’ for which any root of the 
equation 
sin3x =asinx +(4—2|a|) sin? x is a root of the equation 
sin3x +cos 2x =1+ 2 sin xcos 2x and any root of the latter 
equation is a root of the former. 
Sol. The first equation of the system can be written as; 
3sin x — 4sin’ x = asinx +(4—2|a|)sin’x 
sin x{4sin’ x +(4 —2|a|)sinx + (a—3)} =0 fi) 
The second equation is, 
sin3x + cos2x = 1 + 2sin x cos2x 
sin3x + cos2x =1+sin3x —sinx 
cos2x =1-sinx 


.-(i) 1 -—2sin? x =1-sinx 


sin x(2sin x — 1) =0 wwii) 
‘ Both equations have a common solution, therefore 
sinx =0 
Also, second root of Eq. (ii) ie. 


sin x = ; , satisfy Eq. (i). 
1) 1 
From Eq. (i), (5) wena lay a8) 


=> 1+2-|a|+(a—3)=0 


=> lal=a or a2 Oforsinx = - . {iii 


Again from Eq. (i); 
4sin’x + (4 -2|a|)sinx + (a—3)=0 


For real x, (4-2|a|)’ -4-4-(a-3)20 
= (2—a)’ — 4(a—3)20 
=> 4-4a+a’-4a+1220 
=> a’ —8a+ 1620 
=> (a- 4)’ 20 
-(4-2 - 4) 
sin x = 047214) # 2yla - 4) 
2-4 
= - 2 
de Hace 2+J(a-4) 
4 
; |a] -2+a-4 
=>  sinx = ———_——_ 
4 
‘ |a]|-2-a+4 
or = sinx = —+-_--—____- 
4 
=>  sinx =—— orsinx = = ['*|a| =a from Eq, (ii) 
F a- ; a 
=> sinx= Orel 
For real x the values of ‘a’ will be suitable in the following 
three cases (also a 2 0). 
@ 20a a3 
2 
(ii) eA 28 => a=4 
2 2 


a =3 
(iii) PAs or |a-3|S20r-2Sa-3<2 


> 1sass 
Hence, a€ [1,5} 


@ Ex. 59. Solve the inequality 
? sin’ x +sin? x- cos’ x >cos 2x. 


Sol. Re-writing the inequality in the form, 
5(1 — cos2x) + &1— cos’2x) > 8cos2x 
or 2cos’2x + 13cos2x -7 <0 


Putting y = cos2x, we get 


2y? +13y-7<0 or (2y—-1)(y+7)<0 


: 1 
or y lies between —7 and or —7 <cos2x < 5 
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Since, ~1 S$ cos2x for all x. 


~1S cos2x < 7 


Using figure, we get 2nn + : < 2x <2nn + = 
Te 51 
=> m+—<x<nmt+— 
6 6 
@ Ex. 60. Solve the inequality, 
, 1 
Sinn GOs Xi tan ee 
Sol. Left hand side is defined for all x except, 
Tm . 
Sai whee 


2tan x 


Now, we have Fear + tanx 22 {from given equation} 
+ 


Putting y = tan x, we get 


2) _ 2 
Y sy22 or Wtmity) Aty)s4 
l+y (l+y’) 
1+ y’>Ofor all y. 

2y+y(ity’)-Al+y’)20 
= y? - 2y’ +3y-220 
or y(y-1)-vy-1)+Ay-1)20 
or (y-1)(y? -y +2)20 


\2 
where y?=y +2=(y 3] +2 >Oforall y 
/ 


(y-1)20ortanx 21 
From figure, we get 


2 
Hence, the solution of the inequality lies in the interval, 


T ‘14 
US aes teed 


. Tt Tl 
1.€. xeé nat Enne 3) 
4 2 


@ Ex. 61. if0 $x $2n, then solve the inequality, 
go fy -yt+l <2. 


Sol. The given inequality can be written as; 


ges’ y -1/ +12 ..i) 
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Since, cosec’x 2 1 for all real x. 
o gO ey ii) 
Also,(y - 1)? +121 
= Vy -1° +121 (iii) 
From Eqs. (ii) and (iii), 

grosee™s 4 1)? 4122 ..(iv) 

.. From Eqs. (i) and (iv), equality holds only when, 
geesec"= = 2and yy - 1)? +1 =1 


or cosec’x =1 

and (y-1/ +1=1 

or sinx =tlandy=1 
nm 31 

or x=—,—andy= 
o i2 


Hence, the solution of the given inequality is x = *, = and 


y=l 


@ Ex. 62. Solve the inequality, 
5 + 2cos 2x <$3|2sinx —1|. 
Sol. The given inequality can be written as; 
5+ A1—2sin’ x) $3|2sinx -1| 
or 7 - 4sin’ x $3] 2sinx -1| 
Putting y = sin x, 
7-4y’? $3|2y-1| ...(i) 
Now, consider the two cases 


(i) 2y-120 ory2 


then, 7-4y? S$ 32y-1) 


[- fory2a|y—al=(y—a)] 
or 4y°+6y-1020 or 2y'+3y—-520 


or (y — 1)(2y +5) 20 


Solving this inequality, we get y < — : ory21. 


1 
But from the condition y 2 we have y 21. 


Le. sinx 21 


The inequality holds true only for x satisfying the 
equation sin x = 1 that is 


x = Ont +“ when n€ I. 


(ii) Let 2y-1<ory<- 


then, 7-4y’S-X2y-1) 
[- for y<a,|y—al=—-(y—a)] 


or 2y’ —3y -220 


or (y-2)(2y+1)20 
On solving the inequality, we get 


ys sim ory22. 
2 
wt 1 1 
But from condition y < 3 we have y S ae 


P 1 
or sinx $-—- 
2 


On solving the inequality ( from graph we have) 


51 1 
we get, 2 ae eee 


a. 
Thus, =ann+ Zor xe| ann, ann] 


Ex. 63. Solve 


|cos x — 2sin2x —cos3x|=1—2sin x —cos 2x. 
Sol. Here, LHS =|cos x — 2sin2x — cos3x| 
= |(cos x — cos3x) — 2sin2x| 
= |2sin2x-sin x — 2sin2x| 
= |2sin2x(sin x — 1)| 
and RHS = 1 — 2sin x — cos2x 
= 2sin’ x — 2sin x = 2sin x(sinx — 1) 
Thus, | cos x — 2sin2x — cos3x | = 1—2sin x — cos2x 
could be rewritten as, 
| 2sin2x (sin x — 1)| = 2sin x(sin x — 1) 
where 1 — sin x 2 0, for all real x 
| 2sin2x | (1 — sin x) = 2sin x(sin x — 1) 
=> (|2sin2x | + 2sinx)(1 - sinx) =0 
Either sin x = 1 
or 4| sin x || cos x | + 2sin x = 0, So, two cases arises 
Casel sinx =1 


1 
= APSENEY Gave 


Case II 2|sinx||cosx|+sinx =0 
Ifsinx >0 


=>  2dsinx|cosx|+sinx =0 
or | cosx|=—- ; (not possible) 


Thus, no solution for 


sin x > 0. 
Consider sin x $0 
=> ~2sin x | cosx|+sinx =0 
= sinx =Oie.x=nt,nel. 


or lcosx|= 


1 2 
=> a 


= Those values which lie in Il or [V quadrant 


kate for k =(2m +1),me1 


r=) 
[en -%, for k =(2m),meI 


Tl 
ant+—,neEel 
Z 
T 
Hence, Rega Neb amet 


15 
2nnm-—,nEel 
3 


® Ex. 64. Prove that the equation 2 sin x =| x|+a has no 


f \ 
solution fora & ee, | 
3 


3V3 - 1 
3 


Sol. We have, 


CaseI When| x| 22, we have 
| x|+a@> 2, whereas 2sinx <2 
Hence the equation, 


2sin x =| x | + @, possesses no solution for| x | 22 


Casell When, -2<x<0,wehave0s|x|<2 
= 2sin x S$Oand|x|+a>0 
. The equation, 
2sin x =| x | + a has no solution. 
Case III When,0< x <2, we have 
In this case the given equation reduces to 
aésinx=x+a 


Let f(x) =2sinx -— x 
— f(x) =2cosx -1=0 
= x= < (0, 2) is a critical point. 


wt ; 718 
f(x) =-2sinx SORES 
Tt. 
sa x= i is a point of maxima. 


3 2 3 3 


3V3 = for the 


. @=2sin x — x, cannot be greater 
equation to have a solution. Hence, the result. 


; : 1 a 
Aliter We have, sinx = I x|+ rs 


Now, consider the graphs of y, = sin x and y, = A x |. 


> 0 and hence their arises three cases 
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y,= sinx 


ae 1 —_ th A 
The equation sin x = 5 | x|+ 5 will have solution, if the line 


1 a 
y= 5! x|+ r (parallel to y,) intersects or touches the curve 


y, = sin x at least one point. In this case we must have 


ay, = cosx = ; (i.e. the slope of the line) => x = ; 


Hence, the solution exists if, 


@ Ex. 65. In AABC, prove that 


A B Cc 
cosec— + cosec — + cosec— 26. 
2 2 
.-.. A. Be 
Sol. Since —, —, > all are acute angles, we can use AM 2 GM. 


A B 
Conte + cosec ri + cosec — 


3 


( V3 
2| poeee - cosec ee cosec< | .{i) 
\ 2 2 2 


: _A . B.C 1, A Sy tee Ne 
Consider, sin — + sin —--sin — = ~sin —:| 2sin—-sin— 
2 2 2 2 2 \ 2 2 


oe. [2=¢) (2#<)) 
= —SIn—} COS: — cos 
2 a 2 


Sece® . cose . cose 28 ...{ii) 


From Eqs. (i) and (ii), 
A B & 
cosec — + cosec — + cosec — 
2 ; 2 > (8)'? 


A B 
=> cosec— + SOset + Conte 26 


~SS 
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@ Ex. 66. ) a er +tana-tanB=tany, where 
cosa: cosB 


4 - 
0<y< > and a, B are positive acute angles, show that 


T <y< T 
4 2 
: 1 1 
Sol. Since, tany = —————— + tana-tanB, where 0< y < — 
cosa cos B 2 


2 
Now, 1-tan’y=1 -( + tanattanB 


cosa cosB 


245 ( + “nasal | 
cosa cosB 
cos’a cos’ B - sin’ sin? B —1—2sin ao sinB 
7 cos’a.cos’B 
(1-sin’a)(1-sin’B)-sin’a sin’B -1-2sina sinB 
‘ cos’a cos*B 
1-sin’B-sin’a +sin’asin’B 
-sin’asin?B-1-2sinasinB 
cos’a cos’B 
bead (sin’a + sin’B + 2sina sinB) _ _ (sina + sinB)? 
cos’a-cos’B cos’a-cos’B 
which is < 0. (i) 
Because, if it is equal to zero thensina + sinB =0 


or asin( 22 coo 2-8) =0 


A a- 
=> either 


= 0 which are impossible. 


Thus, from Eq. (i); 
1~—tan’y<0 = tan’*y>1 


7 
=> tany >1 i ce 


Lae 
4 oe 


© Ex. 67. Find the quadrants of the coordinate planes such 
that for each point(x, y) on these quadrants (where 
x #0, y #0), the equation; 


sin‘ @ cos‘8 1 
—_— ++ ——_—————_ = 


is solvable for 9. 
x y x+y 
o 4 4 
Sol. Here, ons + cos 6 ee 
x y x+y 
= (x + y)ysin‘@ +(x + y)xcos*@ = xy 


=  x(sin‘@ + cos'@) +(x’ cos‘@ + y’sin‘ 8) = xy 
=> xy{(sin?@ + cos?@)? — 2sin’6 cos’@) 


+(xcos’@ — ysin?6)" + 2xycos’@sin’8} = xy 


Ex. 


Sol. 


= xy(1-2sin’@cos’@) + {(xcos’6 — ysin’6)’ + 
2xycos’6sin’6} = xy 
=> xy -2xysin’Ocos’@ +(xcos’6 — ysin’6)’ + 
2xycos’@Osin?@ = xy 


=> (xcos’@ ~— ysin’?6)’=0 = tan’?6= cad 
y 


= xand y must be of same sign, which is true in 1st and 3rd 
quadrant only. 


68. For what values of ‘b’ does the equation pasos 


2 cos 2x —1 


b+sinx , 
= ——_—_______——_ possess solutions. 


(cos? x —3sin’ x)tanx 
The condition for the existence of solution are, 


: . ™ 
1.2cos2x -1#0i1.e. cnt eee 
2 6 
: 19 . 
2tanx#0ie.x # srs .{i) 
2 2 « z ee Tl 
3. cos” x — 3sin” x #01.e. tan fae ig BERT 


Note 2cos2x — 1 =2cos’ x — sin’ x) — (cos’ x + sin’ x) 
= cos’ x — 3sin’? x 


Subject to the above condition, the equation reduces to 


bsinx =b+sinx => sinx = .»{ii) 
which is only possible if ; -1 $ $1 
i.e, er, and een 
b- b-1 
+ ! _ ! + 
1/2 1 
1 
and —— <0 
b-1 
_ n + 
41 
i.e. bs—orb> landb<1 ...(ii) 


From Eqs. (i), (ii) and (iii) 
bs ; iv) 


Wienb= ; g= = (from Eq. (ii)) 


But fromEq.(i) x# md 
2 


1 


=> b# ; (V) 
From (iv) and (v) the equation possess solutions only when 
b<-. 

2 


a] Trigonometric Equations and Inequations Exercise 1: 
~ Single Option Correct Type Questions 


ee i rrr EE Ne 


; 3 ae a 
1. The equation 2sin - cos’ x - 2sin zm x 
= cos’ x —sin” x has a root for which the false 
statement is 


(a) sin2x=1 (0) cos x= - 


(c) cos 2x = — 2 (d) cos x =1 


2, Let the smallest positive value of x for which the 


function f(x) =sin ~ +sin El (x € R) achieves its 
1 


maximum value be x,. Express x, in degree ie. x, =Q°. 


Then, the sum of the digits in & is 
(a) 15 (b) 17 
(c) 16 (d) 18 
3, The number of solutions of the equation 
1&sin*® x + cos* x) =11(sin x + cos x) in the interval 


[0, 27] is 
(a) 6 (b) 7 
(c) 8 (d) 9 


4. xsina+ ysin 2a + zsin3a=sin 4a 
x sin b+ ysin 2b + zsin3b = sin 4b 
x sine + ysin2c + zsin3c =sin 4c. 
Then, the roots of the equation. 


+2 -x 
to eer ee =0(a, b,c # nm) are 


(a) sina, sind, sinc 

(b) cosa, cosb, cose 

(c) sin2a, sin2b, sin2c 
(d) cos2a, cos2b, cos2c 


5. The least positive value of x satisfying 


sin’ 2x + 4sin‘ x-4sin’ x cos’ x _ 1 . 


4-sin’ 2x —4sin? x 9 
(a)n/3 (b) 1/6 
(c) 22/3 (d) 57/6 


6. The maximum value of the expression 


sin’ x +2a° — 2a’ -1- cos’ x| where aand x are 


real number, is 
(a) 1 (b) 2 
(c) v2 (d) v3 


7. The general solution of 8 tan” = 1+sec x is 
{-l t 
(a) x=2nm + cos (=) (b) clea 

al % ) 

(c) x=2nm t cos ai (d) None of these 


8. The general solution of tan6 + tan 40 + tan 70 
=tan@-tan 40-tan 76 


ni nm 

§=— §@=— 

(a) ql (b) z 
(c) ar) (d) None of these 


9. The solution of the equation e""* —e~"* -4=0is 
(a) x=0 
(b) x=sin” [log(2-5)] 
(c) no real solution 
(d) None of the above 


10. The number of the solution of the equation 
cos(t/x - 4)-cos nv x =1is 
(a) >2 (b)2 
(c) 1 (d) 0 

11. The number of real solution of the equation. 
sin(e*)=5" +5” is 
(a) 0 (b) 1 
(c) 2 (d) Infinitely many 

12. ABC is a triangle such that sin(2A + B)=sin(C— A) 
=~sin(B+2C)=1/2 If A, BandC are in AP, then the 
value of A, Band C are 
(a) 45°, 60°, 75° 
(c) 20°, 60°, 100° 


(b) 30°, 60°, 90° 
(d) None of these 


13. Let 2sin’ x +3sin x -2>0and x* —x-2<0(x is 
measured in radian). Then ‘x’ lies in the internal. 


a)( = 5 (_, 5% 
(2) Ot 122) 
(c)(-12) (2) 


14. The number of points of intersection of the two curves 
y=2sin x and y=5x* +2x+3 is 
(a) 0 (b) 1 
(c)2 (d) 
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15. 


16. 


17. 


18, 


19. 


20. 


21. 


22. 


23. 


24, 


The number of all possible triplets (a,,a,,@,) such that 
a, +a, cos2x +a, sin’ x=0 for all x is 

(a) 0 (b) 1 

(c) 3 (d) Infinite 

The equation sin‘ x —(k +2)sin’ x —(k +3)=0 possesses 
a solution if 
(a) k>-3 

(c) -3Sk$-2 


(b) k<-2 
(d) k is any (+ ve) value 


In interval E ; =| the equation log, ,(cos’ 6)=2 has 
(b) a unique solution 
(d) infinitely many solution 


(a) no solution 
(c) two solution 


If ¥) cos6, =n, then yisin8, is 


t=) t=] 


(a)n-1 (b) 0 

(c)n (d) n+1 
If0<x<n/2andsin” x+cos” x2], then 
(a) ne[2,) (b) (— 22,2] 

(c) ne[-1,1] (d) None of these 
The most general values of ‘x’ for which 


sin x+cos x= min [1, a? —4a+6] are given by 
ae 


(a) ann (b) 2nn +2 


(c) nn +(-1)" ae (d) None of these 


Value of ‘x’ and ‘y’ satisfying the equation 
sin’ y=|x* —x* -9x +9|+|x° -—4x-x’ +4 
+sec’ 2y+cos* yare 
(a) x=1, y=nx (b) x21, y=2nn +> 

(c) x=1, y=2n7 (d) None of these 

If max {5sin 8 +3sin (6 —a)}=7, then the set of possible 
value ofa is8ER 


(a) {xx = ant t= nel 


-  (b) nanamt = nei| 
(d) None of these 


The number of integral values of ‘n’ so that 

sin x(sin x + cos x)=n has atleast one solution, is 
(a) 2 (b) 1 

(c) 3 (d) zero 

Total number of solution of sin{x}=cos{x}, where {+} 
denotes the fractional part, in [0,27] is equal to 


(a) 5 (b) 6 
(c)7 (d) None of these 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32, 


33, 


34, 


If a, be [0,1] and the equation 
x? +4+3sin(ax + b)—2x =0 has atleast one solution, 
then the value of (a+b) can be: 


7% 3 
ee eae 
(a) . (b) ; 
(c) = (d) None of these 
The value of a for which the equation 
4cosec” (1 (a+ x))+a’ —4a=0has a real solution, is 
(a) a=1 (b) a=2 
(c) a=10 (d) None of these 
If the equation 2 cos x + cos 2Ax =3 has only one 


solution, then A is 


(a) 1 


(c) An irrational number 


(b) A rational number 
(d) None of these 


eee aa mum wn 
Let n be positive integer such that sin — + cos — =——. 


an an 2 
Then 
(a) 6<n<8 (b) 4<n<8 
(c)6<n<8 "(d) 4<n<8 


The number of solutions of ‘iie equation 
5sec§ —13=12tan6 in [0,27] is 


(a) 2 (b) 1 

(c) 4 (d) 0 

The number of solution of equation 

x? tx’ +4x4+2sinx=0in0SxS<2ris 

(a) Zero (b) One 

(c) Two (d) Four 
(n°, .) in ‘ 

If tan| Seo a cos@ | then sin 8 + cos 6 is 
\2 2 ) 

equal to 

(a) 0 (b) 1 

(c) -1 (d) 1 or -1 

The equation sin x +sin y+sin z=—3 for 0S x S2n, 

OSyS2n,0Sz S27 has 


(b) two sets of solutions 
(d) no solution 


(a) one solution 
(c) four sets of solutions 


If x=nt+(-1)"a,ne€I and x = nat +(—1)"B are the roots 
of 4 cos x —3sec x = tan x, then 4(sina +sinB) is 


(a) -1 (b)1 
(c) 2 (d) None of these 


If tan m@ = tan nO and general value of 6 are in AP, then 
common difference is 


()—— ov) — 
m-n m+n 
(c) us (d) None of these 


m-n 


35. If sin30. = 4sino sin(x +a) sin(x —@), then 


(a) x=nnt el 
(b) xsnnt nel 


(c) xomt~ nel 


(d) None of the above 
36. Acos x -3sin x =A +1is solvable only, if 
(a) A€[0,5] (b) A€[4,5] 
(c) AE(—0, 4] (d) None of these 
37. cos2x-3cosx+1= beta Bn holds, if 
(cot 2x — cot x)sin(x — 7) 
(a) cosx=0 (b) cos x=1 
(c) cos x2 (d) for no value of x 
38. If sec x cos5x =—1and0< x<t, then x is equal to 
T ™ 
a) ; (b) a 
(c) * (d) None of these 
39, Ifsin'” 6 - cos” 6 =1, then 8 is 
(a) ann + = nel (>) m+ — nel 
(c) m+ 7 nel (d) 2mm nel 
40. If V3 sin x-cos x= min {2,e7, 1,0 — 4a +7}, then 
ae 
(a) x=2nn,nel (b) x=2nn +S nel 
(c) x=nm+(-1) “+2 nel (d) x=nn-+(-1)"" aE nel 
41, The number of solutions of the equation 
cos 4x +6=7 cos 2x, when x6 [315° 317° Jis 
(a) 0 (b) 1 
(c) 2 (d) 4 
42. The number of solutions of cot (57 sin 8) = tan (57t cos 8), 
V6€(0,27) is 
(a)7 (b) 14 
(c) 21 (d) 28 
43. If exp [(sin? x +sin' x +sin® x+...0) In 2] satisfies the 


equation y’ —9y +8=0, then the value of 


cos x nT. 
——_—_——_ ,0<x<-, is 
cos x +sin x 2 
3-1 
(a) V3 +1 went 
(c) v3 -1 (d) None of these 
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44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 
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Total number of solutions of cos x= 1 —sin 2x in 
[0, 27], is equal to 


(a) 2 (b) 3 
(c) 5 (d) None of these 
If the equation cos 3x cos* x +sin3xsin’ x =0, then x is 
equal to 
t Tt 

2n+1)— en-1)— 
(a) (2n y (b) (2n i 
(c) = (d) None of these 
Total number of solutions of sin x = = is equal to 
(a) 4 (b) 6 
(c)7 (d) None of these 
The number of all possible 5-tuples (a,,a,,a,,a,,a,) such 


that a, +a, sinx+a, cosx +a, sin2x +a, cos2x=0 
holds for all x is 


(a) zero (b) 1 
(c)2 (d) infinite 
x, and x, are two positive values of x for which 


2cos x,|cos x|and3sin’* x -2are in GP. The minimum 
value of |x, — x,|is equal to 


t 
a 


af 2 
(d) cos (2) 


cotBsinx 3 
If cos — cotBsin x _ v3 


B 


(a) on tan15° 


B 
(b) tan 5 


(c) tan15° 
(d) None of the above 


, then the value of tan 7 is 


The expression nsin’ 6 +2n cos(6 +a) 


sino sin8 + cos 2(a@ +8) is independent of ‘6’, the value 
of n is 


(a) 1 (b) 2 

(c) 3 (d) 4 

The value of the determinant 
1 a a’ 


cos(n—1)x cosnx cos(n+1)x/is zero if 


sin(n-1)x sinnx  sin(n+1)x 
(a) x=nn (b) x=nn /2 
1+a’ 
(c) x=(2n+1)n/2 (d) x= ; nel 
a 
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52. sie <Oif@ lies in 
cos 
(a) (137 / 48,147 / 48) (b) (147 / 48,1870 / 48) 
(c) (187 / 48,237 / 48) (d) any of these intervals 
sin’® cos’@ <x 
53. If f(x)=|cos°8 x — sin’? @|@eE(0,7/2), then roots 
x  sin’@ cos’6 
of f(x)=Oare 
(a) 1/2,=1 (b) 1/2,-1,0 
(c) -1/2,1,0 (d) -1/2,-1,0 
54, The equation sin x +sin y+sinz=—3 for 0S x <2n, 


55. 


56. 


O<yS2n,0SzS2n, has 
(a) One solution 
(c) Four sets of solutions 


(b) Two sets of solutions 
(d) No solutions 


If sec x cos 5x +1=0, where 0<x<2n7, then x= 
tm 1 
ae (b) — 
(a) = (b) - 
(c) 7 (d) None of these 
If | k | =5and 0° <0 <360°, then the number of different 
solutions of 3cos 8 + 4sin6 =k is 
(a) Zero (b) Two 
(c) One (d) Infinite 


97. 


58. 


59. 


60. 


If cot (& +B)=0, then sin(a +28)= 
(a) sina 


(c) sinB 
‘ae 
If cot @ + cot & =e = 2, then the general value of @ is 


(b) cosa 
(d) cos2pB 


(a) art = (b) ann = 


1 1 
ry Diente 


If cos 20 =(/2 + p[ <o80 -=| then the value of 0 is 
2 


(a) 2nn+ = (0) ann = 


(c) 2nn sr (d) None of these 


2 als 
——|2-, then sin x lies in 
1+sinx 


(d) None of the above 


a Trigonometric Equations and Inequations Exercise 2 : 
More than One Option Correct Type Questions 


67. 


62. 


63. 


The value of ‘t’ which satisfies (t — [| sin x |])!=3!5!7! 

IS/ATE i ccasscsees where [.] is GIF 

(a) 9 (b) 10 

(c) 11 (d) 12 

Let f(x) =cos(a, + x)+ = c05(a +x)+ RS cos(a, + x) 
2 


Hise: i scala: + x) 
gat 


where a,,a,,...,.@, ER If f(x,)= f(x,) =0, then 
| x, — x,|may be equal to 
(a) = 
(c) 3x 


(b) 27 
vie 
(d) a 


Let a, B, y be parametric angles of 3 points P,Q and R 
respectively lying on x” + y’ =1 If the lengths of 


chords AP, AQ and ARare in GP where A is (1, 0), then 
[Given ao, B, y € (0, 27)). 
Ag UB 
4 4 


cos 


(a) sin 


Y B 


_ a, : 
(d) sin—sin— <sin— 
2 2 2 


. Let x, y,z be elements from interval [0, 277] satisfying the 


inequality (4 + sin 4x) (2+ cot? y)(1+sin‘ z)<$12sin’ z, 
then 

(a) the number of ordered pairs (x, y) is 5 

(b) the number of ordered pairs (y, z) is 8 

(c) the number of ordered pairs (z, x) is 8 

(d) the number of pairs (y, z) such that z = y is 2 


65. The number of integral values of a for which the system 


66. 


67, 


68. 


69. 


70. 


/1. 


of linear equations x sin9 — 2y cos@ — az =0, 

x+2y+z=0,—x+y+z=0may have non- trivial 

solutions, then 

(a) ata =2 the given system will have finite solutions for 
BER 

(b) number of possible integral values of a is 3 

(c) fora =1 the system will have infinite solutions 

(d) for a =3 the system will have unique solution 


The equation 

2sin’ 8 + (2A — 3)sin? @ —(3A + 2) sin® — 2A =0 has 
exactly three roots in (0,27), then A can be equal to 
(a)0 OF 

(c) 1 (d)-1 

If x+y=2n/3and sin x/sin y=2, then the 


(a) number of values of xe[0,47] are 4 
(b) number of values of x€[0,47] are 2 
(c) number of values of y €[0,47] are 2 
(d) number of values of y €[0,471] are 8 


If0<x<2n and |cos x| $sin x, then 


(a) the set of all values of x is Bea 


(b) the number of solutions that are integral multiple of 7 is 


four 
(c) the sum of the largest and the smallest solution is x 
\ ‘ 
(d) the set of all values of x is xe EE lui se 
(427 \2 4 
If x and y are positive acute angles such that (x + y) and 
(x—y) satisfy the equation tan’ 6 - 4 tan@ +1=0, then 


(a) x= 


alaAaala 


(c) y= 
41 : j 

a ak and sin x =2sin y, then 

(a) xann+= nel 


5 
(>) y=" nm nel 


(c) Both (a) and (b) 

(d) None of the above 

The number of solutions of the equations 

y=; [sin 6 +[sin 6 + [sin 6]}]] and [y+ [y]]=2cos8 


[where, [-] denotes the greatest integer function] is /are 
(a) 0 (b)1 
(c) 2 (d) infinite 
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72, If [sin x] + [V2 cos x] =-3, x€ [0,2] (where, [] denotes 


the greatest integer function), then 


(38) (x28) 
24% ; b) xa x, : 
(c) xen | (d) None of these 
a «. & ; 
73. Ifa €[-27,2n] and cos 3 tsin = = v2(cos36°—sin 18°) 
then a values of & is 
71 Tt 
(a) E (b) - 
51 Tt 
eee ay 
(c) ; {d) ; 


74. The number of values of & in the interval [- 7,0] 
satisfying sin & + {" cos 2x dx =0, then 


(a) a=0 


(d) None of the above 
75. The solutions of 6 € [0,27] satisfying the equation 
log 5 tanO(,/log,..¢ 3+ log 5 3/3)=—1, then 


Tt 
Ser T 


4n 


(c) has sum me: (d) >2 


76. 


2be 
a) sina+sinf =———_ 
(a) B a+b 
Pnagh 


a’+h* 


(b) sinasinB= 


2 
(c) sina+sinB=— = ; 
b* +c 


c 
d ] a+ i en 
(d) sina+sinB ae 


Ifa and B are the solutions of acos6 + bsin9 =c, then 


77. The solution of the equation sin 2x + sin 4x =2sin 3x is 


nm 
(a) ae 


(b) x=nn 
(c) x=2nT 
(d) None of the above 


78. The general solution of 4sin‘ x+cos‘ x=1is 


(a) @n+i) = (b) nn 


1 [2 
(c) mm tsin ig 


(d) None of these 
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79. The values of x,0Sx< . whcih satisfy the equation 


81°"'* 481° * =30are 


Tt T 
(a) a (b) " 
T 7K 
= aya 
(c) Z ( Nee 
80. All values of xe( az = Teach that v3-1 8 hee 
2) sinx ace x 
are 
T ™ 
(a) is (b) ‘6 
11% 3m 
bial-¢ ao 
(c) 36 (¢) 10 
2 sad ae 
87. ae sin’ X40" =? has a solution if 
1-—tan" x cos 2x 
(a) aS-1 (b) a21 
(c) a=1/2 (d) ais any real number 


82. The equation 4 sin(x + 7/3)cos(x-1/6)=a’ 
++/3sin 2x — cos 2x has a solution if the value of 
(a) -2 (b) 0 
(c) 2 (d) a,a€]—2,2[ 


83. Which of the following is/are correct. 
(a) (tan x)" *) >(cot x)" " , WxE(0,0/ 4) 
(b) ai EX 5h HEE We (0,70/2) 
(c) (1/2)'9 8"? < (1/3), ¥x (0,0 /2) 
(d) 2'7 (7 =) 5g! 9 =) Wy x e(0,0/2) 


84. The value of 8, lying between 9 =0 and@ =f and 


satisfying the equation. 


1+cos’?6@ ~~ sin’@ 4sin 40 
cos°@ 1+sin?@ 4sin4@ |=0, is 
cos’ @ sin’?@ 14+4sin 40 
11% 71 
bel By oe 
(a Ure ( re 
— d)N f th 
a rf (d) None of these 


85. If [x] denotes the greatest integer less than or equal tox 


then the equation sin x =[1+sin x]+[1—cos x] has no 
solution in 


rT a0 Tt 
Gal | Fn 


3m 
(c) EE (d) R 


qa) Trigonometric Equations and Inequations Exercise 3: 


Passage Based Questions © 


— OO a eT el Ss A 


Passage I 
(Q. Nos. 86 to 88) 


If number of solutions and sum of solutions of the equation 
3sin? x— 7sin x + 2=0,x€[0, 2m] are respectively N and S 


and f,(8)=sin” 6 +cos” 8. On the basis of above information, 


answer the following questions. 
86. Value of N is 


(a) 1 (b) 2 (c) 3 (d) 4 
87. Value of Sis 
(a) = (b) = (c)an (d) x 


88. Ifa is solution of equation 3sin’ x —7 sin x + 2=0, 
x € [0, 2m], then the value of f(a) is. 


65 
‘oe (d) 0 


Passage II 
(Q. Nos. 89 to 90) 
Let log, N =a +B where a is integer and B =[0, 1). Then, 
On the basis of above information, answer the following 
questions. 


Se OT TT ET 


89. The difference of largest and smallest integral value of N 
satisfying © =3 and a=5, is 
(a) 499 (b) 500 (c) 501 (d) 502 

90. If N, is number of integers when a = 2 anda =2andN, 
is number of integers when & = 1 and a=3, then the 
minimum value of (N, sec’@ + N, cosec’@) 


(a)10+ 46 (b)10+ V6 (c) 10 (d) 100 


Passage III 
(Q. Nos. 91 to 93) 
If an angle and a side of a right angle triangle is known, then 
rest of the sides and angles can be found as follows 
In AABC (Figure 1), if ZB =90?, ZC =6 and BC =x, then 
AB =x tan@ and AC = xsec9. 
A 


— 


Now, consider an isosceles triangle POR (Figure 2 ), 


where PQ = PR and 20N = ¥3 
On the basis of above information answer the following 
91. The angle of triangle POR are 


(a) 150°, 15° 15° (b) 60°, 60°, 60° 
(c) 120°, 30°, 30° (d) 75°, 52.5°, 52.5° 


92. Area of circumcircle of quadrilateral PLOM is 


@r = j= an 
4 4 ‘ 
93, Length of the side QR is 
(a) tan 15° (b) V3 tan 15° 
(c) cot 15° (d) V3 cot 15° 


Passage IV 
(Q. Nos. 94 to 96) 


a is a root of equation (2sin x—cos x)(1+cos x)=sin’ x,Bisa 
root of the equation 3cos 2x- 10cos x + 3= and is a root of 
the equation l-sin 2x=cosx-sinx:0sa,B,y $7/2 


94. cosa + cosB + cos y can be equal to 


fa) 395 +22 +6 b) 3¥3-8 
6 6 
(c) oe (d) None of these 
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95. sina +sinB +siny can be equal to 


(a) ame (b) 5/6 
(0) Sale (4) we 
96. sin (a —B) is equal to 
(a) 1 (b) 0 
pea gee 
6 6 
Passage V 


(Q. Nos. 97 to 99) 
Consider the equations 
Ssin? x+ 3sin xcos x—3cos? x=2 ...(i) 
sin? x—cos2x=2-sin2x _...(ii) 
97. Ifa is a root of (i) and B is a root of (ii), then 
tana + tanB can be equal to 


(a) 1+ 469 /6 (b) -1--69 /6 
p= ~~ jae ~s 


98. If tana, tan satisfy (i) and cosy, cos 5 satisfy (ii), then 
tana-tanB + cos y + cos 6 can be equal to 


(a) -1 (b) 3p 
5 2 2 
= d —= 
5 V13 (34 
99. The number of solutions common to (i) and (ii) is 
(a) 0 (b) 1 
(c) finite (d) infinite 


Trigonometric Equations and Inequations Exercise 4: 
~ Single Integer Answer Type Questions 


i 


100. Let A, be the area of triangle AP, B which is inscribed in 
a circle of radius 2 units. If AB diameter of circle, 


atl 
ZABP, Be yA =4cot =, then — is equal to 
2n Pei 2 


101. If the sum of the roots of the equation 
cos 4x +6=7 cos 2x in the interval [0,314] is kn, k ER 


Find (k — 4948). 
102. If equation x’ tan’ 6 -(2tan@)x + 1=0and 


aa) 
——— |x 
aon 


; 
j 1-1, {tL -1)-0 
.1 + log, ab) 1+ log, be 


em re tr em ce es me mm ne tm se - - - —.-- 2 a 


(where a, b,c, > 1) have a common root and then 2nd 
equation has equal roots, then number of possible value 
of 8 in (0, 12) is 


103. Number of ordered pairs (x, y) which satisfies the 


4 
See up nee 2. 
relation = sin’ y.cos’ y, where yé [0, 27]. 


104. The number of solutions for, 


sin x=) cos x42} 
(4) 


4) | in (0,27), is 
2cos7Xx ae 
>2 


cos3+sin3 
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/ “i 
105. lf cos Asin [ A _t) ‘cieaasaanunn When the values Oh Ads 108. If x be the smallest positive root of the equation 
6; /sin(1- x) =./cos x, then the approximate integral 


equal to = then the value of A is value of & must be 


109. If x and y are the solutions of the equation 
106. Let p,qe N and q> p, the number of solutions of the ( ) 


equation q|sin |= p|cos6| in the interval [0,27] is 12sin x +5cos x =2y’ —8y +21, the value of 12 cot| 
107. If6,,6,,6, are three values lying in [0,27] for which must be 
tan 6 =A, then 110. If tan(m cos@)=cot(msin6), then cos’ (6 —7/ 4) is 
is equal equal to 
111. If 3sin x + 4 cos x =5, then the value of 
90 tan’ (x /2)—60tan(x/2)+10 is equal to 


2 


6. 6 6, 86, 6 8, 
tan —- tan —- + tan —- tan — + tan —: tan — 
3 3 3 3 3 


to 


‘ 


Trigonometric Equations and Inequations Exercise 5 : 
~ Statement | and II Type Questions 


= This section contains 6 questions. Each question contains 175. Statement I The system of linear equations 
Statement I (Assertion) and Statement II (Reason). 
Each question has 4 choices (a), (b), (c) and (d) out of 
which only one is correct. The choices are 


(a) Statement I is true, Statement II is true; Statement II 


x +(sina)y +(cosa)z=0 
x +(cosa)y +(sina)z=0 
-—x+(sina)y—(cosa)z=0 


is a correct explanation for Statement I. has a non trivial solution for only one value of o lying 
(b) Statement I is true, Statement II is true, Statement II between 0 and 7. 
is not a correct explanation for Statement II. sinx cosx cosx 


(c) Statement I is true, Statement I] is false. 
(d) Statement I is false, Statement II is true. 


Statement II |cosx sinx cos x|=0 


cosx cosx sinx 
112. Statement I sin x =a, where —1<a<0, then for 


x€(0,nm]has Xn—1) solutions V ne N. has no solution in the interval -1%1/4<x<1/4. 


Statement II sin x takes value a exactly two times 116. Let Oe(n/4,7/2), then 
when we take one complete rotation covering all the Statement I (cos8)*"° <(cos@)® <(sin@)*"° 


quadrants starting from x =0. 6 es 
Statement II The equation e™” -e~""* =4hasa 
113. Statement I The number of solutions of the equation 


sin x|=|x| is only one. 
Statement II sin x|20VxeR. 


unique solution. 


117. Statement I If 
exp {(sin’ x +sin“ x+sin‘* x+... inf) log, 2} satisfying the 


114. Statement I If 2sin2x —cos 2x =1, x #(2n+1)1/2,n is ease 
; ; tion x’ -9x+8=0, then the value of ————— 
the integer, then sin 2x + cos 2x is equal to 1/5. ean , cos x +sin x 
1+2tanx—tan’ x 3-1 
Statement I Sa aaa aa Bol ocxen/2 


Statement II sin? x+sin‘ x +sin® x+...inf =sec’ x 
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Trigonometric Equations and Inequations Exercise 6 : 


. Matching Type Questions ; 


= Math the statement of Column I with the value of 
Column II. 


118, 


(A) Ifa, Bare the solutions of (p) a-Bp=nx 


sinz=—= in [0,27 Jand a, y are 


Column I Column II 


in 


the solutions of cosx = 


[0,27], then 
(B) fc, Bare the solutions of (q) B-y=n 
cotx= —/3 in[0,2n Jand o, y 
are the solutions of cosec x=—2 
in (0,27 ], then 


(C) If, Bare the solutions of Qf) a-y=n 


sinx=—> in [0,27 Jand oy y are 


the solutions of apes. in 
V3 


[0,2r J, then 
(s) a+B=3n 
()  B+y=2n 
(a) A (q,s);B—(p, t); C(r,5, t) 
(b) A->(q) ;B > (t); C > (1) . 
(c) A (r, t); B>(t); C (p,q) 
(d) A (p,q) ;B 9 (q,r) C(r,5, t) 


rr eS TE rte ET HERP creme nnremnereepeumentcns 


119. 


Column I Column II 
(A) sin Glcosd=—- (p) 8=3n/8 
eos=— 
(B) 2cos2@cos46 + 2cos’ 20-1 =0 (q) 8=7n/8 
(C) 8cos’ @sin@-4cos’6-2sind+1=0 (r) O=27/3 
(D) sin46=+1 (s) 8=n/6 


(a) A (p, q); B-(p. q, 1); C (r,s); D > (p, q) 
(b) A->(r, s); B—(q, r); C > (r); D > (p, s) 

(c) A > (p); B > (q); C > (r); D > (s) 

(d) A -(s); B > (q, r); C >(r, s); D > (p, q) 


490. 1e¢ (0) = SO PS sin 58 ce Hint 18) 
sin® + cos@ + cos50 +... + cos((2n — 1)6) 


Column I Column II 
(A) s(=] (pP) = v2-1 
(B) 4 x q 2-3 
F - ee 


oo 
vs 


(a) A—(p); B—(q); C—>(r); D—>(s,t) 
(b) A(t); B—(p); C(r); D > (q) 
(c) A—(q); B—(r); C > (s); D> (t) 
(d) A (r,t); B—(s); C > (p); D> (q) 


Trigonometric Equations and Inequations Exercise 7: 


Subjective Type Questions 


121. Find the number of solutions of the equations; 
(i)| cot x| = cot x — when x €& [0, 27] 
sin x 


(ii) sin’ x cos x + sin? x. cos’ x +sin x. cos” x=1, 
when x € [0, 277] 

(iii) 2* =| sin x |, when x € [-2n, 271] 

(iv) | cos x | = [x], (where [.] denotes the greatest 
integer function). 


(v) x+2tanx = when x € (0, 277}, 


ee ee NS ee 8 ee 


122. Find all value of & for which the equation 
sin‘ x +cos‘ x +sin2x +@ =0is valid. Also, find the 


general solution of the equation. 
123. If 32tan* @ =2cos’ @ —3cosa@ and 3cos26 = 1, then find 
the general value of a. 


1 


124. Solve forxandy 4°"* $3° =11 


1 


516"* = 29" =2 
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125. Find all numbers x, y that satisfy the equation 
2 
+ [cou x+ 
\ 
126. Find all the solutions of x, y in the equation 
| aVax -x? sin'( : ») + 2cos(x + »| 


=13+4cos*(x+y) 


2 
sin? «+ =12+“siny. 


sin’ x cos’ x 


127. Solve for x and y,1—2x —x? =tan?(x + y) + cot?(x + y). 


128. Solve the system of equations 
tan* x + cot? x =2cos’ y 
cos’ y+sin’z=1 
129. Find all pairs of x, y that satisfy the equation 


3 
cos x + cosy + cos(x + y)= - 
a) \ 3) 
130. Solve the equation cat | — cosecc (2) = cot 0. 


: : 3: és 
131. Find the general solution of 1+sin* x + cos* x = Bonn 2x: 


132, Solve log «in x) 210g —1 stating any condition on ° 


a’ that may be ean for the existence of the solution. 


133. Find all the values of ‘a’ (a # 0) for which the equation 


NG — 8t + 13)dt = xsin * has a solution. Find the 
x 


solution. 
134. Find all values between 0 and m which satisfies the 
equation 


_sin® x +cos* x= — cos" 2x 
1 


135, Find all number pairs x, y that satisfy the equation 
tan‘ x +tan* y+2cot’ x.cot’ y=3+sin"(x + y). 


136. Determine all values of ‘a’ for which the equation 
cos‘ x —~(a+2)cos’ x —(a+3)=0, possesses solution. 
Find the solutions. 

137. For x € (—7, 7) find the value of x for which the given 
equation 


(V3sin x + cos x)’ nn ene eS 4 is satisfied. 


138. Show that the equation 
sec® + cosec 6 =c has two roots between 0 and 21, if 
c’ <8and four root ifc? >8& 

139. Solve the equation for x and y, 


eis 


| sin x + cos x =1+|sin y|and 


cos’ y=1+sin’ y. 


‘a] Trigonometric Equations and Inequations Exercise 8 : 


= Questions Asked | in Previous 10 Years Exam 


ens | ee 


ee 


(i) JEE Advanced & ITT-JEE 


140. Let S={xeE(-1, 1): x #0,+ =I The sum of all distinct 


solutions of the equation v3 sec x + cosec x 


+ Atan x — cot x) =0in the set Sis equal to 
[Single Correct Option 2016 Adv.] 


70 
a ——— 
(a) - 
(c) 0 
141. The number of distinct solutions of the equation 
5 : : 
n cos’ 2x + cos‘ x +sin‘ x +cos® x+sin® x =2in the 


interval [0, 27] is [Integer Answer Type 2015 Adv.] 


a rr me me ee ee eee 


142, For x € (0,1), the equation sin x + 2sin 2x —sin 3x =3 has 


(a) infinitely many solutions 
[Single Correct Option 2014 Adv.] 
(b) three solutions 
(c) one solution 
(d) no solution 


143, Let 6, 6 € [0,27] be such that 2cos 0(1—sin o) =sin’ 0 


f 4) 6) 
tio; Henk feos tan (27 -8)>0 


and—-1<sin6<-— 2 . Then, ¢ cannot satisfy 
2 [More than One Correct Option 2012] 


4 Tl 4m 
A) OSS io ae Jar 


3 


4n 3n 
i) a SOs (= aosen 
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144, If P = {8:sin® - cos@ = ¥2 cos6} and (a 2) u(=.2 " 
6 
Q = {0:sin@ +cos@ = V2 sin} be two sets. Then, S - 
[Single Correct Option 2011] (b) fe tu |= .2n 
(a) PCQandQ-P#6 (b)OCP 
()P¢Q (d) P=Q (c)} 0, lu | 2. m1 
145. Th itive i isfyi 
e positive integer iy ofn >3 epee the (a) Nene Gt thenbate 
equation = +——~ is... 
sin( 2) sin( 7) sin (=) (ii) JEE Main & AIEEE 
n n n J 


149. 1f0 < x < 2m, then the number of real values of x, which 


[Integer Answer Type 2011] 
satisfy the equation 


( et | 
146. The number of values of @ in the interval | or, a such cos x + cos 2x + cos 3x + cos 4x =0, is 
7 . [2016 JEE Main] 
that @ # ““ forn =0, +1, £2 and tan@ = cot 50 as well as (a) 3 (b) 5 
: 5 (c) 7 (d) 9 
i = 1Sicaie 0 
and cose is [integer Answer type 2020) 150. The possible values of 6 € (0, 1) such that 
147. The number of solutions of the pair of equations sin (8) + sin (46) + sin (78) = 0 are [2011 AIEEE] 
2sin’ 8-cos 20 =0 and 2cos’ 9 —3sin@ =0in the at nm 4n 0 3m 8R ( Ne 5m m 2m 3m 8n 
interval [0, 27] is [Single Correct Option 2007] 949 24 9 41223 4 9 
(a) 0 (ye ee ee Se Ok yet Bee Se Se 
(b) 1 9'4°2' 3° 4° 36 9°4°2'3'-4'9 
(c) 2 151. The number of values of x in the interval (0, 37] 
uy satisfying the equation 2sin’ x + 5sin x -3=0, is 
148, The set of values of 8 satisfying the inequation (a) 6 (b) 1 [2006 AIEEE] 
2sin’ 8 -S5sin 8 +2>0, where 0 <6 < 27, is (c) 2 (d) 4 


[Single Correct Option 2006] 


Answers 


Exercise for Session 1 


1. x=(4n+ 1) ,-(4n-1)= 2.3 3.15 4.nnt= 
14 6 8 
5. n+ 6. (6n+ 1) 7.4 8. nnt— 
8 12 3 

9. = 10. (2n+ 2, nnt = 11. No solution 

3 8 3 
12. n+ = ie ore™ 14.4 «15.0 
4 i 12 


Exercise for Session 2 


L.QunorGne he 2, ie hore! sane 
2 3 18 2 6 3 
4. 2nn- = 5 Dine 6.8 
4 4 12 
-1 -l 3 tT 
7. nt+tan™ 2 or n+ tan (-2) 8. nT, arr 
Exercise for Session 3 
1. 2nn+ 2 2. 2nn+ 3. (2n+1)= 
4 6 4 
T Tt : 
4.A=nnt ri B=nnt ; 5.0 6. No solution 
an 8.3 9.5 10. 0 


Exercise for Session 4 


hy vy £ a] ‘ 
1. EE a] 2. Eufot | x 
pe sia AG od la) 6d Le 
3. = anu 0) 4-23] 
[2 6 2 
5 (0. ] 6 (-= =) 
10 10 
f \ 
7.R- {ran 2s 32 nez} 8.| nn rn + =| 
2 4 6 


Chapter Exercises 

1.(d) 2. (d) 3. (a) 4.(b) 5.(b) 6. (c) 

7.(c) 8. (b) 9.(c)  10.(c) I. (a). 12. (a) 
13.(d) 14. (a) 15.(d) 16. (c) ~—«:17.(b)~—:18. (b) 
19.(b) 20.(c) -24.(b) = 22. (a) = 23. (a) 24. (b) 
25.(b) 26.(b)  27.(c) 28. (d) =. 29. (a) ~~: 30. (b) 
31.(d) 32.(a) 33. (a) = 34. (c) = 35. (a) 36. (c) 
37.(a) 38.(a)  39.(b)  40.(b) = 41-(a) 42. (b) 
43.(b) 44.(a) = 48.(a) = 46.(6) 47. (0) 48. (c) 
49.(a) 50. (b) 51. (a) 52. (a) 53.(a) 54. (a) 
55.(c) 56.(b)  57.(a)  58.(d)  59.(b) 60. (c) 


61. (c,b) 62. (a,b,c) 63.(a,d)  64.(c,d) 65. (b,c,d) 
66. (a,c,d) 67. (a,c)  68.(a,c) 69.(c,d) 70. (c) 
71. (a) 72. (a) 73.(a,d) 74.(a,b) 75. (a,c) 76. (a,b) 
77. (a,c) 78.(b,c)  79.(a,c) 80.(b,c) 81.(a,b) 82. (a,b,c,d) 
83. (a,b,c,d) 84. (a,b) 85. (a,b,c,d) 
86.(b) 87. (d) 88. (c) 89. (a) 90.(a) 91. (c) 
92.(b) 93. (d) 94. (a) 95. (c) 96.(c) 97. (a) 
98.(b) 99. (a) 100.(8)  101.(2) 102.(1) 103. (8) 
104.(1) 105.(3) 106.(4) 107.(3) 108.(2) 109. (5) 
110.(2) 111. (0) 112.(d)  113.(b) 114. (d) 115. (b) 
116.(c) 117. (c) 118. (a) 119.(a) 120. (b) 
121. (i) — (2), (ii) No solution, (iii) 4, (iv) 0, (v) 3 
3 41 nx. (-1)" 


122. ae] =.= Janax= —++—~ sin '(1- /2a+ 3) 
22 2 2 


123.a= Inn = n eZ 
att ee 
124. x = nt + (-1) Pale yo2mnt ia EZ 


125.x= (2m + n= and y=2nn+ © nel 


126. fo, 2nn + 2n _ 4) 
\ 3 0° Cg 


127.x=-Land yom +inel 
128.x= kn+ 2, y= mmand z = nm where k,m,n EZ 


129.x= 2m: and y=2(m—n)nt a mnel 


130.6 = 4nna+ = 


131.x= 2nnt 2% 4% 
4 4 


132. x = n+ (-1)" sin" 27 ¥° "#°"?} and the condition is 0<a<1 
133. a = 3n(4n + 1) 
134.x= 772+ 12 
2 8 
Tt 
135,.x= y= RE an el 


136. x = n+ cos'Ja+t 3, where n € zand a €[— 3, -2] 


137.x= 7% 
3 


139..x= 2mn + ©, 2mm, nn © and y=kn;m,n,k, el 


140.(c) 141.(8) 142.(d) ‘143. (a,c,d) 144. (d) 
145.(7) 146.(3) | 147.(c) ‘148. (a) 149. (c) 
150.(a) 151. (d) 


& 6. [im - Val < fm — a 
0 Th E 0 Nn SG => sin? x + 2a" = yaa? = 1 cos" x| 
= < sin? x + 2a? - 2a" + 1+ cos?x $ V2 


ax 
. ° ; —=j+ 
1, (cos’ x — sin? 2 2sin% - ive 0 ie Gonsideyitan 2 dias 


} \ 
a. = 8 1-cosx Lay 1 
cos2x = 0 or sin a =F 1+cosx cosx 
Hence, option (d) is false. = 8cosx—8 cos’ x= (1+ cosx)" 
2. The maximum possible value is 2 = 8cosx—B8cos’ x=1+ cos’ x+2cosx 
; (x) iecarees A => 9cos’ x-6cosxt+1=0 
ey es the value 1 when =~ (3cosx—1)’ =0 
1 
De ite nge OS => cosx=—=cosa 
3 2 
iss al 
i ~ = 90 + 360m = x=2nn + o where ‘a’ =cos i 
3 
( x \ [By using cos8=cosa => 0=2nn ta 
Ph Be: y c 
sin| — | takes the value 1 : 
(i) => =2nn + cos ( 
when © woe a = 
1 2 8. We have tan@+ tan 40+ tan76=tan @-tan 46: tan70 
ie. ~ =90 4+ 360n = tan0+tan48=—tan76 + tanO@-tan40-tan76 
. = tan0+tan40=-tan7@{1—tan6-tan 46) 
We are looking for a common solution, in tanO+tan40 _ ete 
. ieee Hla -1—-tan@-tan 40 
early, the smallest positive solution to this is m =8,n = 2, _ 
thus x, = 8910°, giving a = 8910. ns anid ee 
=> tan590=tan(-7 
3. 16(sin’ x + cos® x) - 11(sinx + cosx) = 0 i 
: ; 9 ee ; = 50=nr +(-76) 
= (sinx + cos x) {16(sin‘ x - sin’ x cosx + sin’ xcos’ x — a 
sin x cos’ x + cos‘ x) - 11} =0 = 120=nm = Ge, need) 
= (sinx + — ‘sin’ *x—'si sx)-11}=0 , 
( cos x){16(1 —sin’ x cos’ x —‘sin x cos x) — 11} 9. Pute®*=t 


=> (sinx + cosx) (4sinx cosx —1) (4sinx cosx + 5) =0 ; ; 
; Given equation becomes t* —4t-1=0 
As 4sinx cosx + 5 # 0, we have 


5 = ant —9+ 5 
sinx + cosx = 0, 4sinx cosx —1=0 = t=24V5 = ¢ . 25 
m Su 9m 13m 17 21e Either sinx=log, (2+ V5) 
The required values are —, —, —, —, —-, —— 
12 12° 12: 12 12 12 or sin x=log, (2-5) 
There are 6 solutions in [0, 2} as 2+ V5 >e or as 2-5 ) is (—ve) and log is not defined for 
4. a,b, care roots of equation (—ve) values. 
xsin®@ + ysin20+ + z sin3@=sin46 = sinx>1— no solution. 
= xsin@+ y(2sin@ cos@) + z(3sin6 — 4sin’ 8) 10. For x-4 to be real x>4, for which vx is also real. 
= 4sin 8 cos8 cos28 — 
. y+2 red Now, if cos(nvx)<1, then cos(m/x—4)>1 , 
= cos’ @-— cos’ 0- = 
958 2 cos 6 cust and, if cos(aVx)>1, then cos(t x-4)<1 
5 sin’2x + 4sin‘x — 4sin’xcos’x _ 1 (since their product = 1) 
4 ~sin’ 2x - 4sin’ x 9 But both of these are not possible as cos@ cannot be greater 
wy 4sin‘ x _1 than 1. 2 
dees = ain cos x 8 => cos(% yx-4)=1 and cos(n¥x)=1 
sin‘x 1 1 => x~4=0 and x=0 
=> =- => tanx=t— =4or x=0 
cos‘x 9 V3 > x=4o0rx= 


But x=0 is not possible (as x24) 


T 
=> x= 6 => x=4 is only solution. 
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11. 


12. 


13. 


14. 


15. 


16. 
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Consider R.H.S i.e. 5" +57" 
- 545 (57-577)? 
=> 5°+5°" 22 [By using A.M >G.M] 


=> From the given equation sin(e’ )22 
which is not possible for any real values of ‘x’. Thus, the given 
equation has no solution. 


We know that in a triangle A+ B+C=180° 
and 2B=A+C (As A, B,C are in A.P) 
=> 3B=180 or B=60° 
Now ‘6' be the common difference between A, B and C, 
then C-A=20 .».(i) 
=> sin(C—A)=1/2 (given) 
=> sin(20)=1/2 [Using Eq. (i)] 
1 51 rif 51 
=> 20=— or— => 8=— or — 
6 6 12 12 
Now,  A=B-O =» 2-2 or 2-™™ 
2 3. 12 
=> A= asa cannot be less than ‘0’ and Geka” see 
4 3 12 12 
=> A=45°, B=60°, C=75° 
Consider : Ist equation i.e. 2sin’ x+3sinx-2>0 
=> (2sinx-1)(sinx+2)>0 
=> (2sinx -1)>0 [As sinx+2>0V xeER } 
sonhal {nm 51 
=> sinx>- => ss : ale 
2 6 6 


Consider x* -x-2<0 
— | (x-2)(x+1)<0 => -1<x<2 
From Eggs. (i) and (ii) , 


5% A hes a oe 
Now, wae we obtain that ‘x’ must lie in & 2} 


Consider : y=5x7 +2x+3=5| x° + : x+ | 


j \¥ a6 ae 
=5 [x+2) es os x41} +—>2 
5) 25; \oo5/ 5 


As y=2sin xS2, so there cannot be any point of intersection. 


We have a, +a, cos2x+a, sin’ x=0 

= a, +a, cos2x+a,(1—cos2x)/2=0 

=> which is zero for all value of ‘x’. 
a —-k k 

If a, =-—-=-a, or a, =—, a, =—, a, =k 
2 zZ 2 


a 


For anykeR 
Hence, the required number of triplets is infinite. 


We have, sin’ x-(k+2)sin’ x-(k+3)=0 
- (k+2)4 J (k +2)? + 4(k+3) (k+2) + (k+4) 
pages = eg Ng 


=> 


= Either sin? x=k+3 or sin’? x=-1 


=> 0<sin’ x1 or not possible 
=> 0<Sk+3<s1 
= -3 sks-2 


17. 


18, 


19. 


21. 


3] |=2| =>—-1SsinOS1 
2%: 


But here 0<sin@<1 —_—‘[As log, x is define for a>0 or 0<a<]] 


Now, log, cos’ 8=2 [By using log, b=c => b=a‘] 


=> cos’ @=sin? @ = tan? @=1 
=> @=nn + —~W0e ee 
4 2°2- 
Tt =— 
| e=_, @=— 
4 4 


-n) -1 
(Reject as sin] =—= <0) 
4 v2 
=> The given equation has unique solution. 


Consider ¥' cos 8,=n 


t=] 
cos, + cos, +cos6, +...+ cos8, =1+14+1...4+n is valid only 


when Tt "a 
cos =1, cos6, =1, cos0, =1,..., cos8, =1 

=> 6, =6, =6, =...=8 =0 

=> Y'sin 8, =0 


i=] 
Case J : For n=2, sin? x+ cos? x=1. 
Case II : If n>2, sin" x and cos" x both decrease then 
sin” x+ cos" x<1 (as 0<x<1/2) 


Case III : If n<2, sin” x and cos” x both increases then 
sin” x+cos" x>1 (as 0<x<1/2) 


Then, sin” x+ cos” x21 for nS2 
=> ne(—-~,2] 


. sinx+ cosx=min{1,a°~4a+6} (i) 
a€é. 


As, a® —4a+6=(a—2)' + 2>2 for all a 
=> (i) becomes sinx+ cos x=1 


: Tt 
= sink ae = bt 
4) V2 
14 
=> x+—=nn+(~1) = 
4 4 
=> x=nn+(-1)" =-= 
4 4 


sin’ y=|x° -x? -9x4+ 9| + |x° —4x—x' + 4|+sec’ 2y+cos‘y 
(According to the choices) 
sin’ y=sec’ 2y + cos‘ y 


Now, for x=1 


=> sin’ y -cos’2y=1+ cos‘ y-cos’ 2y 
Now, R.H.S 21 and L.H.S $1 


=> LHS=1 
=> sin’ y-cos’2y=1 
=> sin’ y=1 and cos’ 2y=1 
Tt 
=> =— 
2 


General values of ‘y’ is 2na + = 


Hence, x=1 and y=2nn += 


| 


22. As: 5sin6@+3sin(@-—ca)=5sin0+3 


23. 


24. 


25. 


26. 


27. 


28. 


(sin8cosa—cos O@sin a) =(5+3 cosa) 
sin6~3sinacos@ 


Now, —(5+3cosa)? +9sin? a <5sin@ 
+3sin(0-a)$,/(5+3cosa)' +9sin? a 
3 : ee 
max {5sin 6+ 3sin(® a)} /34+30cosa 
ea 49 -34 
= (34+ 30cosa®=7 = cosa= 
1 1 4 
> cos@=-=cos— > a=2nn + — 
2 3 3 
Consider : sin x(sinx+ cos x)=n 


1-cos2x sin2x 
——_——— + ——==n 
2 2 


= sin’x+sinx-cosx=n = 


> sin2x—cos2x=2n-1 

= As ~ 2 <sin2x-cos2x< 2 

2 -V2 <2n-1s2 

=> ME egg t tN nat, 

sin{x}=cos{x} graph of y=sin{x} and y cos{x} meet exactly 6 


times in (0, 27]. 


Points of intersection are at 
Tl ‘4 1 
gee 1+—,2+—,3+-, 
4 4 4 4 
x’+4-2x43sin(ax+b)=0 


(x-1)'+3+3sin(ax+b)=0 
= x=landsin(ax+b)=-1 


3m 
> sin(a+b)=-1 => cdo s 
Here, 4(1+ cot? t(a+ x)]+a’—4a=0 
=> 4cot? n(a+ x)+(a—2)? =0 
=> a-2=0 and cot’x(a+x)=0 = a=2 
As max cos 9=1, 2cosx + cos2Ax=3 is possible only when 


cosx=1 and cos2Ax=1, 
i.e. cosx=1 and sinAx=0 
Clearly, if 1 is rational, say p/q, then x=2qn, q€/, satisfies both 
the equations. Therefore, for exactly one solution, x=0, A 
should be irrational. 
a: Tl (nm nm) (mm) vn 
sin—+cos—= 2 sin| —+— | or sin| —+—|= 
2n an \2n 4) \2n 4 22 
Since Lek toe forn>1 
4 2n 4 4 
1 
or tNe or2<v¥ns2v2 or 4<nSs. 
V2 22 


Ifn=1, L.H.S =1, R.HS = 1/2 
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Similarly for n=8, so Bag Ps 
16 4) 


4<n<8 


29. 5sec 8-13=12tan®@ 


30. 


31, 


32. 


33. 


or, 13cos8+ 12sin8=5 
13 
or, == cos8+ sin8 
13? +12? 13? +12? 
sss Taste 
13? +12? 
5 13 
or, cos(8-a)=—==—, where cos@=——= 
V313 V313 
a, 
@=2nn + cos’ ——+a 
V¥313 
5 13 
= 2nn+cos'———+cos” = 
V313 v313 
5 5 
As cos’ ——>cos"' —==, then 
V¥313 


6e[0,27], when n=0 (One value, taking positive sign) and 
when n=1 (One value, taking negative sign). 
Here, x’ +(x+2)’ +2sin x=4. 
Clearly, x=0 satisfies the equation. 
If O<xsn, x°+(x+2)? +2sinx>4 
If m<xS2n, 
x? +(x+2)’ +2sin x>27+ 25-2 
So, x=0 is the only solution. 


If tan{ Zsin 0} =cor{ = cos 
2 \2 


i (nm 
=> tan( Zsind) tan mf os) 
2 ) 2. 2 ) 
rt 
=> & iiGlne es costnel 
2 2 2 
=> sin68+ cos8=2n+1,neEl 
=> sin 8+ cos8=2n+1, 


nel: but - 2 <sin 6+ cos 0< V2, therefore, sin6+ cos @=1 or -1 


We have, sinx+siny +sinz=—3 
OSxS2n 
O<y<2n 
0 SzS2n 
It is possible only, when sin x=siny = sinz=-1 


x=y= == for x,y,z €[0,270] 
We have, 4cosx—3sec x=tan x 
[cosr#0i.e,xodd multiplied of *) 


3 sinx 


COSX COSxX 


Then, 4cosx- 


4cos’ x-3=sinx 
4-4sin* x-3=sinx. 
4sin? x+sinx-1=0 
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; atin 2cos’ x-3cosx—2cosx=0 
sin x=————_ 2 
2cos x-—Scosx =0 
-1+17 cos x(2cosx -5) =0 
‘ a ns 1 Se 
Either sinx ; sino (let) Mii teaeece=o 
17 5 
= eae _> chi 
or sin yet =sinf (let) = cosx 5 (which is not possible) 
x=nn +(-1)" aor x=nn+(-1)"B Then, cosx=0 
; -1+V17 _-1-vi7 38. -: sec x-cosSx=-1 and 0<x<— 
sina@=————, ae a 4 
= cos5x 
<14V17  -1-¥17 -2 =] 
So, 4sina+sinB)=4 pe a | 2]-- cosx 
=> cossx=—cosx 
34. We have, tan mO=tann8 cos5x+cosx=0 
mO=kr + n@Vkel (Using formula) = 2cos3x-cos2x=0 
m@—-nO=kr,VWk el Either 2cos3x=0 or cos2x=0 
ba 
@=k-——_,Vkel (.- mand nare constants) cos3x=0 or 2x=(2n+ Ve 
m-n 
4 T ; 
Then, if we put k=1, 2, 3, ... we get 3x=(2n+ 1) or x=(en+1)7,Wa EI (not possible) 
Gian ey ernie AB: a 
m-n m-n m-n ca eae 
4 
: as. a 
Thus, common difference a Putt then x=% 
35. -- sin3a=4sin asin(x—a)sin(x+ @) gol 
3sina—4sin® a= 4sina(sin’ x—sin’ a) . 6 
On dividing both sides by sina, we get 39. « sin'” @-cos™ 0=1 
3—4sin? a=4sin’ x—4sin’ ; sin'™ @=1+ cos” @ 
= 4sin’ x=3 This equation is valid, if cos 6=0 and sin” @=1 
= sin’ gee (.- 0Scos? OS1, 0Ssin’ 6S1) 
4 cos 6=0, then sin@=1 
\2 
nt 
> sin? (2) age Fe Eee)! 
3 
7 O=nn + i Vnel 
x=nn + genet (using formula) = 2’ 


40. +: 0? -40+7=0" —40+ 4+3=(a—-2)? +323 
and 2<e<3 and nm=3.14 
4<e’<9 
Now, v3sinx—cosx=min {2,e,,0° —40+7} 


36. We know that, 
asin 80+ bcos0=c is solvable, ifs fa? +b’. 


Now, Acosx—3sinx=A+1 is solvable, if 


lA+ijs.J2? +9 
aes ag) 3sinx—cos x=2 
aa 
7 414+2A5N4+9 Ne figeet auena 
2A<9-1 => AS4 2 
‘ ut i 
AE(—2%, 4] eteicas--e0s xsin7=1 
1 
37. We have, cos2x—3cos x + 1=———______— t) 
(cot2x—cot x)sin(x-7) sin =o 
1 
2cos’ x-1-3cosx+1=— n n 
sin(x—2x) yt x-—=2nn+—,Vnel 
——————. -(-sin x) 
sin2x-sinx 6 2 
3 “ ™ Tt 
using formula, cot A-cot pene) pegs Py . or ae 
sin A-sin B_ 


27 
; 2sin x-cos x-sin x x=2nn + ri el 
2608: 4-3 cos. = 
sin’ x 


awe Se SY So PN 


41. We have, cos4x + 6 =7cos2x 
2cos’2x —1+6—7cos2x =0 
2cos’2x -7cos2x +5=0 
(2cos x —5)(cos2x ~ 1) =0 


Thus, cos2x =1 
and cos2x = ; (which is not possible, -1 < cos@ $ 1) 
cos2x =1 
2x =2nn,Vnel (using formula) 
x=nn,Vnel 
X=T, 20, 37, ...... 
ie., x = 180°, 360°, 540°. ....... 


x € (315°, 317°] 
So, x =nm ¢ [315°, 317°], Vn ET 
Hence, number of solutions is 0. 
42. Let A=5rsin@and B =5zcos0 


Then, cotA —tanB=0° 
cosA  sinB 


=0 => cosA:cosB —sinA:sinB =0 
cosB 


cos(A + B)=0 
= A+ B=(2n+1) wn el ..i) 


sinA 


Tt 
Now, . 5nsin@ + 5m cos@ = (2n + 1) 7 Vnel 


an+1 


sin9 + cos8 = 


Sbecd we cos gat! 
V2 V2  10V2 
fm) anti 
din 64 le (ii) 
\ 4 10/2 


. { Tt ° 
-1Ssin| 0+ Bey 
\ 4) 
2 
BET os 
10V2 
-] a — 
La ov2-1 Bis 10V2 -1 
2 2 
~75SnS65 (V2 = 1.4 (let)] 
n=~7,-6,-5,-4, -3, -2,-1, 0, 1,2, 3, 4,5, 6 
Hence, number of solutions is 14. 


sin? x F 


=> -1< 


43. sin’ x+sin‘ x+sin® x+...00= = tan’ x 
1—-sin*" x 
. 3 ‘ aone 2, 
mie exp'™ r+sin‘ x+...)In 2) =e xin =e 


The given equation is y? -9y +8 >(y—1)(y-8)=0 


ri TT 
Either y=1=92""* =1=2° => tan? x=0, but xe(05 | 


. Neglecting x=0 or y=2° = tan’ x=3 


1 Tt 
=> tanx=4V3 =9x=—, as 0<x< 
cosx 1/2 1 _B-1 


=> — = 
cosx+sinx 1/2+-¥3/2 W341 2 
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44, cosx=.1-sin2x =|sin x—cos x 
(i) sinxScos x 
= cos x=cosx-sinx = sinx=0 


where, xe 0% )u( 2 | 


sinx=0 
=> x=2mn, neglecting x=1 
(ii) sin x>cos x = tan x=2 
nm ST 
(72) ”.tanx=2 = x=tan™'(2) 
4’ 4, 


Thus, the given equation has two solutions. 


where xé 


. F : Pe : 
45. We have, sin3x=3sinx—4sin’ x = sin’ FZ an x-sin3x) 
and cos3x=4cos’ x-3cosx 


1 
=> cos? x=7(cos3xt3 cos x) 


cos3xcos’ x+sin3xsin’ x 


1 : F 
= leas: 3x#3cosxcos3x +3sin xsin3x-sin’ 3x] 
1 : 
= ae cos2x+cos6x]=cos 2x 
, Tt 
= cos2x=0 mpm le 
T 
=> x=(2n+ i 


bi 


46. Graphs of y=sin x and arr meet exactly six times. Hence, 


there are six solutions. 


47. Since, the equation a, +a, sinx+a,cosx+ a,sin2x+a, cos2x=0 
holds for all values of x, 


a, +a,+a,=0 (on putting x=0) 
a, —a, +a, =0 (on putting x=7) 
= a,=0 anda +a,=0 aul) 


Tt T 
Putting ar and > , we get 


a, +a, —a,=0 and a, -a, -a, =0 

=> a,=0 anda, -a, =0 ..-(ii) 
Eqs. (i) and (ii) give a, =a, =a, =a, =0 

The given equation reduces to a, sin2x=0. This is true for all 
values of x, therefore a, =0 

Hence, @, =a, =a, =a, =a, =0 
Thus, the number of 5-tuples is one. 


48. cos’ x=2cos x(3sin’ x—2) 
=> cos x[cos x-2 {3(1—cos’ x)—2}]=0 
=> cos. x(6cos’ x-2+ cos x) = cos x=0, which is not possible. 
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ae Bacipacentneh es een 2 =(x+1)[(x—cos? 6)(cos? 8— x) —(sin? 8@—cos’ 6)(sin’ 6-x)] 
2 3 =(x+1)[-—x’ -—cos* 6+2xcos’ 0 
= gk oh ae x=n-cos"(2} n+cos"( 2) -xcos’ 8+ xsin’ 8-sin‘ 8+sin’ Ocos’ 6] 
3.3 3) \3 =(-1/2)(x+1)[(x—-sin’ 6)? +(x—cos? 8)? +(sin”? 6—cos’ 6)}* 
2) So, f(x)=0, if x=—-1 or x=sin’? @=cos’ 0 
=> x,|=— or |x, -x,|=2cos™| — : 
as ba ( ) sin? @=cos’ @ 
wicca? . => O=n/4=x=1/2 
= |x, -;|,,, =2¢0s Hence, x=-1,1/2 
: 54. Given, sinx+siny+sinz=—3 is satisfied only when 
cotBsinx -J3 i-tan’= cotBtan= ky 3n 
49. cosx-——_—__ = =» ——_2-_i.—= i a ara for x,y,z €[0,27]. 
2 2 a+tan?= 1+tan?= = ? 
. 55. secxcos5x=—1 = cos5Sx=—cosx => 5x=2nn + (n—-x) 
3/ = 
=> 1-tan’ = ~cotBtan ae =I 1+tan*=] mp = CNTR | Cn-1)n 
2 2° 2 2, 6 4 
— um 1 3m 5 Sun 7N 7n *ON 11K 
=> (2+ V3)tan?—+2cotB tan= + (v3—2)=0 Hence, x = —,—,—, — ,— ,— ,. —,.-,—— 
2 424666 4 6 6 
2 / = F eee 
=> ten== ~2cotPty4cot'B+4 _ 2cotB+2cosecB 56. 3cos6+ 4sin8=5  cos8+—sing =5cos(6—- a) 
2 2(2+ V3) 2(2+ V3) 5 
x _—cotB+cosecB where cosQ@=3/5, sina=4/5 
me alk (2+J3) Now, 3cos 6+ 4sinO=k 
a <oe ~cotB—cosecB aaa Pica lel 
2 e+) => —a=0°, 180° > 8=@, 180° +a 
© 57. Given, cot(a#+B)=0 
= tan =tan® tants” 


=> cos(a+B)=0> a+B=@n+1)- nel 
50. nsin’ 6+ 2ncos(8+ @) sin asin 6+ cos2(a+ 6) 


= nsin’ 6+ ncos(8+ a) {cos(8-c) —cos(6+ a)}+2cos?(6+ a)—1 aula 2) renee =e) <snlGnele =O 


= sin(2nn + 1 -Q)=sin(n —a)=sina 


= nsin’ 6+ n(cos’ 8-sin’ a) —ncos’(6+ &)+2cos’*(a+ 8)—1 he 
= nsin’ 0+ ncos’ @-nsin’ « +(2—n)cos’(6+ a)—1 58. cot 8+ al 2 =2 
=(n~1)—nsin’ &+(2-n) cos?(6+ a) =>n=2 cos®_ cos{(m/4)+6} ‘ 
51. Applying C, >C, -2cosxC,+C, to the given determinant, we % sin@ 3 sin {(7 / 4) + 0} 
get ¢ oe 
1—2acosx+a’ a a => 2 - ae axn( © - + 9} 
) cosnx cos(n+1)x|=(1-2acosx+a’)sinx=0 ( 
0 sinnx  sin(n+1)x => — 7 420|= 
if sinx=0 or cosx=(1+a’)/2a i.e., ifn=nn, nel = Loerhans <3 See ame =5 G2 en 
: 2 3 
52. — <0ifsin3a>0 and cos2a<0 or sin3 a<0 and cos2a>0 a 1 
cosza@ + 
59. 2cos’ 6- = = 
ie. if 3€(0,2) and 20€(n /2,37 /2) cos? 0-(/2 +1)cos0-1+ 50 
or3ae(t,27) and2ae(—1/2,1/2) a 
i.e., if wE(0,7/3) and ae(1/ 4,37 / 4) zi : Pie (v2 +1) V2 
or wE(n /3,27 /3) and ae(—1/ 4,7 / 4) ie., if eE(m/ 4,7 /3) casa 4 
since (137 / 48,147 / 48) C(/ 4,1 /3), - eee cos =) map ee el 
option (a) is correct. 4 4 


1 cos’?6 x 
53. f(x)=(sin?@+cos’6+x)}1 x — sin’®@ 
1 ‘sin?@ cos’?@ general value should be 2nx +f 


1 cos’ 8 x kin 1. bin 
=(x+1)|0  x-cos’?@ sin? @-x 60. jsinxj20>— r+fin ha 1=1- fend 


So, the given in equation becomes 


' Trick : Since 6 = : satisfies the equation and therefore the 


0 sin?@-cos?6 cos?@—-x 


fin, 
ats 3 
| = cs ae |sin xs 
3 1+|sin2| 2 
=> ss gig e => sinxe| - +4 
2 2 22 
67. (t ~ [|sin x] })! =3!5!7! 
if x=nn+ = (n é!) 
then (t — 1)! =3!5!7! 
= (t -1)!=10! 
=> t-1=10 
> t=11 
Ifx #nn + (n € 1) then 
(t - 0 )!=10! 
=> t=10 
62. fix =(cos + 0S iy = 
f( ) a, 2 ans 
cos (Sty Steg : sins 
1 2 
=> f(x) = A cosx -— Bsinx 
Now, f(4) = f(x) = 0 


| = A cosx, - Bsinx, =0| 


A cosx, — Bsinx, =0| 
> tanx, = tanx, 
=> x, =m + x, 
=> X, — X, =nt 


63. AP =,/(1 - cosa)? + sin’? 


= Zin o/2| = 2sin= 


Similarly AQ = asin’ and AR = asin 


Now as AP, AQ, AR are in GP. 
Y 


_ a , ‘ : 
“. sin—, sin’, sin-— are in GP. 
2 2 2 


Ot _ ¥ 
sin— + sin— B 
= —4__2 > sinF 
2 Z 
a+ - 
=> ig OY eo ON aoe 
2 2 
Also, sin sine s sin? 
2 2 2 


64. sin’z + cosec*z > 2,2+ cot? y 22, 4+ sin4x 23 


= sin’z =1, cot’ y = 0,sin4x =-1 
nm 30 
> z2Et=—,— 
te : 
ef%, =} xe [2 Tn In 15m) 
ot rie y 
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65. 


66. 


67. 


68. 


69. 


For non-trivial solution 
sin@ —2cos8 —a 
-] 1 1 j/=0 
1 2 1 
=> sin8 + 4cos@ =3a 
17 17 


So, 3 integral values. 


The equation becomes (sin ® — 2) (sin@ + A) (2sin® + 1) = 
= A=+1,0 
x+y=2n/3 or y=(2n/3)-x 


sinx=2sin( -x} 


fy 
=2 ¥ 
(2 2 / 


=V3cosx+sinx = cosx=0 


ee (So 


Tt 
=> BENE nee 
21 Tr 1 
= y=—-nn-—=—- nm 
3 2 6 


Hence, for xE(0,42], x=2/2,3%/2,5n/2,72/2 and for 
ye[0,40} y= /6, 72/6, 137 /6, 190 /6 


183 


0 


It is easier to solve the inequality using graphical method. The 
graphs of y =|cos x| and y =sin x are shown in the following 


figure. 


a7 


nt 3m 
From the figure, |cos x|Ssin x for ref 2% | 


sinx=2sin{ “* 5] 
\ 3 


ath 
(given) 


(x+y) and (x—y) satisfy the equation tan’ 6—4tan8+1=0. 
Thus, 
tan(x+y)+ tan(x—y)=4 
and tan(x+y)tan(x-y)=1 
a! tan2x=tan((x+ y)+(x—y)) 
or tangxatanlxty)+ tan(x—y) 
1-tan(x+ y)tan(x—-y) 
tan2x=e0 or 2x=90° or x=49°=4 
ou 
, 6 
xtyae 
4 3 
and - sinx=2siny 


[From Eq. (i)] 
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sin x =2 


ran 4n 
Pega ieee en ae ec 


-3 1... 
sin x=2 oer Pe 


sinx=— V3 cosx+sinx 


cosx=0 


x=Qn+1)7,Vnel 


Tt 
x=nt+— 
2 


Putting the value of xin Eq. (i) we get 
47 ak nT 


y= nm, Wel 
f \ 
(x,y) =f one etn |Wnel 
\ 2 6 } 


71, We know that, 
[x+J]=[x]+ J, if I is an integer. 


then, y=7{sin6+ [sind + {sin))] 


= alsin 6+ [sin 8]+ [sin 8]] 


_ =((sin Q]+ [sin 6]+[sin@]) 


y=(sin 6] 
[y+Ly]]=2cos@ 
[y]+[y]=2cos8 

[y]=cos® 


—1Ssin6S1, then three cases arise: 
Case I If —1Ssin6<0, then [sin®@]=—1 
y=-1 put in Eq. (ii), then 
cos@ =[-1] =-1 
=> sin® =0 
But —1Ssin6<0 
Hence, this case is not possible. 
Case II If 0<sin 6<1, then [sin 6]=0 
and y=0 
Put in Eq.(ii), cos6=0 
=> sin @=1 
But we have 0Ssin @<1, so this case is not possible. 
Case IT If sin6=1, then [sin 8]=1 
y=1 put in Eq. (ii), cos8=1 = sinO=0 
But, we have sin 8=1, so this case is not possible. 
.. Number of solutions is 0. 
72. +: [sinx]+[/2 cosx]=—3, x€[0,27] 
It is possible only when [sin x]=—1 and [V2 cosx]=-2 
If [sin x]=—1= —1Ssin x<0, 
& xe(1,27) 
if [V2 cosx]=—2 


Ai) 


[from Eq.(i)] 


73. 


74. 


75. 


76. 


— 1 
=> -~2<./2 cosx<-1 => -V/2 ian 
1 1 
=> -1scosx<--= => xen.) 
V2 4 


/ 
From Eqs. (i) and (ii), we get x | n=) 
X\ ‘ 


(< *) V5+1 V5-1 1 
4) “2. 2 


For, n=0, a=—,-— 
Saaz) 
2 


sina+] =0 => sina(1+cos3a)=0 > a=0, cos3a=-1 


Tt 
3Q0=—-1, —31 anne br 14 


log -3 ‘ 
log ,; tan@ _ tog 53 log(v3)” ~~] 
log,,tan6 = log, 
> lo | oe er =-] 
bus log ,, tan8 


Let log ,, tanO=y >y P+ gt aes 
y y y 


= 2st or y’(2+3y)=y 

y ¥ 
=> y[3y’? +2y-1]=0 
. y<0 

yBy-1)(y+1)=0 

yard (. y cannot be positive) 
=> log ,, tan6@=-1 . 
1 Tl 71 
tanO@=—— .. @=— and — 
v3 6 6 


.. There are two values of 8 in [0,277] 


Consider acos8+ bsin8=c 

=> acos8=c—bsin8 

=> a’ cos’ 0=(c—bsin 6)’ (Squaring both sides) 
=> a*(1—sin’ @)=c? —2besin6+ b’ sin’? 6 

=> (a? +b’)sin’ 6—2besin 8+ c? —a” =0 


= As wand f are values of ‘6’ as given: 
. roots of above equation are sina and sin. 
2bc 
a+b? 
7.8 
sin a-sinB= products of roots = ai 


= sina+sinB= sum of roots = 


77. Consider sin2x+sin 4x=2sin3x 


= (sin2x+sin 4x)—2sin3x=0 
=>: 2sin3x:cos x—2sin3x=0 
bhiahdee : A+B A-B 
[By using sin A—sin B=2sin : cos] 


78. 


79. 


80. 


81. 


> 2sin3x(cosx—1)=0 

= Either sin3x=0 or cosx=1 

= 3x=nth => x=2nT 

=> x= or x=2nn [where nel] 


We have, 4sin‘ x+ cos‘ x=1 

4sin‘ x=1-cos‘ x=1 (1—cos’ x)(1+ cos’ x) 
4sin‘ x—[(1—cos’ x)(1+ cos’ x)]=0 

4sin‘ x—[sin’ x(1 + cos’ x)]=0 

sin’ x[4sin? x—(1+ cos’ x)]=0 

sin’ x[4sin? x-(1+1-sin’ x)]=0 

sin’ x[4sin? x-1-(1—sin’ x)]=0 


UUuUIueuyY 


sin’ x(Ssin’ x-2)=0 
Either sin x=0 or sin ent? 
=> xX=nt or x=nt+ta 


where a=sin™ E and nel 


Let 81% * =y ali) 
then 81°" * ang {-s? 2) 
=8181"™ * =81-y7 ...{ii) 
So, the given can be written as 
y’-30y+81=0 = y=3 or y=27 
By using Eqs. (i) and (ii) 
= Either 81% * =3 or 81%" * =27 


= . 4sin? x=1 or 4sin? x=3 
a ee 5 [ tt 
= sinx=- sce as Os 4 
2 2 2 
Tt ™ F 
= x=— or a are only the solution. 


The given equation can be written as 


oa) py 


2) 2k) 
sinx cosx 
. 1 Tt 
sin— cos— 
sinx  cosx 
oe 
=> sin} —+x l=sin2x 
R12 J 


Tt Tt 
ren! x=2x or a x= —-2x 


v1 11% 
=> x=— or — 

12 36 

a’ (sin? x+ a’ -2)(1+ tan’ x) 
1-tan’ x 1-tan’x 
=> a’ cos’ x=sin’ x+ a’ -2 
=> 2=sin’ x(1+ a’) 
= sin’ x=——~ 
1+a 
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82. 


83. 


84. 


185 


> 0s——s! 
1+a 
=> o’ 2105-1 or a2 
4[sin xcosa/3+ cos xsinn /3] x[cosxcosn /6+sinxsint /6] 


=a’ +J3sin2x—cos2x 
ce, 288 V3 2. 
= 4! -sinx+—cosx || —cosx+-—sinx 
2 2 (|| 2 2 


=a? +J3sin2x—cos2x 
= 3sin2x+3cos’ x+sin? x = a? +-V3sin2x—cos2x 


= cos2x+2=a’ —cos2x 


a’ -2 a’-2 


= -1s $1 


=> cos2x= 


=> OSa’<$4 = -2SaS2 
All values of a given in (a), (b), (c), (d) satisfy this relation. 


TT 
(a) For re(o.=} tanx<cot x 


Also In (sin x)<0 
= (tan x) """*) >(cot x)B oa" *) 


(b) For xo(02} cosec x21 


= In (cosec x) 2 0 => 41" EX <5i8 mer) 


ie 
(xe(0Z] 


1 
=> In(cos x) < 0 Also, => 


(4) {cos x) ‘yr 
= - <| - 
2 3 


tT 
(d) For e(o| 


= cosx €(0, 1) 


Since, sin x<tan x, we get 
In (sin x)<In (tan x) 


= gis (sin x) tn (tan x) 


<2 
The given equation can be written as 
1+cos’6 sin’6 4sin46 
-1 1 0 j=0 
0 -1 1 


[Applying R, +R, -R, and R, +R, -R,] 
2 sin’@ 4sin40 


=> 0 1 0 |=0 [Applying GC, +C,] 
-1 -1 1 
=> 24 dsind=0 sin 49=—- 
4 nm 4 
= 48=nn+(-1)"} -—]| = 6=—+(-1)"'— 
( r( =) i (-19 a 


Tt 
We have to choose values of 6s.t eae 
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85. niS--, Aad 
2 2 
= [1+sin x]=0, [1-cosx]=1 
a sinx=0+1 >-1=1 (Absurd) 
At x=0 
(1+sin x)=1,(1—cos x)=0 
sinx=1+0=>0=1 (Absurd) 
At x=— 
[1+sin x]=2-[1-cosx]=1 
sinx=2+1=3 (Absurd) 
Atx=T 
sin x=1+2=3 (Absurd) 
In {-2.0} [1+sinx]=0, [1—cos x]=0 
; sinx=0+0=0 (Absurd) 
info Wadena =1,(1-cosx]=0 
ay 
sinx=1+ 0=1 (Absurd) 
In (E.«} [1+sin x}=1, [1-cosx]=1 
sinx=1+1=2 (Absurd) 
3n \ 
In (3% | [1+sin x]=0, [1-—cosx]=1 
os, 
sinx=0+1=1 (Absurd) 
- All the four results hold. 


Sol. 6 Nos. 86 to 88) 
3sin’? x -7sinx+2=0 


1 
sinx = F or 2(Reject) 


86. N =2 
One value in first quadrant and other lies in second quadrant. 
87. Let x + a, then two values a andz - a. 
=> sum is 7% 
2V2 
ca 


88. -. nee = cosa=+t 
3 

65 

f,(a) =sin‘ x + cos‘ a= 1 ~2sin’ a cos! o = 


Sol. (Q. Nos. 89 to 90) 
89. Ifa =3 anda =5, then N € [5°, 5‘] 
largest value of N is 5* — 1 =624 
smallest value of N is 5° = 125 


Difference of largest and smallest integral value of N 
= 624-125 = 499 


90. If a=2anda =2, then 
N, is (2°) -(2”) =4 
Ifa=1anda =3 thenN, is3’ —3' =6 
y =(N, sec’@ + N, cosec’ 6) 
= (4 sec’6 + 6 cosec’6) 
.. The minimum values of y is (2 + v6)? =10 + 4v6 


Sol. (Q. Nos. 91 to 93) 
91. -- ZOMN =15° = ZONM 
ZMON = 180° — 15° — 15° = 150° 
M 


c) 


@) 


R 
Now, quadrilateral ONRM is cyclic 
[.- ZOMR = ZONR = 90° ] 
ZR = 180° — 150° = 30° = ZQ 
=> ZP =120° 
92. ZPLO = ZPMO =90° 
. Quadrilateral PLOM is cyclic and OP is diameter of 


[.- PR = PQ] 


circumcircle 
=> ZLOM = 180° —ZP =60° 
=> ZPOM =30° 


Now, is right angled A POM, 


OP = v3 sec30° 


; {° AC = x sec] 
M322, 
2 V3 
P 
a = [ O 
M ¥3 
2 


: ‘ ' 1 
Radius of circumcircle = - 


1" 
Area= (2) =— 
2 4 


93.» ZOQN =15° 
ow 8 


In right angled AQON 


Cc 


NQ = ON tan75° = ~ tan75° 


=> QR = 3 tan75° = V3 cot 15° 


Sol. (Q, Nos. 94 to 96) 


94. 


(2sin x—cos x)(1+ cos x)=sin’ x 


=> (1+ cosx)[2sin x-cos x-1+ cos x]=0 
= (1+ cos x)(2sinx—1)=0 

=> cosx=—1 or sinx=1/2 

So sina=1/2 [as OSas1/2] 

=> cos a=V3 /2 

Next, 3cos’ x-10cosx+3=0 

> (3cosx—1)(cos x-3)=0 

=> cos x=1/3 as cosx #3 

So, cosB=1/3, snp? 

and 1-sin2x=cos x-sinx 


= sin’ x+cos’ x—2sin xcos x=cosx-sinx 

=> (cos x—-sin x)(cos x—sin x—1)=0 

= Either sin x=cos x => siny=cosy=1 v2 

or cosx-sinx=1 = cosx=1, sinx=0 
=> cosy¥=1, siny=0 

cos 0+ cosB+ cosy can be equal to 


=e ees ee 
2 3 42 23 
3V6 +2V2+6 | _3v3+8 


i.e., 


a? aa 6 


95. sina+sinB+siny can be equal to 


122.1 91, 2v2 
o° 3 AB eg 
342414 3+4/2 


ie., 


or 
6V2 6 


96. sin(a—B) is equal to 


1_V3 2ve 


1 
sinacosB— “cosGsinB'=— xox aoe, 


2 3 
_ 1-246 


6 
97. 5sin’ x+3sin xcosx—3cos’ x =2(sin? x + cos’ x) 
—-3+ 769 
= 3tan’x+3tanx-5=0 => tn x= 
and sin? x—cos2x=2-sin2x 
=> 3sin? x +2sinx cos x=3(sin’ x + cos’ x) 
=> cos x(2sinx—3cos x)=0 


‘ 2 
Either cosx = 0 or tanx mi => cosx =t—— 
2 V13 

3 


+ 69 


=> Taking tana=—— > tanB=- 


we get tano.+ tanB=14 /69 /6 
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98. Taking tan gant, 


pe 


‘ 2 
cosy =0, ee 
13 


9. 22 
we get tanctanB+ cosy +cos6=-—+——= 
3. v13 


99. (1) and (2) have no solution common. 
100. Let@, =~ 
an 


*: ABis diameter of circle. 


ay .A AP. Bis right angled triangle. 
.. (ii) 
...(iii) 
1 . 
__Aiv) => A, aC ae cos8,- ABsin®@, 
= 4sin26, 
nel 
Now, 9)sin26, =sin26, + sin20, +...+ sin20,,, 
ka) 
a es" . (n+1)n 
=sin- + sin— +...+ sin——— 
n n n 
Tt 
gale ® \ain( 7 + (n -1)— ) 
_\ any \n 2nJ 
ae 
sin — 
an 
n+ 1 
sin{ aoe) ) a ra 
Pa 2 cot— =cot— > n=16 
_ an 32 
sin — 
2n 
nis 
2 
101. 2cos’?2x —7cos2x +5=0 
=> cos2x =1 
=> x=nm 
k=14+2+.,..+ 99 
9 x 100 
= 2 y = 4950 


Now, k- 4948 = 4950- 4948 =2 


187 


102. In 2nd equation sum of coefficients is zero, hence its one root is 


1 and second root is also 1 as it has equal roots. 
Common root of first equation is 1. 

=> tan’ 6 -2tanO+1=0 

= (tan6— 1)? =0 

=> tan 8 = 1, hence one solution in (0, 1). 
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103 x'+1_ (2siny cosy)’ 106. Draw the curves p|cos6| and q|sin | and find the number of 
8x" 4 intersection points. 
= x? + ae = 2sin’ 2y 
x 
LHS 2 2 and RHS $2 


LHS = RHS will hold 
only if LHS = 2 = RHS 


i.e. x’? =1andsin’2y =1 
um 3m Sn 77 
=> x=t1land2y =—, —, —, — 
22 2 2 Hence, intersection points are A, B,C, D 
So, total number of ordered pairs are 8. . Number of solutions is 4. 
. We have, 9 ,0 
104, We have igs a. 3tan——tan 7 
sin| x-F |reos| x= }=1 107. tan8= 5 
\ 4 a 1-3 tan? — 
sn{ x-} + sinf x+ =) = ‘ 9 6 6 
4) 4 => tan Aen ota we 
: 1 ; ; 
=> asinxcos7 =I [-." sin 8=sin(z —6)] “ fit i ais ei Oiei Oie fan teeta 
i 3 3 3 3 3 3 
= Rei > dan Shitan ean ean eta een =3 
3 3 3 2 3 3 
_t 3n 
” are &. 108. sin(1—x)20, cosx20 
We know that 3 radians =171°22’. cosx=cos| = (1x) 
Therefore, sin3>0, cos3<0 and |cos3|>sin3 2 
cos3+sin3<0 a. xaam-+(=-1-x)} 
2COS7X _ _ cosas (2 
Now, ———->2 1 
cos3+sin3 => yeni ee 
=> 2cos7x<2™?*(cos3+sin3) (-." cos3+sin3 <0) ae 
=> 2cos7x<0 => cos7x<0 (“.2™* > 0) ‘ Putn=1, mee Ties = [x]=2 
3x, : : 
Clearly, a satisfies this equation. 109. L.H.S $13 and R.H.S = 2(y—2)? +13213 
os oa 5 
Hence, x= is the required solution. . Roots of eqn. exist if y=2 and sci tan’ Al =1 
; f 
Hence, only one solution. Now, consider ain + tan” A =1 
12 
Tl 
105. -. cosAsin{ A“) =|: cosAsi( A-*) | 5 
6) 2 6) | = x+tan” 2 = sin” (1) 
1] , a ae t 
=1{ sn 4+a-£)-so( a-a+2)] = x+tan* ==" 
1 T 1 
=- sin 2A-™ | -sin => ene eo 
2 6 6 2 12 
_ a wet me =cot 2 
So, it is maximum, when aman is maximum. x=co 2 
| 5 
ie, 2A-— == sad hk 
6 2 
agate I Hence, 12eot{ 2 Jat2cotx=1ax-5=5 
2 12 
2 6 
A= 110. tan(m cos6)=tan( /2—nsin 6) 
3 = ncosO=nn+72/2—-nsinO(n €!) 
n T 
but ae = mn(sin@+ cos@) =(2n+ ry 


Hence, A=3 


112, 


113. 


114. 


111, 


=> gnde cobs 
2n+1 
=> cos(m/4-8)= 
( ) aah 
Since -1Scos(n /4-8)S1 
=> gris 
2v2 


= n=0 or —-1 as nis an integer 


= cos(m /4—-0)=+ (1/22) 
=> 8cos*(t/4-6)=1 

i. 
= I6cos'| 7 - Jee 


From the given equation we have 


2tan(x/2) Pt 1-tan*(x/2) _ 
1+tan*(x/2) 1+tan’(x/2) 
= 6 tan(x/2)+4—4tan?(x/2) =5+5tan’(x/2) 
=> 9tan?(x/2)-6tan(x/2)+1=0 
=> 90 tan*(x/2)—60tan(x/2) = —-10 


90tan’=-60tan= + 10 =-10+10=0 


When n=1,. we have interval [0,7], which covers only the first 


and second quadrants in which. 
sinx=—1/2 is not possible. Hence, the number of solutions 
zero. Also, from 2(n—1), we have zero solution when n=1. 


For n=2, we have interval [0,27] which covers all the quadrants 


only once. Hence, the number of solutions is two. 
Also, from 2(n-1), we have two solutions, when n=2. 
Fro n=3, we have interval [0,37], which covers the third and 


fourth quadrants only once. Hence, the number of solutions is 
two. But from 2(n—-1), we have four solutions which contradict. 


Hence, Statement I is false, and Statement I is true. 
The graphs of y=|sin x and y =| is 
YX 


y= =Ixl 


N ; y=isinx 


- 
|sinx|=| x| has only one solution x=0. But Statement II is not 
the only explanation of Statement I. 


: 2tanx 1-tan’ x 
sin2x=—————— cos2x=———-— 
1+t 1+tan’x 


2 x 
=> Statement I is correct. 
In Statement I, we have 


cos’ x= sin2x 


=> cos x(cos x—2sin x)=0 
-) tan x=1/2 as cosx#0 
From Statement II we get 
; 1+1-1/4 7 
sin2x + cos2x=——_—___- =— 
i+1/4 § 


Statement I is false 
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1 sina® cosa 
115. In statement, | 1 cosa sina |=0 
-1 sina -cosa 


= either sina=0 or tana=1 
=> a=n/4 (as 0<a<n) 
and Statement II, (sin x+2cos x) 
1 cosx cosa 
1 sinx cosx|=0 
1 cosx sinx 
=> (sinx+2cosx)(cosx-—sin x)’ =0 
=> (sinx+2cosx)(cosx—sin x)’ =0 
which does not hold for any value of x as -—™/4<x<m1/4 


116. For (n/4,72/2), O<cosb< <sin6<1 


So, (cos6)™* <(sin 6)™° 
- and (cos@)™ * <(sin 6)™° 
= (cos @)™°+(cos6)™* <(sin6)™° 


Showing that Statement I is true. 
In Statement II let, e™°=t 


Then, t? -4t-1=0 
4t y16+4 16+4 
=> t= =2+5 
= em 04/5 =ein O=log (2+ V5) 


Since, 2-5 <0, sin 8=log (2+ V5) >log, 


=> sin@>1 which is not possible. 


So, the give equation has no solution and the statement II is 
false. 


117. sin’ x+sin‘ x+sin‘* x+...inf 


sin’ x ; 
=tan’ x 


1~sin’ x 
=> Statement I is false. 
Now, exp {tan? xlog, 2}=2""'* 
So2™ * =1 or 2 * =8 


2mm" 28 [- tanx>0=92'* >1] 


= 
= tan? x=3 = tanx=v3 
cosx 1 1 3-1 
Now, ———-— = = eS 
cosx+sinx i1+tanx V3+1 2 


loa 


118. (A) sinx=—- and cosr=—— 


ln 


A> qs 


190 = Textbook of Trigonometry 


a—-B=n andB+y=27 


Bo p,t 
alae ae 
2 v3 
me nt 
a=— = B= ye~ 
a-y=1, ee ,P+y=2n 
C—r,s,t 
119. (A) 2sincos 8=1/ 2 if cos8>0 
= sin20=1/2 = @=1/80r3n/8 
sin20 = -1/ V2 if cos@<0 
=> 6=5n/8 or7n/8 
- A> pq 


(B) 2cos26cos 46+ cos 48 = 0 
= (2cos26+1)cos46=0 
Either cos 40=0 


=> pak oh 2m oe or cos26=-1/2 
8 8 8 8 
=> 8@=2/30r2n/3 
- Bopqr 
(C) (4cos? 8-1)(2sin 8-1) =0 
=> cos’ 9=1/4 = cosO=+1/2 
=> 8=n /3, 27/3 or sind=1/2 
=> 6=n/6 
“Crs 
, m 3m 5ST 70 
(D) If sin40=+1, Se ee 


“D> p,q 
120. f.(8)= sin@ + sin30 + sin5@ + ...+ sin((2n ~ 1)8) 
cos6+ cos36+ cos56+ --- + cos[(2n-1)8] 


[ox =e oa pant " (28) 
20 


sin 


7 ae. sin(n 8) 


O+ (n 8 in’ (28) cos(n@) 


cos — 26 
sin 
2 


©) f, ©) «tan(**)= 2 +1 
o5(2 Jw 


121. (i) If cotx > 0, then —— = 0 which is not possible. 
sinx 
Now if cot x < 0, 


1 
then, —cot x = cot x + —— 
sin x 


2cosx +1 1 
> ———_ =0 => cosx=-- 
sin x 2 


=> x=annt ,neJand0 Sx S2n. 


2m 4% 
x=—, — 
3. 3 
(ii) We have, sin’ xcosx + sin’ x.cos’ x + sinx.cos’ x =1 
=> sin x cos x(sin’ x + sinxcosx + cos’ x) =1 
suze Sint) 
=> eS i 
2 2 
=p sin2x(2 + sin2x) = 4 
=> sin? 2x + 2sin2x - 4=0 
—2+ 4+ 16 
=> sindx = ——Y = -1 V5 


This is not possible, as -1 S sin 2x <1. 
Hence, the given equation has no solution. 
(iii) We have, 2°°” =| sin x| 


It is true only for cosx = 0 and|sinx|=1 


{ 
=> cosx= cos andsinx = +1 se *) 


=> x=2nm + = 


But, x € [-27, 27] 
ln 3n 32 


x=-—,—,—,-— Hence, number of solutions = 4. 
2 2° 2 2 
(iv) We have, | cosx | =[x] = y (say) 
Y _y=bd 


y=lsin x| 


Graph of | cosx| and [x] don’t cut ieee: other for any real 
value of x. 


_ Hence, number of solutions is zero. 


(v) We have x + 2tanx = — 


‘4 x 
or tanx=——-— 
4 2 


Y, 


S 
in) 
a 
or 
a 


< 
< 
] 
bla 
I 
fhop>x< 


122. 


123. 


124. 


Now the graph of the curve y = tanx and y = ; = in the 


interval [0, 27] intersect at three points. 
Hence, number of solutions is three. 


Here, (sin’ x + cos’ x)* — 2sin’ x.cos’ x + sin2x + a= 0 


> 1—Ssin?2x + sin2x + a=0 
=> sin’ 2x — 2sin2x — 2(1 + a) =0 
> sin2x = ae yee t a) =1t J2a+3 (i) 
= sin2x =1-¥2043 (1+ V2043 21) 


and sin2x = 1 is already included in the solution of 


sin2x =1-J2a+3 


. : : 3 
But sin2x is real, so2a +32 0i.e., a2 5 


Also, -1 Ssinx $1 


-1<1-1,2a0+4+3 91 
= -2S-/20+3 50 
Squaring both sides, 

0s$20+354 
> -3S2aS1 


OT sin — 203) 


Also the general solution is, x = nt — 


Here, 3cos20 = 1 =» 3(2cos’@—1) =1 


2 
> 6cos' @= 4; =9cos' O= = 
1 2 
- 2 = ven 1 
Now: tanto = 2 cos ne 3) 
cos’ 2 2 2 
3 3 
32tan* @ =2cos’ & — 3cosa 
4 
=> 32{ 1) =2cos’ a -3cosa 
\2) 
> 2cos’? a —-3cosa—-2=0 
= (2cosa + 1)(cosa - 2) = 0 
> 2cosa+1=0 orcosa-—2=0 
> cosa= ~ = or cos = 2 (impossible) 
f \ an 
=> G=2ent|n- 2 )=Inm tne Z 
bt 3 
Let 4°* =) and3/" =p 
Then, the equation becomes, A + # =11 
5’ - 2u =2, solving these equations we get, 
2A + 5A? =24 
or 5¥? + 2A —24=0 or (5A + 12)(A—2) =0 
12 
So A =2,-— 
5 
If K=2, 4°? =2, 2 2" =2 
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125. 


126. 


191 


: 1 
sinx = — 
2 


12 12 
IfA= a: then 4°" = are which is impossible as 4"°* > 0 


when A =2, we getu =11-2 =9 
1 


=> 


2 aes . 
14 1 
=> YSN ah ee a a 
% T 
Thus, x =n + (-1) = and y =2mm t x where mn € Z. 
The given equation is, 


1 
siny =2{ sin'x + — +2)-+2{ costa +2)- 24 
sin‘ x cos‘ x 
4 ‘ 1 
= Asin’ x + cos a+ eT )+9-24 
sin‘x cos‘ x 


a 
oF 
sim xX.COSs x 


‘ee os 16 
= siny = 1 ~Loint2x 14 )-16 
2 sin‘ 2x 


f 16 
16 + siny =(2 - sin’ 2a) (i) 
\ sin’ 2x 


= Asin‘ x + cos‘ x) {1+ 


= 


Since, siny $1 
=> 16 + siny $17 
L.H.S. is not greater than 17, on the other hand 
0 <sin’2x $1 
2 —sin’? 2x 2 1 and sin‘2x $1 


=> 
1 
= = 2 16 
sin 2x 
1+—6_ 247 
sin’ 2x 
; 16 
= (2 ~sin?2x) 14+ —! jeu 
\ sin"2x 


This shows that right member of equation (i) is not less than 17. 
Thus the inequality holds only when 
siny = 1andsin’2x =1 


=> =(n+1)7,nel 

: 2 . 31 

from second equation sin’ 2x = 1 =sin = 

Tt 

=> a a 
Tt 
x =(2m + 1)— 
( My 


Thus, the solution are G + 1), (4n+ nf) 
y 


We have, 


az neoss* y)) + 2cos(x+ »| = 13+ 4cos*(x+ y) 


=> 64x -x’ ~ 64x - x’ cos(x + y) + 8cos(x + y) 
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=13+4cos(x+y) 128. As we know, A.M.2G.M. 


2 2 2 2 
= 4cos (x+y)+(6V4x-x —8)cos(x + y) i. BEE SOU MS ant, Cob x 
+(13 -6V 4x — x”) =0...(i) 2 


—S => - tan’ x + cot? x 22 
Let, cos(x + y) =tand6 4x - x? -8 =a=6J4x— x? =8+a 
(x+y) v Now, from the first equation, 


Clearly, 4x-x* 20 or xAx-4)S0 or OS x54 ..ii) 2cos?y 22 
Now, equation (i) reduces to; 


2 : : . 
4t? + at + (5—a)=0 cos’ y 21, which is only possible when, 


2 
ina ae és fe cos y =1 
which is quadratic in ¢. : - : : 
; D>0 Putting cos’ y = 1 in second equation we get, 
a? — 44(5 — a) 20 sin’'z =O=92 = mm (i 
9 ree Dsineie = aoe 
a? + 16a -802>0 Similarly cos y=1=>y=mmn «.{iii) 
(a + 20)(a — 4) 20 Alos, tan’ x + cot? x =2cos’y 
= as—20ora>4 (iii) = tan’? x+cot?x=2 => tan?x=cos’x=1 
However, according to substitution; . ih ee - bi) 


a = 64x — x? -8 
= 6/4 -(x ~ 2)? -8 


~8<aS4 (iv) 
=> a=4 {from (iii) and (iv)} 129. The given equation can be rewrite as 


— 2 _ = = ; 
Hence, 6,/4x x -8=4 2eod = ~) cof * ®) +2008'(=2 2) 4 re 
4x — x’ =2 . , a 


4x—-x’ =4 or scos'(2*2) + 4c0f =*2) co 22) + 1<0 
\ 2 2 2 


x°-4x+4=0 


Hence, the solutions are 


Tt 
FEENE Toy NE =m where k, mneéeZ 


, \2 
= (x — 2)’ =Oorx=2 or [20 2+”) + cof 2=”)} + sin 222) =o 
Now, equation (i) becomes; 2 2 2 

‘\ 
=> 4cos*(2 + y) + 4cos(2 + y) +1=0 ay 2e0f =£2.) «cof 22) and sin'( 22) =a 
=> (2cos(2 + y) + 1)’ =0 2 2 2 
=> 2cos(2 + y)+1=0 from second equation, we get, 
= cost + y)=-2 = cof n - =] x —y =2nn, wheren € I 
2 3) or y =x-2nn 

= 2+y =2nn + an Substituting the values of y in the first equation, we get 

3 2cos(x — nt) = —cosnt. 
- y=tnmt = -2ne! => 2cosx. cosnm = —cosnn 


1 Tt yA 4 
is \ | corx=- = con - 2) =p x=2mmt 2, mel 
Thus, the solutions are e ann + - —2! 3 


} .. Solutions are, 
127. Rewriting the given equation as, {2 + an) (om -n)nt *r) 
{tan(x + y) — cot(x + y)}? =-(1 + 2x +-x’)=-(1 + x)’ 3 7X 3 
or {tan (x + y) - cot (x + y)}? +(1 + x)’ =0 8 2) 
shih is posuhleonly when, 130. Here coe — cot 6 = cosec A 
tan (x + y)- cot (x + y)=Oand1+x=0 
cos 
5 27 2 cosO _ 6 
tan’(x + y)=1=tan*—andx=-1 > Bang 7 coset | = 
4 sine sin8 2, 
2 F 2 Tt Tt 
Now, tan"(x+ y) =tan’— = x+y=nnt— 8 
4 4 2cos'— — cos6 
= yams +1nel = a PT ROEE 
( 50. 0 ~ 16% « i) 
The required solutions are (oh nm + ‘ + 1} nel. = Ze08 —- Neal 2 sin’ “4 =sin§. cosec 2 


=> 1 = cosec —. sin® 


131. 


132. 


133. 


4as sinx <1 = log,sin x < 0, so, rejectlog,sin x = | 


sin8 = dine => sing(200ss - ) =0 
2 2 2 


=> 
F 6 1 
> sin— = Dor cos— =— 
2 2 2 
‘ n 
> @ = 2nt or 8=2{2nn + 5] 


) 
for 6 = 2nn, cot zi and cot @are undefined, 
Hence do not satisfy the given equation. 


. The only solution is 8 = 4nx + = 


Weknow,a + b+c=0,@a°+b' +c =3abe 


Puta =sinx, b = cosx,c =1 


; . 3... 
1+ sin’ x + cos’ x =3sinx.cosx = ssinax 


> atb+c=0>1+sinx + cosx=0 


f ~ 
=> Peco x7 |=-1 
4 
{ *) 3m 
=> cos, x - — |= cos— 
\ 4 4 
an. ot 
=> x=ann t—+— 
4 4 
We have, log,,,.2. log, ,@=—1 
= log sin » 2 | 2 spi (i) 
, 4 =- oe Al 
O8 sin x OB sin x 2 a>o 
=> log... 2s oe =-2 
log,sin x 
> log, a = —Alog,sinx)’ 
(log, a) 


log sinx = + | ; 
{ (log, a). 
| 2 


(—log, a) 
=> log.sinx = —,./——2— 
62 \ 2 
=> sinx = 27 Vo 80? 


=>x=nm + (-1)'sin™ fave es: 4)/2) ond the condition is 
0 <a <1so that log, a is defined and log, a < 0. 


x a 
We have, | (¢? -8f + 13)dt = xsin— 
0 x 
fv 2 \4 
=> EF ise | = xsin— 
.3 2 Je x 
3 
= ~ § 4x? + 13x = xsin= 
Ki x 
= x? — 12x +39 =3sin— fs x #0} 
x 
: ve 
=> (x -6)° +3 =3sin| — 
x 


min. L.H.S. = 3 and max. R.H.S. =3 
(x -6)? +3 =3 and3in =3 


x 


= 
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134. 


135. 


136. 


137. 
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x=6 and sin” =1 
x 


=> x=6 and — =(4n + 1)-—=9 a=3n(4n + 1) 
x 


The given equation can be rewritten as 

; . 17 . 
(sin‘ x + cos‘ x)’ - 2sin‘ x cos‘ x = mu -sin’ 2x) 
Put t =sinx. cos x, 


17 
(1 — 2t7)? —2¢* = mA — 4t’) 


=> 32t' + 4¢? -1=0 
=> 32t* + 8t? — 4r7-1=0 
=> (4t? + 1)(8t? -1) =0 
1 
=> t=t—= [. 4t?7 +1 #0] 
2/2 
: 1 : 1 
=> sinx.cosx=t—= => singdx=t-—= 
2v2 2 
T nm 14 
= 2x =n +y(4] => eae a a ars 


We have, tan‘ x+ tan‘ y+2cot’ xcot? y 
=3+sin’(x+y) 
= tan‘ x+ tan‘ y+2cot’ xcot’ y-2=1+sin’(x+y) 
= (tan? x—tan’ y)+2(tan xtany-—cot x cot y)’=—-1+sin"(x+y) 
Clearly, L.H.S 20 and R.H.S $0 
L.H.S = R.H.S =0 
=> tan’ x=tan’y, tanxtany=cot xcoty and sin’(x+y)=1 
= tan’ x=tan’ y, tan’ xtan’ y=1 andsin*(x+y)=1 


4 

=> tan’ x=1 and x+y=nnt—, Mm m, €z 
T 4 

=> SREY ay In ey Re 


= Thus, x=y=pnt", pez 


cos x 


2 
costx = Gt AtEG+ 4) 
2 

either, cos’ x = —1 (not possible) 
or cos?’ x =at3 
Since, 0<cos’x $1 
ye 0Osa+3S1> -3S8as-2 
Also, cos’ x =(a + 3) 


=> x=nm+cos" Ja +3, wherene J anda €[-3, -2] 


ey Y2un' x4 2V3 sin x.cooxe! 
Here 2 x+—) 
6) | 


=4 
r F gal poe eee Keay Rigi 
=> asin x + 7] =4 
6 . 
n V3 sin x + coz] 
=> [ea(<+)] =4 
6 ol 
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| 2 san{ x ¢ ¥/6){ mT 
=> [asn(x+2)] =4 > SUT ORE SLM 
, Tt 
| nla _ > x = 2mm or 2mm + — 
> sin x +—|} =1 2 
“a => x=2mn + 2mm, nn + = and =kntimn,kel 
To make the R.H'S. well defined it is necessary that, 7 _—_— 6 y nee 
f \ 
sin| x + 4 >0 => xe (-%. 5) 140. Given, V3 sec x + cosec x + 2(tanx — cot x) =0, 
6 , 
eae (-n <x <7)- {0,+ 2/2} 
Now, we have {sin + *) =] => V3 sinx + cosx + 2 (sin? x ~ cos” x) =0 
Oy, => V3 sinx + cosx —2 cos2x =0 
r T 1 fs 
= sin x + =) =| => x= a Multiplying and dividing by Va? + b?, ie. V3+1 =2, we get 
a 3 1 ‘ 
138. We have, 2 (v3 sinx + —cosx | —2 cos2x=0 
7 \ 2 2 
sec8 + cosec 8=c 


sin68 + cos@=csin®@. cos8 
Squaring both sides, we get 
1 + 2sin@cos@ =c’sin’ @. cos’ @ 


Te . ee 
=> SORE SUNT ener 


R 
c => cos (= a 2) = cos2x 
1+sin26 = —sin’20 3, 
4 , \ 


Tl 
Put sin29=t oe 2x =2nn | x2 
cet? — 4t-4=0,t €[-1,1] 
f) ’ oe = =2nm1ta 
Thus, the equation must have atleast one root € [-1, 1] [ oe eoseiere 
Case 1: D2 0, f(—1) > 0, f(1) > 0 a SNE ee a0 a aa 
= 16+ 16c? 20,c°+4-4>0,c? -4-4>0 > c’? >8 


ba 1 
= xX =2nt —— or3x =2nn + — 
3 3 
2nm 
-1 { => Pe ME gO RE 9 
Case | 
_ on _m -5t 70 
In this case we will get two distinct values of sinz 6, resulting saa 3. Ca ag 2 5 
in 4 distinct values of 8 € (0, 272) two of them would be 
oe ; —m™ mm Sk 72 
repeated. Now, sum of all distinct solutions = — + a - “ + 5 =0 
Case Il: f(1) f(-1) <0 : : 
= (c? —8)c? <0=>c’ <8 141. Here, —cos?2x + (cos'x + sin‘ x) + (cos*x + sin’ x) =2 
4 
5 
=> qcotex + [(cos? x + sin? x)’ —2sin’ xcos’ x] 
; + (cos’ x + sin’ x)[(cos? x + sin? x)’ —3sin’ xcos’ x] =2 
~ 5 
Case II => qo 2x + (1 —2sin’ xcos’ x) + (1 —3 cos” xsin’ x) =2 
In this case we will get one value of sin2@ resulting in 2 Sis- 5 seh : 
distinct values of 6 € (0, 27). . ri cos’ 2x —5 sin’ xcos x =0 
139. |sinx + cosx| 774 =1+ sin (i) —— 
| a ; |siny| - = > co? Ox->sin2x='0 
and cos’ y =1+ sin’ y (ii) 4 4 
— $j 2 = in? in? = = 5 2 
= 1-sin’y =1+sin’y=sin’y =0,y=kn,kel ai > cos'2x~> + > cos*2x = 0 


= |sinx+cosx|® "7" =1 


5 5 
: ° 1 = => =s 2 =A 
Then, either sin’ x= 7 or sinx + cosx =1 cos’ 2x i 
1' 
nt 1 T = cos’ 2x =— => 2cos’2x =1 
=> x=nm t —orcos| x -— | =cos— 2 
6 4 4 
> 1+ cos4x=1 
nt ™ m™ T 
Now, co x- 7] = cos => Sa Sn => cos4x=0,asOSx<S2n 
4 


142, 


143. 


{3 3n 5m 7m On 1ln 130 157] 
4x =} —, —, =, =, =, —, 


as 0s 4x $8" 


Hence, the total number of solutions are 8. 
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Plan For solving this type of questions, obtain the LHS and 
RHS in equation and examine, the two are equal or not for a 


given interval. 
Given, trigonometrical equation 

(sin x —sin3x) + 2sin 2x =3 
=> -2cos2xsin x + 4sin x cos x =3 


[. sinC - sin D = 2004 © : ?) sil 


<-?) 
2 


and sin26 = 2sin@cos6] 


=> 2 sin x (2 cos x — cos 2x) =3 


=> 2sinx(2 cos x —2cos’x+1)=3 


s n 
3 =2{ co x-1) 
2 2 


=> 2sinx =3 


( le 
=> 3sinx-3=4 a sin x 


\ 


As x €(0,7%) LHS <0 and RHS20 
For solution to exist, LHS = RHS = 0 
Now, LHS=0 = 3sinx- 3=0 


‘ Tt 
> sinx=1 => ne 


For x= = 
2 
/ 2 
1 1 
RHS = 4| cos > -}) sin = =4{1)q) =1#0 
2 2) "2 \aJ 
. No solution of the equation exists. 


Plan It is based on range of sin x, 
i.e. [-1,1] and the internal for a<x<b, 
Description of Situation As 8, ¢¢(0,27] and 


tan(2m -6)>0, -1 <sin6< a 


tan(2x-6)>0 = -tanO>0 
. 8ET] or IV quadrant. 


Also, 


3 
-] SSS ae 


..(i) 


sin 
— | 2cos8+ 1 =2sindcos6+ 2sinOcoso 
=> 2cos8+1= 2sin(6+ >) 
From Eq. (i), 
oe gee = 2cos0+1 &(1,2) 
2 3 
1 <2sin(6+ 6) <2 
= ; <sin(0+ 0) <1 
5% 137% 17% 
=> 2 <opqe"* or ga 26 o<— 
6 6 6 
17% 
= -8<§<—-6 r 9 g<( 7 -0 
an 71 \ (3x Sn 
= o<(-%,-2) or (2) a0 —_—,— 
2 3 3 6 2 3 
144, P ={0:sin @-cos0 = ¥2 cos 6} 
= cos0(V2 +1) =sin@ 
~ tanO= 2 +1 
= Q = {0:sin®+ cos6} = V2sin@ 
= sin9(V2 -1) =cos0 
I. 92 at ae 
=> tan = —-— x =(V2 +1) 
V2-1 V2 +1 ( 
& P=Q 
145. Given, n >3 € Integer 
1 1 1 
d ———~- = a 
~ (2) =) =) 
sin} —}| sin] —] sin} — 
n n n 
= Som wee 
nu . 3m , 2a 
sin— sin—  sin— 
n n n 
3n Tt 
sin — —sin — 
ok n n__} 
. 3n an 
sin —-sin— sin — 
n n n 
Gy eee 
=> 2cos( 7) sin 2 = n n 
nin 
n 
. 20 an , 3T 
= 2 sin —-cos — =sin — 
n n n 
. 4m . Bn 4n 31 
=> sin — =sin—- > —=n1-— 
n n n n 
71 
=> —=n => n=7T 


Here, 2cos@(1-sing) =sin’ of tant + cot + Jeose -1 
\ 


29 29 

sin’ - + cos? — 

= 2cos0-2 cosO sing = sin? 6| ——-2—_2 
sin — cos— 
2 2 


4 


( 
=> 2cos8-2cos@ sing =2sin’ 6 Ex cosd-1 


cos -1 
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..(ii) 


...(iii) 


196 Textbook of Trigonometry 


146. Given, tan@=cot50 = copeerese vee me 
(fe: Tt 2 
=> tan@=tan| —-50}) => —-50=nn+6 5x x 
\2 2 =. oot =) Ge cos or cose =e 
Tt 
= 60x ~—nz = joa Now, cos x=0 
2 2 6 n 30 
(nt => x=—,— [. OS x <2n} 
Also, a ae la, SU Zo 
f cos — =0 
= 10=2m +{ = -20] 2 
\2 - Sx _% 3m Sm 7m 9m lim 
Taking positive sign, ...2 2° oe 2 so 
Tt Tm 37 7% 97 
60=2nn+ = = 92 +e -: eee tS of osx <2x] 
2 3 12 5 5 5 5 
Taking negative sign, aad sash 0. ss ca Ok Oe 
3 nr 2 2 22° 9 
aoe = ra ag => x= [. OS x<2n] 
Above values of 6 suggest that there are only 3 common Hence, x= o. Sh Tl, Ls an Lg ps 
solutions. 22 5 5 5 5 
1 150. sin @ + si in 70 = 
147, 2sin?@-cos20=0 = sin’O=-— spp au a =O 
. 4 => sin 46 + (sin 8+ sin 78) =0 
Also, 2cos’?@=3sin6 => ano => sin 46 + 2sin 48-cos36=0 
2 


F ' ree. 
=> Two solutions exist in the interval (0, 27]. = sin 46 {1 +2 cos36}=0 = sin 40=0, cos3 0= ; 


148. Since, 2sin? 8-5sinO0+2>0 As, 0<O0<n 


= (2sin@-1)(sin6-2)>0 0<46<47 
[where, (sin 8-2) <0,V 6e R] 40=17, 27, 37 
(2sin@-1)<0 cos30=—4 
2 
0<30<3n => es . 
3°33 3 
™ 1 3m 2n 4m 82 


= §=—,— Tea ee 


151. Given equation is 2sin? x + Ssin x —3 = 0. 
=> (2sin x — 1)(sin x + 3) =0 


P 1 ; 
a sin x =— (. sin x #-3] 
: 1 2 
=> nis 


From the graph, 8 € (0 *) U (=. an) 


149. Given equation is 
cos x+ cos 2x + cos3x + cos 4x = 0 


= (cos x + cos 3x) + (cos 2x + cos 4x) =0 
™ 2 cos 2x cos x + 2 cos 3x cos x= 0 It is clear from figure that the curve intersect the line at four 
= 2 cos x (cos 2x + cos 3x) =0 points in the given interval. 
f \ 
wail 9 cose (2 Gee = — 4 | =9 Hence, number of solutions are 4. 
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Basic Relation between the Sides and Angles 


of Triangle 


Basic Relation between the 
Sides and Angles of Triangle 


In a AABC, the angles are denoted by capital letters A, B 
and C and the lengths of the sides opposite to these angles 
are denoted by small letters a, b and c, respectively. 


Semi-perimeter of the triangle is written as : 
Zorere 


2 
and its area is denoted by A. 
Some geometrical properties of A,B,C and a,b,c. In AABC 
(i) A+ B+C =180° 
(ii) a+b>c,b+c>a,cta>b 
(iii) a>0,b >0,c>0 


Sine Formula or Sine Rule 


In any AABC, the sides are proportional to sines of the 
opposite angles, 
Le. — =$ —— = —_ 

sinA sinB_ sinC 
Proof : CaseI. When ZC is acute : 
From A draw AD 1 BC 
In AABD, 


------>> 
A 


AD AD 
sin B = —— = —— 

AB c 
or AD =csin B ond) 
In AACD, He 2? 

AC Db 
or AD = bsinC ..-{ii) 
From Eqs. (i) and (ii), we get csin B= bsinC veld) 
Case II. When ZC is obtuse : 
From A draw AD 1 BC 


In AABD, 


- 
| ; 
© O}- 
|. 


AD =csinB 2 Sock) 


From AACD, 
sin(180° — C) = 


AD _ AD 
AC b 
”. AD = bsin(180° — C) = bsinC ...{iv) 
From Eqs. (iii) and (iv), we get 

csin B= bsinC .-(2) 
Case II. When ZC =90° 
Draw AD 1 BC 

AD 


In AABG sin B= 4 = AP A 
AB c 


AD =csin B 
or AC=csinB 
[.. D and C are same point) 
or b=csinB 
or bsinC =csinB [.C =90°]_...3) 
Thus from (1), (2) and (3), it follows that in all cases 


bsinC =csinB or s = ..(4) 
sinB sinC 


Similarly by drawing perpendicular from from C to AB, we 
can prove that 
a b 


sinA sinC 
From (4) and (5), we get 


5) 


Cosine Formula or Cosine Rule 


; b? +c? -a’ 
(i) alana a ora’ =b’? +c” —2bacosA 
c 
c* +a’ -b? 
2ac 


(ii) cos B = 


or b* =c* +a” —2accosB 
a’ +b? -¢? 

2ab 
orc’ =a’ +b” -2abcosC 


(iii) cos C = 


| 


Proof: 
Case I. When ZA is acute 
Draw BD L AC 
In AADB, sin A= 22 = ay 
c 
B 
S 
1 90° \ 
C D A 
b ; 
BD=csinA ...(i) 
and cosA= AD = AD 
c 
“, AD=ccosA ...(ii) 
Now CD=AC-—AD 
=b—ccosA ...(iii) 
Case II. When ZA is obtuse 
In AADB, 
B 


ir + 
AAS 907 
A 


C D 


+ b—> 


sin(180° — A) = = 
AB 


mae 
Cc 


or BD =csin A and cos(180° — A) = - 


ry ea or AD=-ccosA 
c 


Now, CD=AC+AD=b-—ccosA 
Case II. When 24 = 90° 
Here D and A are same points 


In AACB, BD=BA=c=csinA 
B 
y c 
C 5 AIO) 
[- ZA —90° ..sin A =sin 90° = 1] ...(i) 
and AD=0=ccosA [‘..cos A =cos 90° = 0] ...(ii) 


CD=AC-AD=b-ccosA .».(iii) 
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Thus in all cases BD =csinA and CD =b-ccosA 

Now, in ABCD, BC? = CD? + BD’ 

a’ =(b-—ccos A)’ +c’ sin’ A 
= b’ +¢’ cos’ A—2becosA+c’sin’ A 
= b* +¢*(cos? A+sin’ A) —2becos A 
=b*? +c’ —2becosA (1) 

2bccos A=b? +c’ -a’ 
b? +¢? -a’ 
2bec 
Also, from (1), a? =b? +c? —2bccos A 
c? +a°—-b’ 


or 


cosA= 


Similarly, we can prove that cos B = 


2ca 
or b? =a’ +c’ -2cacosB 
2 2 2 
+b*- 
and PT oni aa MD 
2ab 
or c? =a" +b? -2abcosC 


Projection Formulae 
(i) c=acosB+bcosA 

(ii) b=acosC +ccosA 

(iii) a= bcosC +ccos B 


Proof : 
Case I. When ZB is acute 
From ACBD, 
cosB= BD = BD 
BC a 
BD =acosB weld) 
Cc 
VAN 
J __igo\ 
A D 8B 
C7“ 
In AADC, 
cosA= AD = AD 
AC 0D 
AD=bcosA seed il) 
Now, c=AB=AD+DB=bcosA+acosB 
Thus, c=bcosA+acosB 
Case II. When ZB is obtuse 
From ACBD, 


BD 
cos(180°-B) = — 
BC 
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or 
In ACAD 
cosA= AD = AD 
AC 0b 
or AD =bcosA 


Now, c=AB=AD-BD=bcosA+acosB 
Case III. When ZB = 90° 


In ACAB, 
cos A = — me 
Cb 
c=bcosA 
=bcosA+ccosB 
b a 
A 5=—“Ua (0) 


[.. ccos B =ccos90° =0, as cos 90° = 0] 


Thus in all cases, c = bcos A +acos B 

Similarly, we can prove that 
b=ccosA+acosC 

and a=bcosC+ccosB 


Tangent Rule or Napier’s Analogy 


In any AABC, tan (+7) ~ 


Proof: In AABC, we know 
a _ b c 


sinA sinB sinC 
A a=ksinA,b=ksinB,c=ksinC 
Now, RHS 


eee 


ab 
= co 
a+b, 2 


[sine law] 


i) 


. 2 ‘ 
ink tees [using Eq(i)] 


ksin A +ksin B ) 


A+B fe} 
as, COS =sin =| 
2 2 | 


Similarly it could be shown, 


tan 


a ‘ 
sais ne Pie ace, tan ——— = ——-cot— 
. 2 b+ce 2 2 cta 2 


[| Example 1. Find the angles of the triangles whose sides 


are 3+ J/3,2V3 and V6. 


Sol. Let a=3+ 73, b=2v3,c= 6 


B+c?-a?_ 124+6-(9 +3 +6v3) 


=> cosA = 
2bc 12/2 
_6-6¥3_ 1-3. 
12/2 v2 
cos A = cos (60° + 45°) 
as cos (60° + eyes 
av2 
A = 105° 
b 
Applying Sine formula = 
eae _ sinA sinB 
=> sinB= anew = 2v3 -sin (105°) 
a 3+ 3 
= 23 {sin 60°. cos 45° + cos60° -sin 45°} 
3+ V3 
__ 3 __[vs+1| 
V3(V3 + 1)| ave | 
Hah oe eeas [. B # 180 — 45° as B+ A < 180°] 
v2 
=> B= 45° 
Here, A = 105°, B= 45° 
— C = 180° —(A + B) = 180° — (150°) = 30° 


ZA = 105°, ZB = 45° and ZC = 30° 


| Example 2. The sides of a triangle are 8 cm, 10 cm 
and 12 cm. Prove that the greatest angle is double of 
the smallest angle. 

Sol. Let a=8 cm, b= 10 cm and c = 12 cm. Hence, greatest 


angle is C and the smallest angle is A, {as we know great- 
est angle is opposite to greatest side and smallest angle is 
opposite to smallest side.} Here, we have to prove C =2A, 
applying cosine law, we get 


a’+b?—-c? 64+100—144 1 : 
cosC = ———___—. = ——________- =- (i) 
2ab 2-8-10 8 
2 2. He 
and ry ee lal 
2be 
100+ 144-64 3 fe 
ge ...(ii) 
2°10:12 4 


cos2A = 2cos’A -1= 2 -1 [using Eq. (ii)] 


cos2A = ; , ...(iii) 


From Eqs. (i) and (iii), we get 
cos2A = cosC 
= C =2A. 


[ Example 3. with usual notations, if in a AABC, 
+¢_cta_ a+b 


, then prove that 


11 “ae ge? 
7 19 25° 
a ee 
11 12 13 
= 2(a+b+c)=36k i) 
b+c=11k,c +a=12k,a+b=13k ii) 


On solving Eqs. (i) and (ii), we get 
a=7k, b = 6k, c = 5k 


bP +c?—a’ 36k? + 25k? — 49k? 
Hence, cos A = ———— = ——_____—_—_ 
2bc 60k? 
lil? 
60 5 35 | 
Scien a’ +c*—b’ _ 49k? + 25k? — 36k’ 
2ac 70k? 
238. 19 
"70 35 
— a+b? —c’ _ 49k? + 36k? — 25k? 
2ab 84k? 
605 
~84.=«7 
_35 
ae: 
5 £08A _ cosB _ cos 
q 19 25 


Chap 03 Properties and Solutions of Triangles 201 


| Example 4. The sides of a triangle are three 
consecutive natural numbers and its largest angle is 
twice the smallest one. Determine the sides of the 


triangle. 
Sol. Let the sides be n,n +1,n+2 
A 
n+1 
n 
Cc nt2 B 
i.e. AC =n, AB=n+1,BC =n+2 
Smallest angle is B and largest one is A. 
Here, A=2B 
Also, A+B+C=180° 
=> 3B +C=180° => C = 180° -3B 
isine sihienule; sin A _ sin B a sinC 
n+2 n n+] 
as sin2B_sinB _ sin(180° -3B) 
n+2 n n+1 
sin2B sin B sin3B 
=> =—= 
n+2 n n+. 
(i) (ii) (iii) 
in B in B 
fori banWand iy eee 
n+2 n 
+ 
cos B= nae (iv) 
an 
and from Eqs. (ii) and (iii); 
sinB _ 3sinB- 4sin’ B 
n n+1 
sinB sin B{3 — 4sin’ B} 
=> es Se 
n n+1 
=> n+} 3~4(1-cos?B) 
+ 
Bee es aneed? ...(v) 
From Eqs. (iv) and (v), we get 
n+1 (n+2) 
=-1+4 
n \ 2n ) 
n¢+1 [= +4n+4) 
ria(Beeed 
n n 
ant+1_n?+4nt+4 
n nr? 
an? t+n=n'+4n+4 
=> n’—-3n-4=0 = (n-4)(n+1)=0 
n=4or-1 where n # -1 


n= 4. Hence, the sides are 4, 5, 6. 
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| Example 5. Let O be a point inside a AABC, such 
that ZOAB = ZOBC = ZOCA=w. Then, show that 
cotw =cotA+cotB+cotC. 
Sol. In AOAC, Using sine rule, 
sin(A — w) es sin(180 -— A) 


Oc b 
an sin(A - w) - sinA Ai) 
OC b 
Also, in AOBC 
=> ...(ii) 
nA — . 
Onttidindsas Wanda 
sin w bsinC 
as,we oe ae ae Ae cee 
sinA sinB~ sinC 
= sin(A-—w)_ ksinA-sinA 
sin w ksin B-sinC 
sin A cos w — cos Asinw aiid {sin(m —(B+C))} 
sinw sin BsinC 
i BsinC 
=> sin A(cotw) - cosA =sinA Si Bros cos Fein€) 
sin BsinC 


= sin A(cotw) — cos A = sin A(cotC + cot B) 
=> cotw —cotA =cotB+cotC 
=> cotw = cotA + cot B + cotC. 


| Example 6. Solve 
bcos? s+ ccos? ; in terms of k, where k is perimeter of 


the AABC. 


B 
Sol. We have, beos*< + ecos’ = 


=> A + cosC) + AC + cos B) 


vt + _(beosc + ccos B) 


b+ 1 
; are an [using projection formula] 


atbt+e 
2 


beos* = + ecos?= = [where k = a + b +c, given] 


A C 3b 
| Example 7. In a AABC, ccos? rf acos’? —= = then 


show a,b,c are in AP. 
Sol. We have, ecos* = +acos*C = ~ 


(i + cos A) + St + cosC) = = 
2 2 2 
a+c+(ccosA + acosC)=3b 
at+c+b=3b 
a+c=2b 
which shows a, b, c are in AP. 


[using projection formula] 


Yu JY 


| Example 8. In a AABC, a= 2b and|A-B| = 
Determine the ZC. 


Sol. Given, a=2b ..{i) 
=> ZA>ZB_ [asa> band we know greater angle is 
opposite to greater side] 
= |A - Bl=— 
3 
Tl 7 
or A- 2G ...{ii) [as A > B] 
Using Napier’s analogy, we have 
tan( 4 _ B) ee ee 
2 J atb \2) 
‘ ( Tt \ 2b-b Cc 
=> tani —j|= cot] — 
\6) 2b+b \2/ 
[using Eqs. (i) and (ii) 
=> i = sea{ S) 
V3.3 ( 2 
=> ca = V3 
\2 
i.e. c = nL => C = 3 
2 6 3 


| Example 9. In a AABC, the tangent of half the 
difference of two angles is one-third the tangent of 
half the sum of the angles. Determine the ratio of the 
sides opposite to the angles. 


A-B\ 1. (A+B 
tan | = -—tan ..(i) 
2 3 


Using Napier’s analogy, 
tan{ A =) ee cof {ii 


Sol. We have, 
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F (i ii); - 
Tom Eqs ae (ii); sis e>b)_ 1 eee ere: 
1 (A+) a~-b- (<) a+b 3 
, tan = -cot| — 
\ 2 at+b \ 2 2a = 4b 
( 2 ( BA 
=> «cot C) =< ae 4 or -=- 
iX a+b 2 +? ; : a 2 
, 5 Thus, the ratio of the sides opposite to the angles is b: a =1:2. 
la atasc=n , tan( 2=5) - tan © -) cot 
2 Ke 32 ; 
Exercise for Session I 
1. In the given figure, if AB = AC, ZBAD = 30° and AE = AD, then x is equal to 
(a) 15° (b) 10° (c) 122 (a) 72 
2 2 
2. In AABC, a =4,b =12 and B =60°, then the value of sin A is 
1 1 2 V3 
a) —— b) —= c)—= d) — 
(a) a3 (b) Wr) (c) Re (d) 5 
3. Let ABC be a triangle such that ZA =45°, 7B =75°, thena + cy2 is equal to 
(a) 0 (b)b (c) 2b (d) +b 
b v3 ; 
4, Angles A,B and C of a AABC are in AP. If z = Be then ZA is equal to 
Tt Tt om 14 
a) — b) — cy — d)— 
(a) A (b) rl (c) rr (d) 5 
5. oot . a, then AABC is 
(a) Isosceles (b) Equilateral (c) Right angled (d) None of these 
2 _ p2 ‘ = 
6. itinaaasc, 22 = SIMA~B) then the triangle is 
a*+b*  sin(A+B) 
(a) Right angled or isosceles (b) Right angled and isosceles 
(c) Equilateral (d) None of these 
7. In any triangle ABC a” sin(B - C) + b’ sin(C ~A) + o” sin(A 8) , 
‘sinB+sinC sinC+sinA_ sinA+sinB 
(aja+bt+c (b)a+b-c (c)la-bt+c (d) 0 
8. In any AABC, if2cos B = 5 then the triangle is 


(a) right angled (b) equilateral (c) isosceles (d) None of these 
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9. 


10. 


17. 


12. 


13. 


14. 


15 


16. 


17. 


18. 


19. 


20. 


(a+b+c)(b+c-a)(c+a-b)(at+b-c). 


The expression is equal to 
e 4b?¢? 3 
(a) cos? A (b) sin? A (c) cosA cosB cosC (d) None of these 
InAABC, if a cos A=b cos B, then the triangle is 
(a) Isosceles (b) Right angled 
(c) lsosceles or right angled (d) Right angled isosceles 
Ina AABC,(a+b+c)(b+c-a)=A be, if 
(a)A <0 (b)A>0O 
(c)O<A<4 (d)A <4 
Ifa =9,b =8andc =x satisfies 3cos C =2, then 
(a)x=5 (b)x =6 (c)x =4 (d)x=7 
In AABC, if sin? A + sin? B =sin? C, then the triangle is 
(a) equilateral (b) isosceles (c) right angled (d) None of these 


The sides of a triangle are a —- 8, a+ Band 3a? + B?, (a> >0). Its largest angle is 

2n ™ 3m 5x 
a) — b) — Cc) = d)— 
(a) 5 ( es (c) a (d) 5 
1+ cos(A-B)cosC 2 
1+ cos(A-C)cosB 


a’? +b? x4 O* > OF c? - a’ 
a) ——_— b) ———_- c d) None of these 
alee Mb? =e Er ap? («) 


In any tnangle, 


If the sides of a AABC are in AP anda is the smallest side, then cos A equals 


3c — 4b 3c - 4b 4c - % 
(a) me (b) os (c) = (d) None of these 


In a AABC, a? cos 2B + b? cos 2A + 2ab cos(A — B) = 
(aja? (b) c? (c) b? (d) a? +b? 


In any AABC, 2[bc cos A + ca cos B + ab cos C] = 
(a)a? +b? +c? (b) a? + b? —c? (c)a? —b? +c? (d) None of these 
Ina AABC, tan (A + B)-cot (A — B)is equal to 


a+b a+b a-b 
c ore: (¢) 2(a + b) 


(a) 


a-b 

b 
at+b a 
If in a AABC, b = 43, c = 1andB —-C =90°, then ZAis 
(a) 30° (b) 45° (c) 75° (d) 15° 


session 2 


ree aes Se a a 


Auxiliary Formulae 


Trigonometric Ratios of Half-angles 


In any AABC, we have 
b? +c? -a’ 


2bc 


cos A= ...(i) [using cosine law] 


2sin” - =1~-cosA ...(ii) 
2A (hb? +c? = 
4 


2sin <=1-| 
2 ; 2be 


[using Eqs. (i) and (ii)] 
_ be -b-c? +a’ 
: 2bc 
_@-(b? +c? -2be)_ a’ -(b-c) 
7 2be —— Obe 
_(a+b-c)(a-b+c) 
7 2bc 

[we knowat+b+c =2s 

=>a+b=2s-—candat+c=2s — }] 

A (2s-c—c)(2s -b- b) 


2bc 
veint A = 45 es =) 
2bce 
sins An (s- s-0) 
2 bc 


[since in a triangle, A is always less than 180°, 
. sin A/2 is (+ve)] 


é sind = EHICE) AA) 
2 be 


Similarly, it may be proved, 


sin 2 = (s — a)(s ~ ¢) AfB} 
2 | ac 

ae (Ca EEE) AC) 
2 ab 


Again, 2cos? 4 =1+cosA=1+ Se 
2 2be 
_ tbc +b? +c? —a’ 
? 2be 
(ete) = a’ 
2bo 


LAL AO, ES iy LE TE LT np EMR wheter ate 


(b+c-—a)(b+ct+a) 
2bc 
[where a+ b+c=2s,b+c =2s —a] 
os? 4 2 28 X Als — 4) ; cos? 4 = 157-9) 
2be 2 bc 
Since, A /2 is less than 90°, 
cos A/2>0. 


2¢ 


Similarly, cos— = ,| 
VY ac 


cs Ce PRP ee - a 
Also, tan’ = SA/2 _ f(s— bs—c) «| 


2 cosA/2 Y bc 
tanta [= Ns=6) 

2 \ s(s — a) 
Similarly, tan— = (see 


Cc |(s-a)s - db) 


and tan— = 
2 | s(s — c) 


Area of Triangle 


If A represents the area of a triangle ABC, then 


area of A= ; BC: AD, E A= ; (base) high 


=5a-(esinB) assing= 42] 
c 


A=“ac-sinB 


8 D Cc 


Also, sinC =" = AD = bsinC 
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Maha peeine 
2 
Similarly; A =o be -sinA 
HAsO basic cocina 
2 2 2 ; 
Note 


(i) Area of a triangle in terms of sides (Heron's formula) : 
1 k 1 _ A A 
A = -bcsinA= - bc -2sin—-cos— 
2 2 2 
hie (s — 6)(§ -— Cc) [s(s - a) 
bc bc 
A= /s(s —a)(s - b)(S -C). 


(ii) Area of triangle in terms of one side and sine of three angles: 


ie bcsinA= 5 (ksinB)(ksin0)-sind 


\2 

= |? sinAsin BsinC = ee -sinA-sinB-sinC 
2 2 sinA, 

a 


2 sinA 2 sinB 2 sinc 


| Example 10. If the angles of a triangle are 30° and 
45°, and the included side is (V3 +1) cm, then prove 


that the area of the triangle is ~(v3+ 1). 


Sol. We have, 


a b c 
sinl05° _ sin30° . sin 45° 
B41 be 
oa Fo V3+1  _  V3+1 
2sin105° —-V2sin 105° 


So, area of AABC = besin A= _besin 105° 


sab, (V3 +1) 
2 2V2.sin(60° + 45°) 
eS Ls) ee Oe a 
Pa ee ee 2(V¥3+1) 2 
[2 42 22 


Thus, area of A is Wi + 1). 


Aliter In above example we have Z A = 105°, ZB =30°, 
ZC = 45° and a=3 +1 

2 : 
Thus, areaof A= a sn bain’ 


ing note (ii 
2 sinA USE a] 


2 sin (105° ) 2 


| Example 11. Consider the following statements 
concerning in AABC 


(i) The sides a,b,c and area A are rational. 
7 B c ; 
(ii) a, tan—, tan— are rational. 
2 2 
(iii) a,sin A, sinB, sinC are rational. 


Prove that (i) => (ii) = (iii) = (i). 
Sol. a, b,c, A are rational (given). 


=? 55-@s — 5,5 ~ ¢ are rational. 
Now, ne = (E-oe=9) 
2 ¥ s(s—bd) 
= [is—as-bs—c)__ A 
\ s*(s — by’ s(s — b) 


B 
are = rational [as A, s,(s — a) are rational] 


Similarly, tanc is rational. Hence (i) = (ii) 


2tan B 
Now, sin B = —-. is rational by (ii). 
; 1+ tan’ — 
2 
Similarly, sin C is also rational. 
1 — tan Z tan L 
A BEG 2 5 PS 2 
tan— = cot ——— = —___2_2. = rational by (ii) 
Z 2 B 
tan— + tan— 
2 z 
=> sinA is rational 
Hence, (ii) => (iii). 
a b c ylestooe : ape 
Now, —— = —— = —— =k, which is rational since ‘a 


‘sinA sinB sinC 
and ‘sin A’ are rational. 


b 


=> —— and are rational. But sin B and sinC are 


rational by (iii) 
= band c are rational. 


=> A= abe sin A is also rational. 


Hence (iii) = (i). 
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Exercise for Session 2 


1. {fina AABC, (s -a)(s-b)=s(s—c), then angle C is equal to 
(a) 90° (b) 45° (c) 30° (d) 60° 


2. In any AABC, ifeot = ,cot = ,cot = are in AP, then a,b,c are in 


(a) AP (b) GP (c) HP (d) None of these 

i tans 
3. In any AABC, —2——2. = 
tan — + tan— 
2 2 
a- a-b a-b 
a b) ——— c 
La eer () Cc eae 


4. InaAABC, bccos? ++ ca cos? - + ab cos? . is equal to 
(a) (s - ay’ (b) (s - by’ (c) (s -c)’ (d)s? 
5. Ina AABC, if cos A+ cos C + 4sin? (3) then a, b,c are in 
(a) AP (b) GP (c) HP (d) None of these 


6. {fin a AABC, 3a =b +c, then the value of cos ; cot is 


(a) 1 (b) V3 (c) 2 (d) None of these 
7. In any AABC, ase (OS =) cos (2) +( ize 22 cos? (3) + (257) cos =*(E) 3) 58 equal to 
(a) (0) @eae (a) 0 


8. Ina AABC, the tangent of half difference of two angles is one-third the tangent of half the sum of the two 
angles. The ratio of the sides opposite the angles is 


(a)2:3 (b) 1:3 (c)2:1 (d)3:4 
9. {fina triangle, a cos? : +c cos? : = = then its sides will be in - 
(a) AP (b) GP (c) HP (d) AGP 
10. Inthe adjacent figure ‘P’ is any interior point of the equilateral triangle ABC of side length 2 unit _ 
A 
Pe 
B: Cc 
if x,,xX, and x, represent the distance of P from the sides BC, CA and AB respectively then x, + x, + x, is 
equal to 
(a) 6 (b) /3 (c) 8 (d) 23x 
11. fc? =a? +b?, then 4s(s —a)(s —b)(s —c)is equal to 
(a) s‘ (b) bc? (c) c?a? (d) ab? 
12. The number of possible ZABC in which BC = ¥11cm, CA= V13 cm and A =60? is 


(a) 0 (b) 1 (c) 2 (d) None of these 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


If two sides a,b and the ZA be such that two triangles are formed, then the sum of the two values of the third 
side is 


(a)b? -a? (b) 25 cosA (c) 2b sinA (a)? = 


If in a AABC, sin A =sin? B and 2cos? A =3 cos? B, then the AABC is 

(a) right angled (b) obtuse angled (c) isosceles (d) equilateral 

If a cos A=b cos B, then the triangle is . 

(a) equilateral (b) right angled ‘ — (c) isosceles (d) isosceles or right angled 

Points D, E are taken on the side BC of a triangle ABC such that BD = DE = EC. If ZBAD = x, ZDAE = y, 

ZEAC =z, then the value of Snes ys #2) 
sin x sinz 

(a) 1 (b)2 (c) 4 (d) None of these 


° °o 
If the base angles of a triangle are 225 and 112 > then the height of the triangle is equal to 


is equal to 


(a) half the base (b) the base (c) twice the base (d) four times the base 

In a AABC, a = 1and the perimeter is six times the AM of the sines of the angles. The measure of ZAis 
54 T 1 T 

a) — b)— c)— d)— 

(a) a (b) 3 (c) 5 (d) 7; 


In a AABC, if median AD is perpendicular to AB, then tan A + 2 tanB is equal to 
1 
(a) 1 (b) 3 (c) 0 (d) 3 


If p is the product of the sines of angles of a triangle, and q the product of their cosines, then tangents of the 
angles are roots of the equation 

(a) qx? — px? + (14 q)x -p=0 (b) px® - qx? + (1+ p)x-q =0 

(c) (1+ q)x® - px? + qx-p=0 (d) None of these 


Session 3 
Circles Connected with Triangle 


So a re OL 2a ge eS SS 


Circles Connected with Triangle — circum-radius 


; ; : The radius of the circumcircle of a AABC is called the 
Circumcircle of a Triangle ena cee 
The circle which passes through the angular points of a- b 4 7 abc 
AABC is called its Circumcircle. The centre of this circle is (i) R= 7  9sinB 2sinC ii) R= ak 
the point of intersection of perpendicular bisectors of the Proof 
sides and called the Circumcentre. Its radius is always 
denoted by R (i) Here, the perpendicular bisectors of the sides BC, CA 
and AB intersect at O. 
Note *, Ois the circumcentre such that, 


1. Circumcentre of an a cute-angled triangle lies inside the 


triangle. 


OA=OB=OC=R 


2. Circumcentre of an obtuse-angled triangle lies outside the Wehave, ZBOC=2ZA 


triangle. 


ZBOD=ZCOD=ZA 


3. In aright angled triangle the circumcentre is the mid-point of 


hypotenuse. 


In AOBD, 


=> sin A = eo (i) 
be 
Also, R=— .. (ii) 
2sinA 
. From Egs. (i) and (ii); 
a abc abc 
R= [Se => h=—. 
( 2A\ 4A 4A 
2 deed 
\ be 


In-circle or Inscribed Circle of a 
Triangle 


The circle that can be inscribed with in a triangle so as to 
touch each of its sides is called its inscribed circle or 
In-circle. The centre of this circle is the points of 
intersection of bisectors of the angles of the triangle. The 
radius of the circle is always denoted by ‘r’ and is equal to 
the length of perpendicular from its centre to any one of 
the sides of triangle. 


In-radius The radius of the inscribed circle of a triangle 
is called the in-radius. It is denoted by ‘r’ and is given by 


(ii) r =(s— a) tan = (6-0) tan =(6-¢) tan. 
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asin B/2- sin C/2 


iii) r= 
( cos A/2 
y= 2sinC?-sin Aa _ csin A/2.sin Bf 
cos B/2 cosC/2 


(iv) r=4Rsin A? sin Bf sin C2 
Proof Let the internal bisectors of the angles of the 
triangle ABC meet at I. Suppose the circle touches the 
sides BC, CA and AB at D, E and F, respectively. 
Then, JD, IE, IF are perpendicular to these sides and 
ID=IE= FF =r. 


(i) We have, area of AABC = area of AIBC + area of 
AIAB + area of AICA 


A=tartser + br 
2 2 2 


heath verse apatites 

2 — 
=> A=sr 
or r=—. 


S 


(ii) Since, the-lengths of the tangents to a circle froma 
given points are equal, therefore 


AE = AF, BD = BF and CD =CE. ..(I) 
Now, 2s=at+b+c=BC+CA+AB 
=(BD + DC) +(CE + EA) +(AF + FB) 
=(BD + BF) +(AE + AF) +(CD + CE) 
=2(BD + AE + CD) =2(BC + AE) =2(a+ AE) 
=> s=a+AE | 
= AE =(s—a) 
Now, in AJAE, 
anna 
2 AE 
—) r= AE tan(A/2) =(s—a)tanA? 
3 r=(s—a)tanA/2 
Similarly, r=(s—b) tan B/2 and r=(s—c)tanC 
Hence, r=(s—a)tanA/2 


=(s—b)tanB/2=(s—c)tanC? 
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(iii) In AJBD and AICD, we have, Formulae for file 


tan B/2= = and tanc as In any AABC, we have — 


CD . A A A 
r (i) rt =— 7, = — 717, = — 
= an = s-a s—b $s-c 
an tan C /2 ° di) ; bap 
ii) r, =stanA/2,r, =stanB/2,r, =stan 
= +CD 1 m2 es 
Nowe, GS BOG tes acos B/2-cosC/2 bcos A/2-cosC /2 
r r (iii) r, = ———————_,, r, = ——_—__——_ 
=> a= B Ok cos A/2 cos B /2 
an( 5 tan . _ccosA/2-cos B/2 
; : cosC /2 
= pid cosBi2 | cosC 2 i)» Sahin A Deus B eos R 
sin BR ance CR iv) r, =4Rsin cos B /2.cos C /2, 


r, =4Rcos Asin B /2.cosC /2, 
r, =4Rcos A /2cos B /2.sinC /2 


ee ‘cos B/2-sinC /2+sin B/2-cosC /2 
Proof (i) Let the AABC be as; 


sin B /2- sin C /2 
jor rsin(B/2+C/2) 


[. A+B+C=T] 
sin B /2-sinC /2 


( 
si(B 2+C22)=sin| = 4) = cos a. 


aes rcos A /2 
sin B /2-sinC /2 
= asinB-sinC 22 = lsinAl-sinc 2 . 


nd 
cos A /2 cos B /2 We have, 
»-csinA/2:sin Bie I,D=I,E=I,F=r, 
cos C /2 Now, area of AABC = area of AI, AC + area of AI, AB 
= — area of AI, BC 
(iv) We have, r = esmb issn 2 and R= = 1 1 1 
cos A/2 2sinA => A=-I,E-AC+-I,F-AB-—I,D-BC 
, 2RsinA:sinB/2-snC/2 - 2 a : 
cos A /2 Aor rae ae 
- ‘ 2R-(2sin A/2-cos A/2)-sinB/2-sinC /2 
a eT r. : 
cos A/2 eas 
=> r=4RsinA/f2-sinB/2-sinC 2 se 
een [using a + b +c =2s] 
Escribed Circles of a Triangle ‘ 
| 
The circle which touches the sides BC and two sides AB "  s=a 
and AC produced of a triangle ABC is called the Escribed A A 
circle opposite to the angle A. Similarly, r, = ary and r, = aan 
Its radius is denoted by r,. Similarly, r, and r, denote the eee 
radii of the escribed circles opposite to the angles B and C, (ii) Since, the lengths of tangents to a circle from an 
respectively. The centres of the escribed circles are called external points are equal, 
the ex-centres. me AE = AF, BD = BFand CD =CE 


The centre of the escribed circles opposite to the angle A 
is the point of Intersection of external bisector of angles B 
and C. The internal bisector also passes through the same 
point. This centre is generally denoted by I,. 


Now, AE + AF =(AC+CE) +(AB + BF) 
=(AC + CD) +(AB + BD) 
=AC+AB+CD+ BD 


=AC+AB+BC 
=at+b+c=2s. 
> 2AF =2s 
=> AE=AF=s 
in Al, AF, tan A= ee 
AF AF 
> tan A= 2 
S 
> YY, =stanA/2 


Similarly, r, =s tan B/2 andr, =s tan C/2. 
(iii) In AI, BD, we ae 


Similarly, in AI,CD, we have 
CD=r, tan 


Now, a=BC=BD+CD=r, tan +r tan 


F B 4 cos A /2 
=F) Ga— + tan— | = — 
| 2 2 cos B /2cosC /2 
- _ acos BacosC /2 
cos A/2 
Similarly, 
bcos A/2-cosC /2 ecos A/2-cos B/2 
= and r, = ——___—_—_ 
cos B /2 cos C /2 
(iv) We have, eae and R= . 
cos A /2 2sinA 
2Rsin A- cos B /2-cosC /2 
=> 1 = 
cos A /2 
a _ 4Rsin A/2-cos A /2- cos B/2-cosC 2 


1 


cos A /2 

r, =4RsinA/2:cosBR-cosC 
Similarly r, =4Rcos A/2-sin B/2-cosCR 
=4Rcos A/2:cos B/2-sinC 2 


-b 
{ Example 12. shawihate == cs Papua | 
h ry ly 
CI ea Cl) 2 
q rn ry 
0) (5 \ s-c 


a abe = 2) (6-4) pad cery| 
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zs (s —a)(b-—c)+(s — b)(c — a) +(s —c)(a— bd) 


A 
_ s(b-c+c—ata-— b)—[ab~ ac + bc — ba + ac — bc] 
A 
= > =o=RHS 
A 
Thus, daa ela, 
q r, ly 


| Example 13. If r, =r, +r, +1, then prove that the 
triangle is right angled. 
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Sol. We have, ror=r,tr, 
A A A A 
=> aay ee 
s-a $s s-b s-ce 
s-sta s—-c+s-—b 
=> ee 
s(s-a) (s—b)(s-c) 
a oO NO. ede epee 
s(s-—a) (s—b)(s—c) 
a a 
=> ————— 
s(s-—a) (s—b)(s—c) 
=p s’-—(b+c)s+be=s* —as 
= s(-a+b+c)=bc 
ay (b+c-alatb+c)_, 
2 
= (b +c)’ -(a)’ =2bc 
=> b’ +c? + 2be — a’ = 2bc 
= BP+ci =a’ 
LZA=9F 


B c 
| Example 14. Prove that rot -cot> = 


Sol. LHS rcot B/2-cotC /2 
=> 4Rsin A /2-sin B/2-sin C /2-——— een. sce 
sin B/2 sinC2 


[as, r = 4Rsin A /2-sin B/2-sinC /2] 


= 4R-sin A /2-cos B/2-cosC /2 
= 


r, = RHS [as, r, = 4Rsin A /2-cos B/2: cosC /2} 


. rcot B/2-cotC /2 =r, 


| Example 15. In a right angled triangle, prove that 


r+2R=s. 
Sol. In a right angled triangle, the circum centre lies on the 

hypotenuse. 

= R= ; Ai) ZA = 90] 

Also, r=(s—a)tanA/2=(s—a)tan4S° 
r=(s-—a) .«.(il) 

From Eqs. (i) and (ii), we get r=s—2R 

= r+2R=s. 
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| Example 16. The ex-radii r,,r,,r, of a AABC are in HP, 
show that its sides a,b,c are in AP. 
Solution. 7,,7,,7, are in HP. 


2.231 1 
=> —=—+— 
mn HW Ts 
- as — b) _(s—a) | (s~e) 
A A A 
= 2s — 2b=2s —(at+c) 
= 2b=a+c 


Hence, a, b, c are in AP. 


| Example 17. if A,B,C are the angles of a triangle, then 
prove that 


r 
SOSdEOSE reese Sat as 


Sol. cos A + cosB + cosC 


+B 
= 2c0s{ “ 


ete ( - 
esa eos 


| (434) ' ()| 
= 1+ 2sin—| cos — sin| — 
2 2 2 


ae Si (4-7) aie 
= 1+ 2sin—| cos — cos 
2 2 } N 2 


=1+ pain oan 2 
2 2 2 


ag, ee «eee SS r 
=1+4sin—-sin—-sin—=1+— 
2 2 2 R 


[as, r = 4Rsin A /2-sin B/2-sinC /2] 


= cosA + cosB + cosC = 1+ 
| Example 18. Find the ratio of the circum-radius and 


the inradius of AABC, whose sides are in the ratio 
4:5:6. 


Sol. Here, a= 4k, b =5k, c = 6k 
o = Ai 
A = Js(s — a)(s — b)(s —c) 
FE Ea) 
2 N 2 2 2 
a au k? ii) 


and R= = HE SK [using Eq. (i) 
4A 4g Tk 
pact (iii 
7 
and r= Be Jnl gs — [using Eas. (i) and (ii)] 
s 4 15k 
r= v7 p ...(iv) 
2 
R_ 8k/V7__ 16 
em ya using Eqs. (iii) and (iv)} 
r 7k/2 #7 BE as. ( 
=> R:r=16:7 


| Example 19. Find the ratio of IA:1B:1C, where / is the 
incentre of AABC. 


Sol. Here, BD: DC =c:b 
A 
B D Cc 
But BD+DC=a; 
BD= a (i) 
bt+e 
In AABD, BD 22. 
sinA/2  sinB 
AD = ac and i 2A ey Ai) 
b+e sinA/2 b+t+c 
AI AB c b+e ; 
so, — =—— =—— = using Eq. (i 
ID BD ac a [using Eq. ()] 
b+e 
ID a 
or —= 
Al bete 
On adding ‘1’, we get 
ID a ID+AI atbte 
—+1= +1 = —_——_ 
Al +¢ bte 
is = b+c 
atb+c 
Al sa IO ie Al2 SP osecala 
atb+c bt+e s 
Similarly, BI = cosec B/ 2 
$s 


c= Pes C/2 
s 


=> IA: IB:IC = Bosse Ain. eases Bie 2 cosecC/2 
S, s s 


IA: IB: IC = cosec A/2: cosec B/2: cosec C/2 


Note 
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Student are advised to remember the above result i.e. 
lA=rcosec A/2,/B = rcosec B/2,/C =r cosec C/2. 


| Example 20. if the sides of a triangle are in GP and 
the largest angle is twice the smallest angle, then find 


the relation for r. 
Sol. Let the sides of A be a,b=ar,c=ar’, where r>1 


Here, c = 2A (given) 


So, B=n-A-C=1-3A 
a O € ae ae cs 
snA sinB sinC sinA sinB sinC 
1 r r? 

> —_—_—_—_— = = 
sinA sin3A_ sin2A 
r’ =2cos A andr = ans4 =3-4sin’A 
r=4cos’A-1 
r=r‘-] 


Thus, the required relation is r* - r -1=0. 


| Example 21. The equation ax? +bx +c =0, where 
a,b,c are the sides of a AABC, and the equation 
x’ + ¥2x+1=0 have a common root. Find measure for 


LG. 


Sol. Clearly, the roots of x? + V2x + 1=0are non-real complex. 


So, the one root common implies both roots are common. 


So, 


—_= —- S —- = 


Exercise for Session 3 


PAR WN 2 


=> 


=> 


= 
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pene Te ae 
2ab 
kee ak? —k? 1 
aka V2 
ZE =45° 


] Example 22. If in a AABC, the value of 
- cotA,cotB,cotC are in AP show a’,b?,c? are in AP. 


Sol. Here; cot A, cot B, cotC are in AP. 
BP+ci-d +a’ —-b a+h'?-c’? 


7 a a are in AP 
2bc -— ; — 
2R 2R 
b? +c? -—a’,c? +a’ — b’,a’ +b’ —c’ are in AP 
multiplying by - 
—2a’, — 2b’, — 2c” are in AP 
[subtracting a’ + b’ +c’ from each] 


a’, b’,c’ are in AP. 


Aliter 2cot B= cotA + cotC 


=> 


=> 


= 
=> 


Aa+c?—-b’) B+ec’-a a+b’ -c’ 


Qac-kbst=«é‘é‘-d~S**«~*«é ec 


(using sine and cosine law] 
Ate -hP)=V+c-at+a+h?—-c? 
Aa’ +c” — b’) = 2b’ 


atec’-h=8' or atc? =2b' 


ie.a’, b’,c’ are in AP. 


The side of a triangle are 22 cm, 28 cm and 36 cm. So, find the area of the circumscribed circle. 


If the lengths of the side of a triangle are 3, 4 and 5 units, then find the circum radius R. 


In an equilateral triangle of side 2/3 cm. The find circum-radius. 


If8R? =a? + b? +?, then prove that the A is right angled. 


In a AABC, show that 2R? sinAsinBsinC = A. 


In a AABC, show that 
a+b+c 


If the sides of a triangles are 3 : 7 : 8, then find ratio R :r. 


In an equilateral triangle show that the in-radius and the circum-radius are connected by r = —. 


In any AABC, find sin A + sinB + sinC. 


acos A+ bcosB+ccosC 


ie 
R 


R 
2 
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/ \ 
10. in any SABC, show that cos A + cos B + cos C = {1 + a} 


Rt %-r_¢ 


11. \fthe side be a,b andc, then show that + = 
3 


12. Show that Rr, + 44 + hm =s" 
13. Show that(,+5)(h +4)m +4) =4Rs? 
14. \fr, =r, +r, +1, then show that A is right angled. 


15. In an equilateral triangle, show that the in-radius, circumradius and one of the ex-radii are in the ratio 1: 2:3. 


16. Show that (+ A414 4) __16R 
f GA GAP BJ Clay 


17. \fr,%,r ina triangle be in HP, then show that the sides are in AP. 


18. InaAABC, show thatr, r, r, = A’. 
19. f/,,1,,/, are respectively the perpendicular from the vertices of a triangle on the opposite side, then show that 
a*b*c? 

8R 


Ila ly = 


20. ifthe angle of a triangle are in the ratio 1: 2 : 3, then show that the sides opposite to the respective angle are in 
the ratio 1: V3 :2. 


21. Show that, 4Rrcos “cos = 00s oe S 


2 
22. \f(a-—b)(s-c)=(b -c)(s —a@), then show thats,,r,,/ are in HP. 
i i Pte 
23. To show that— + —+—+—=—- 
moe me rt SS 


24. Show that (7, -r)(r, -r)(r, -r) =4Rr’? 
25. show at{ 444) 4 af F ‘} 64R? 


& ake Gh a*b?c? 


hf, 
26. Ifthe sides be a,b andc, then find the value of (r + r,)tan 2 = +(r+r,)tan e=8 aes 


+(r+r,)tan 


27. \fthe sides be a,b,c, then find value of we 8 eae 


L, Ih ly 


28. If the sides be a,b,c, then find (r, —r)(r, +h). 
29. \fa,b,c are in AP, then show that r,,/,,/ are in HP. 
r 


30. Show that +243 -oR-, 
be ca ab 


31. Show thatr, +1, cool) 


32. Show that Rr(sinA+sinB+sinC)=A 
33. Show that 16R?r 5, 1, r, =a*b*c? 


34, oe= 2 then show thatc =90°. 


ho 


Session 4 
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Orthocentre and Its Distance from the Angular 
Points of a Triangle and Pedal Triangle and 


Centroid of Triangle 


Orthocentre and Its Distance 
from the Angular Points of a 
Triangle and Pedal Triangle 


Let ABC be any triangle, and let AK, BL and CM be the 
perpendicular from A, B and C upon the opposite sides of 
the triangle. These three perpendiculars meet at a point O’ 
which is called the orthocentre of the triangle ABC. The 
triangle KLM, formed by joining the feet of these 
perpendiculars is called the pedal triangle of ABC. 


In AO’ BK, tan(90° - C) = 


KBcotC 


> O’ K = KB. tan(90° — C)= 


Div 
= ABcos BcotC |’. from AABK cos B= 2] 
AB 
=c-cosB: Soko 
sinC 
= O’ K =2Rcos BcosC fic Pos : 
2sinA 2sinB 2sinC 
Similarly, 
O’ L=2Rcos AcosC and O’ M =2Rcos Acos B 
In AAO’ L, cos(90° — C) = AH 
AO’ 
> AO’ = AL-cosecC = AO’=ccos A- cosecC 
E from AALB, cosa= 
LE AB 
> AO! SercosAne es 
sinC 
=> AO’ =2RcosA 


Similarly, BO’ =2Rcos B and CO’ =2RcosC 
Thus, the distance of the orthocentre of the triangle from 
the angular points are, 
AO’ =2RcosA 
BO’ =2Rcos B 
CO’ =2RcosC, 
and its distance from the sides are, 
O’ K =2Rcos BcosC. 
O’ L=2RcosCcos A. 
O’ M =2Rcos Acos B. 


- Some Relations between Orthocentre, 


Incentre, Escribed Circles, Centroid, 
Circum-centre and Pedal Triangle 


(i) Orthocentre of the triangle is the incentre of the pedal 
triangle. 

(ii) If J,, 1, and J, be the centres of escribed circles which 
are opposite to A, B and C respectively and J is the 
centre of incircle then AABC is the pedal triangle of 
the AI, I,J, and I is the orthocentre of the AJ, /,,J,. 

(iii) The centroid of the triangle lies on the line joining the 
circumcentre to the orthocentre and divides it in the 
ratio 1: 2. 

(iv) Circle circumscribing the pedal triangle of a given 
triangle bisects the sides of the given triangle and also 
the lines joining the vertices of the given triangle to 
the orthocentre of the given triangle. This circle is 
known as nine point circle. 

(v) Circum-centre of the pedal triangle of a given triangle 
bisects the line joining the circumcentre of the 
triangle to the orthocentre. 


| Example 23. In AABC, a,b and c represents the sides, 
thus find the sides and angles of the pedal triangle. 


Sol. Let AABC be any triangle and let D, E, F be the feet of 


perpendicular from the angular points on the opposite 
sides of the AABC, then the ADEF is known as Pedal 
triangle of ABC. 
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Here, ZHDC and ZHEC are 90° each.Thus, points 
H, D,C and E are concyclic, 


A - ZHDE = ZHCE=90°-A (i) 
Similarly H, D, B,F are concyclic. 

A ZHDF = ZHBF=90°- A ...{ii) 
Hence, Z FDE = 180° - 2A [using Eqs. (i) and (ii)] 
So, Z DEF = 180° — 2B 

and Z EFD = 180° — 2C 


180°~2A 


Thus, angles of pedal triangle FDE are 
180° — 2A, 180° — 2B, 180° — 2C. 


Again in ABFD, 
ZFDB = 90° - ZHDF = 90° - (90° - A)=A 
FD _ BF 
sinB sinA 
_ S02 or 
sin A 
oe Be cosh *' In ABF ZF = cos 
sin BC 
= 28in B-cOS.B _ opin B:cos B 
sinA 
FD = bcos B 


Similarly, EF = acos A and DE = ccosC 
=> Sides of pedal triangle : 
acos A, bcos BandccosC or Rsin2A, Rsin2B and Rsin2C 


Note 


If given AABC is obtuse, then angles are represented by 2A, 2B, 
2C - 180° and the sides are acosA, bcos8, —ccosC. 


| Example 24. Find the area, circum-radius and 
in-radius of the pedal triangle. 


Sol. We know, area of A = ; (product of the sides) x (sine of 
the included angle) 
= -(Rsin 2B)( Rsin2C) -sin(180° — 2A) 


1 
= 5 Ri sin2A -sin2B-sin2C 


The circum-radius = _ FF = __Rsin2zA = R 


2sinFDE 2sin(180°-2A) 2 


The in-radius of the pedal ADEF 
= ar (ADEF) 
~ Semi- perimeter of ADEF 
at R’sin2A -sin2B-sin2C 
2 2Rsin A-sin B-sinC 
= 2Rcos A.cos B.cosC 


Thus, area of pedal A = = Resin 2A:sin2Bsin2C 


R 
Circum-radius = 3 


In-radius = 2Rcos A-cos B-cosC 


Centroid of Triangle 


In AABC, the mid-points of the sides BC,CA and AB are 
D, E and F, respectively. The lines, AD, BE and CF are 
called medians of the triangle ABC, the points of 
concurrency of three medians is called centroid. 
Generally, it is represented by G. 


B 


By analytical geometry : 
AG == AD ; BG =_ BE and CG =< CF 


Length of Medians and the Angles that the 
Median Makes with Sides 


In above figure, AD* = AC’? +CD’ -2AC:CD -cosC 


2 
AD’? =}? + abeosC 


2 2 2. 427 
apt abt +2 ap. [tae 
4 \ 2ab- 
AD? = 20. +26" - a" 
; 
1 | 2 2 2 
=> eee +2c° -a 
or AD =o +c’ +2becosA 
Similarly, BE = . 2c? +2a? —b? 


and 


OF == fea" +26? —c? 


Let ZBAD =f and Z CAD =¥, we have 


siny _ DC _ a 
sinC AD 2.1 bp ane ma? 
2 
, asinC 
sin Y = 
2b? +2c” —a’ 
Similarly, sinB = 5 2 AN 
2b" +2c? —a’ 
: sin8 b 
again ; —— 
sinC — 2b’ +2c° -a’ 
2 
2bsinC 


sin§ = 


2b" +2c* -a’ 


| Ex-central Triangle 


Let ABC be a triangle and I be the centre of incircle. Let I,, 
I, and I, be the centres of the escribed circles which are 
opposite to A, B,C respectively, then J,,I,, 1, is called the 
Ex-central triangle of AABC. 


By geometry IC bisects the ZACB and I,C bisects the 
LACM. 


ZICI, = ZACI + ZACI, 
=~ LACE +5 ZACM 


= (180°) = 90° 


Similarly, ZICI, =90° 

Hence, I,], is perpendicular to IC. 

Similarly, AI is perpendicular to I,J, and BI is 
perpendicular to I,/,. 

Hence, I,I,I, is a triangle, thus the triangle ABC is the 
pedal triangle of its ex-central triangle I,J,I,. 
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Sides and Angles of the Ex-central Triangle 


In above figure, 
ZBIC=ZBI,I+ ZCI,I 
= ZBCI + ZCBI 
-£ B Logo A 
2 2 
or 24,11. =90° — = 
Thus the angles are, 
A C 
90° - 4, 99° - 3 gge - © 
2 2 
Again in right angled AI,/,C, 
athe =cos 90° 2) 
1°3 \ 2 
LCc=I,I, sing ...(i) 
In ABI,C, hg, BE 
sinZI,BC sin ZBI,C 
I,I,sin A/2 a 
=> Se 
180°-B sin(90° — A/2) 
sin] ———-— 
a acos(B/2) _ 2R-sinA-cos(B/2) 


LL, =———__ = —————— 
sinA?-cosA/2 1 uf *) (4) 

~} 2sin| — |-cos| — 

2 2 2 


|e = 4Rcos 


Similarly, I,1, =4R cos = 


I,I, =4Rcos A 
=* 2 
Area and Circum-radius of the Ex-central 
Triangle 
* Area of triangle = (Product of two sides) x 
(Sine of include angles) 
= | (aReos B 2) -(4RcosC /2) x sin(90° — A /2) 


A=8R’ cos A/2:cos B/2-cosC /2 


II 
The circum-radius ——*-+— = eee ~ 
2sinI,I,I, 2sin(90° - A/2) 
— ; Circum-radius =2R. 
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Distance between the In-centre and Hence D is the centre of the circle 
Ex-centres IBI,C. 


Here: ZIBI, = ZICI, =90° " DI. =DC=4Rsin& 
: 2 


a / Now, OI? — R’ =Square of 
i tangent from [,.=1,D-I,A 


/ =2Rsin e - r,cosec as 
2 2 


f ee OI? = R? +2Rr, 


/ or 
/ OI, = R1+8sin A/2- cos B/2: cosC /2 


x 


aan w wn ene wee ee 
~ 


Similarly, Of, =/R?.+2Rr, 


‘, II, is the diameter of the circumcircle of ABCI, Chl Sosa Rein Beco k 


BC a _2RsinA and OI, =/R? +2Rr, 


——. 
= 


1 ° 
~ sin Bi, c ~ sin(90 Ak) cosAr OI, = R1+8cosA/2-cos B/2-sinC /2 
A 
II, =4R- sin 4 | | Example 25. Show that //, -1/, -11, =16R7r. 
ee ri, =4R Sol. Since, J7, = 4RsinA/2 
arly, sol 5 II, = 4Rsin B/2 
and II, = 4RsinC /2 
and I, = ansie{€) } é iii th, SR ine tan ata 
2 2 2 


Further, 2 BI,J = ZBCI= « Since r= 4Rsin A /2-sin B/2-sinC /2 


I1,-II,-11, =64R°-—— = 16R’r 
aR 


BI=T1, ine 
2 | Example 26. Prove that 
=> BI =4Rsin A/2:sinC /2 Hyelgls — Uy elsh, 
Similarly AI =4Rsin B/2-sinC 2 aA Sine 
CI =4Rsin A /2-sin B /2 Sol. LHS II,+I,1, _ 4Rsin A/2-4Rcos A/2 
; sin A sinA 
Distance between an Ex-centre and __ 16R’sin A/2-cos A /2 re 
Circum Centre 2sin A /2-cos A/2 
Let O be the circum centre and I be the in-centre, then AE 5 pyyg Ha Ist _ 4Rsin B/2-4R cos B/2 
produced passes through the ex-centre I,. sin B sin B 
Let Al, meet the circum-circle in D, join CI, BI, CD, BD, _ 16R' sin B/2- cos B/2 
CI,, BI 2sin B/2-cos B/2 
Draw I,E, perpendicular to AC. Produce J,O to meet the = 8R’ 
circle in L join CL. => LHS = RHS 


The angle ZBJ, and ZCI, are right angles, hence the circle 
on I,] as diameter passes through B and C. 


The chord BD and CD of the circum-centre subtend equal Sites aaah, «8 te 
angles at A and are therefore, equal. £8. % 9 + b* +c 


DB=DC=DI a b? c2  — 2abc 


| Example 27. If g,h,k denotes the side of a pedal 
triangle, then prove that 
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Sol. We have, | Example 30. Prove that the distance between the 
g=acosA,h=bcosB,k=ccosC [\'sidesofpedalA] —_circumcentre and the orthocentre of a triangle ABC is 
BA Lk _cosA | cosB | cosC R./1—8Ccos AcosBcos C. 


¢ F <x a b c 


Sol. Let O and P be the circumcentre and the orthocentre, 


_B +c? -@’ a+ct- BF ai tbi mc! 


2abc 2abe 2abc 


_a th +c’ 
2abc 
gi hi k @ +h +e? 
a ae ee 
e 0 .¢ 2abc 


| Example 28. if x, y,z are perpendicular from the 
circum centre of the sides of the AABC respectively. 


respectively. 


If OF is the perpendicular to AB, we have 
LOAF = 90° - ZAOF =90° -C 


a 6b c_ abc Sih a 2 
eave thar Ca tee - Also, ZOAP = A - ZOAF ~ ZPAL 
X y Zz Axyz =A-X90° -C) 
a =A+2C —180° 
2 =A+2C-(A+B+C 
Sol. In AOBM, tanA=2=— A ( ) 
x 2% =C-B 
Similar! pce b Also, OA = Rand PA =2RcosA 
1 => 
ree iv 2y Now in AAOP, OP’ = OA? + PA? - 20A.PA.cos ZOAP 
aed oe c < OYy = R? + 4R’ cos’ A — 4R’ cos Acos(C — B) 


v4 
Since, A+B=n-C BN al2_ M JC 


= R’ + 4R’ cos A{cos A — cos(C — B)} 
= R’ - 4R’ cos A {cos(B + C) + cos(C — B)} 


=> = - 
ene Danie = R®? —8R’ cos Acos BcosC 
=> tanA + tanB + tanC =tanA-tanB-tanC 
a bc. abe Hence, OP = R,j1 — 8cos Acos BcosC 
= —+— +— 2 


2x ay 2z  8xyz 


[ Example 31. Find the distance between the 
circumcentre and the incentre of the AABC. 


Sol. Let O be circumcentre and OF be the perpendicular to AB. 
Let I be the incentre and LE be the perpendicular to AC. 


a bc. abe 
> —+-—+-= 


Xx y 2 4xyz 


| Example 29. if O,H and G represents circum centre, 


orthocentre and centroid respectively, then show 
HG: GO =2:1. We have, 


Sol. We have, two A's AGH and GMO are equiangular. 


Then, ZOAF =90°-C 
=> ZOAI = ZIAF - ZOAF 
Also, AH =2RcosA A 


=— -(90 -C) 
OM = RcosA 2 
AH _2RcosA _ 2 ~Ayc-(Atbte) co8 
OM RcosA 1 2 2 2 
Hence by similar A’s, IE r 
Also, Al = ———= 
AH _AG_HG_, sinA/2 sinA/2 
OM. GM Ce = 4Rsin B/sinC /2 
..=> G divides HO in the ratio of 2:1 H 
ence, 


of HG:GO=2:1 OI? = OA? + AI’ - 20A- AI -cos ZOAI 
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or’ 


= R? + 16R’sin? B/2-sin’C /2- 


Pa: See. (B+C 
a aca a 5 
8R’ sin B/2sin C /2cos cas 

2 ee: ree, Spear 
= 1 ~ &8sin—-sin—-sin— 
2 2 2 


2 


=> — =1+ iesin te sain a , oO! 
R 2 2 a = 1 — 8sin B/2-sinC /2-sin A/2 


Bo, CH. B CB te 
8sin— sin—| cos—cos— + sin—-sin— 
2 ya Z 2 2 


{ 
or Of = Rift - = 
wii nuh a eae tae” oe aie 
2 2\ 2 2 2 2 OI = 4{R’ - 2Rr 


Exercise for Session 4 


1. 
2. 


DAA w 


IfH is the orthocentre of the AABC, then find AH. 


A circle touches two of the smaller sides of a AABC (a <b <c) and has its centre on the greatest side. Then, 
find the radius of the circles. 


. Ifthe sides be a,b,c, then show that acos A+ bcosB +ccosC =4RsinAsinBsinC 


If the altitudes of a triangle be 3, 4, 6, then find its in-radius. 

In a AABC, ifa =3, b =4, c =5, then find the distance between its incentre and circumcentre. 

If P,, P2,P, are respectively the perpendicular from the vertices of a triangle to the opposite sides, then find the 
value of p,p,P3- , 


Show that the distance between the circumcentre and the incentre of the triangle ABC is yR? =2int: 


8. Show that the distance between the circumcentre and the orthocentre of a triangle ABC is 


10. 


RJ1 -—8cos Acos BcosC. 
If in a AABC, AD, BE and CF are the altitudes and R is the circumradius, then find the radius of the DEF. 


If/,/,,1, and/, be respectively the centre of the in-circle and the three escribed circles of a AABC, then find/./,. 


Session 5 


a th od 


Regular Polygons and Radii of the Inscribed 


LAA TT CEES AEE OO ee 


Oe er ee 


and Circumscribing Circle a Regular Polygon 


A regular polygon is a polygon which has all its sides as 
well as all its angle equal. 


If the polygon has ‘n’ sides, Sum of the internal angles is 
(n-2)1 


(n-2)m and each angle is 


Let AB, BC and CD be three consecutive sides of the 
regular polygon and n be the number of its sides. Let O be 
the point of intersection of the bisector of the angles 
ZABC and ZBCD. 


The point O is both the incentre and circumcentre of 
polygon and so BL = LC. Hence we have, 


OB = OC = R, the radius of the circumcircle and OL =r, ‘tie 
radius of the incircle. 


4 
= see be and r= cot 4 
2 n 2 n 


where ‘a’ is length of a side of the polygon. 


It can be seen, 


The area of the polygon =n area of AOBC 
=n(OL)(BL) =n-— +c * ).4 


n}) 2 
ee na’ - cot{ =) 
4 \n 


Also, the area of the polygon. 
= n(OL)(BL) = n(OL)(OL tan ZBOL) 


‘ 
1 

=nr’ tan! — 
ny) 


Again, the area = n(OL)(BL). 
=nOB-cos~: OB : sin™ 
n n 


™ . Tt 
=nR’ -cos—-sin— 
n n 
=" Rp? in 2n 
2 n 


| Example 32. If A,,A,,A,,A;,A, and A, be the 
consecutive vertices of a regular hexagon inscribed in a 
unit circle. Then, find the product of length of 
A,A,,A,A, and A,A,. 

Sol. We know, in hexagon central angle is =“ = 60° and each 


ie (2n — 4)1 


_ (6-2) x 180° = 120° 


A, A, 


As 


As the unit circle, 
ats radius OA, =1=r 
In AA,A,A,, 


cos 120° = Akl EA al 
2A,A,-A,A, 
_1+1-A,A; 
Date 
= AA, = V3 Ai) 
Similarly in AA,A,A,, we have 
A,A, = 3 (ii) 


Thus, the value of, 
(A,A,)-(A,A,)*(A,A,) = 1-3 = 


= 3 square units 


| Example 33. if the area of circle is A, and area of 


regular pentagon inscribed in the circle is A,, then find 
the ratio of area of two. 
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iO . 2 
Sol. In AOAB, OA = OB=r and ZAOB = =72° ane _1_ AD?-2 
5 2 2AD 
AD’? + AD-2=0 or AD=1 ...(iii) 
Now, ar (ABCD) = ar(AABD) + ar(ABCD) 
=> 3V3 2s asint20? + 1-BC-DC-sin6t? 
E 4 2 2 
Ww), ‘ 8 1B po.cp 
4 4 22 
fg mas 
= 23 M3 nc.cp 
Area of AAOB = --r.r.sin72° 4 4 
2 or BC -CD =2 
Se 
Area of AAOB =r cos1e ~G) | Example 35. A regular pentagon and a regular 
Area of pentagon = 5 (area of AAOB) decagon have the same perimeter, prove that their 
( areas are as 2: V5. 
=> A = 541+? cos19°t (ii) 
a 12 J ai Sol. Let AB be one of the n sides of a regular polygon. 
Also we know, Area of circle = mr’ If AB=a, 
= A, = Tr’ ...(iti) 
Thus, ay = cL = LL (=) 
A, > +? cos18° be i 
[ Example 34. If the area of cyclic quadrilateral ABCD PF 
_ ( 3Vv3 . aie De fact ae 
is at The radius of the circle circumscribing it is 1. area of polygon = =. AB-OD 
2 
2 
If AB =1, BD = V3, then evaluate BC-CD. 70 ok fi 
4 n 
Sol. Here, In ABOD 
= Let the perimeter of the pentagon and decagon be 10x. 
Then, each side of the pentagon is 2x and its area is 
5x’ cot ..(ii) 
5 
[using Eq. (i) where n = 5 and a = 2x] again, each side of the 
decagon is x and its area is 
5, 0 7 
~x* cot — ..{iii) 
2 10 
- ZBOD = 2C ates fusing Eq (i) where n = and a= x] 
Par? ~ (3)? ea of petagon 2cot36 i 2cos 36°-sin 1 
cos2C = saa Area ofdecagon  cot18° = sin36°-cos18° 
1 _ _ 2cos36°-sin18°  __—-cos36° 
af cosee= 3 2sin 18°-cos18°-cos18° cos’ 18° 
Ps ZC= 60° ti) » cls = 2cos 36° 
is} 
Also, ZA + ZC = 180° 2cos'18° 1+ cos36° 
[since ABCD is cyclic quadrilateral] 7 v5 +1) 
=> ZA = 120° ...(ii) a = 1| 
». In ABD, ae J 
2 Be 2 V5 age 
cos120° = V+ AD? - (V3) = a ) = 


2-AD‘1 Spas 4S 


Exercise for Session 5 


1. Find the sum of the radii of the circles, which are respectively inscribed and circumscribed about a regular 
polygon of n sides. 


2. Find the radius of the circumscribing circle of a regular polygon of n sides — of ae is a. 


1 
3. IfA, A,A,.A, be the area of the in-circle and ex-circles, the show oe ae — Rs 
Ke ie "Ti 


4, Aregular polygon of nine sides, each of length 2, is inscribed in a circle, then find the radius of the circle. 


5. Show that the area of the circle and the regular polygon of n-sides and of equal perimeter are in the ratio of 
ta Az qT \.2 Tt 
va) na 
1 1 1 
6. LetA,A,,A,, ...,A, be the vertices of ann-sided regular polygon such that —— = —— + ——.. Find the value 
AA, AA, AA 


of n. Prove or disprove the converse of this result. 


: 
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7. Let /, is the area of n-sided regular polygon inscribed in a circle of unit radius and O, be the area of the polygon 


¢ 52. ao 
circumscribing the given circle. Then, prove that/, = ral +. 1-(72) | 


Session 6 


OE ER TT NTI NE. TS eS Ca) ee, Poe 


Quadrilaterals and Cyclic Quadrilaterals 


Area of Quadrilateral Similarly, 
ABCD is any quadrilateral where AB = a, BC = b, CD =¢, senor AARC EA BPs AC cae ...(ii) 
AD=d and ZDPA=«a. 2 
Let s denotes the area of quadrilateral, then “. s=area of ADAC + area of AABC 
area of ADAC = area of AAPD + area of ADPC =" pps AGuings @ BP- AC Sine: 
2 


[using Eqs. (i) and (ii)] 
= (DP + BP) AC- sina 


~ s=— BD: AC: sina 


1 
.. Ar f drilateral = — (product of the diagonals 
=> DP AP- sings + DP- PC: sin(n ~) et ob quadelatetal=— rou agonsis) 


: x (sine of included angle). 
= - DP.(AP + PC) sina Again, 
1 We can express the area of A in terms of sides and the sum 
Area of ADAC = . DP - AC-sina ...(i) of two opposite angles : 
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In AABD, BD’ =a’ +d’ -2adcosA sual) 
In ABCD, BD’ =b’ +c? —2bccosC .. (ii) 
From Eqs. (i) and (ii), 

. a’ +d° —2adcosA=b’* +c’ —2bcecosC 


a’? +d*-—b’-c’? =2adcosA—2becosC _...(iii) 
Also, s = ABAD + ABCD 
Sedna + besine 
2 2 
=> 4s =2ad sin A + 2bcsinC ...(iv) 


On squaring and adding Eqs. (iii) and (iv) both sides, we 
get 
16s? +(a? +d? —b? —c?)? 
= 4a°d* + 4b’c* —8abcd cos(A +C) ...(v) 
Let A+C=2a, then 
cos(A + C) =cos2a@ =2cos’a-1 
From Eq. (v), we get 
16s’ = 4a’d’* + 4b’c* —8abcd(2cos’ & —1) — 
(a? +d? —b? —c?)? 
= {2(ad + bc)}* -(a? +b” —c*® —d’*)* —16abed cos’ 
= {(at+d)’ —(b+c)’} {(b +c)’ —(a—d)*} —16abcd cos’ o 
=(a+d+b-—c)atd—-—bt+c)(b+cta—d)\b+c-—atd) 
— 16abed cos’ a 
Let, 2s=at+b+ct+d 


16s? = (2s —2a)(2s — 2b)(2s — 2c)(2s — 2d) — 16abcd cos’ a 
s’ =(s —a)(s — b)(s —c)(s ~ d) — abcd cos’ a 

> s =¥(s —a)(s —b)(s —c)(s —d) — abcd cos’ a 

where 20 =A+Cand2s=a+b+c+d 

Thus, area of quadrilateral; 


; Bp -AC sine where ZOPAS6 


or A= v(s ~a)(s -— b)(s —c)(s —d) — abcdcos’ a, 
where 2@=A+C 


Area of Cyclic Quadrilateral 


_ A quadrilateral is cyclic quadrilateral if its vertices lie on a 
circle. 


Let ABCD be a cyclic quadrilateral such that AB = a, 
BC =b, CD =cand DA=d. 


Then, ZB + ZD = 180° and ZA + ZC = 180°. 
Let 2s =a+b+c+d be the perimeter of the quadrilateral. 


Now, A~=area of cyclic quadrilateral ABCD 
= area of AABC + area of AACD 
2 pane it iind 
2 2 
1 . 1 ' 1 . 1 : 
=-—absin B + —cdsin(n — B) =—absin B + —cdsinB 
2 Z 2 2 
is eee (ab + cd) sin B Ai 


Using cosine formula in a AABC and AACD, we have 
AC?’ = AB’ + BC’ —2AB- BC -cos B 


=> AC? =a’ +b* —2abcos B ...(ii) 
and AC*=AD?+CD*-2AD-CD-cosD 
=> AC? =d’ +c’ —2cd -cos(n — B) .»-(iii) 


From Eggs. (ii) and (iii), we have 


a’ +b’ —2abcos B=d’* +c? -2cdcosB 


=> 2(ab + cd)cos B=a* +b? —c? —d? ...(iv) 
= 4(ab + cd)’ cos? B=(a’ +b’ —c*® —d’)’ 
=> 4(ab + cd)’ -(1-sin? B) =(a? +b? —c* —d’)’ 
=> 4(ab+cd)’ sin’ B= 4{ab+cd)* —(a? +b? —c*? —d’)’ 
=> 4(ab+cd)’-sin’ B={2(ab +cd) +(a’ +b’ —c’ -d’)} 
{2(ab + cd) —(a? +b? —c’ -d’)} 
= 4A(ab+cd)’-sin’ B 
= {(a +b)’ —(c—d)"}- {(c +d)’ -(a-5)’} 
=> 4(ab+cd)’-sin’ B= 
(Grbecudilesh-evaesaaers) 
(c+d+a-b) 


=> 4(ab+cd)’.sin? B =(2s —2d)(2s — 2c)(2s — 2b)(2s — 2a) 
=> 16A’ =16(s—a)(s—b)(s—c)(s—d) [using Eq. (i)] 
= A=.,/(s—a)(s — b)(s —c)(s —d) a) 
.. From Eqs. (i), (iv) and (v), 

Area of cyclic quadrilateral; 


A=- "(ab +cd)-sin B, A=,/(s — a)(s — b)(s —c)(s - 


a’ +b’ -—c* -d’ 
2(ab + cd) 


and cos B= 


Ptolemy's Theorem 
In a cyclic quadrilateral ABCD, 
AC: BD = AB-CD+ BC-AD 
Le. in a cyclic quadrilateral the product of diagonals is 


equal to the sum of the products of the lengths of the 
opposite sides. 


Proof: Let ABCD be a cyclic quadrilateral, where 


AC’ =a’ +b? -2abcosB 
a’ +b? -¢" -d’ 


and cosB= 
2(ab + cd) 
hale 2 2. ge 
=> pinaps ps oe |@ POP er 3d") 
| 2ab+cd) | 
as ac? = (a) +*) (ab + ed) - abla? + b* -c* -d"*) 
(ab + cd) 
ee ac? _ (a +6") - ed + ab(c’ +d") 
ab +cd 
ae AC? = (ac + bd) -(ad + bc) (i) 
ab +cd 
Similarly, 


BD? = (ab + bd) - (ac + bd) 
ad + bc 


> AC’ - BD? =(ac + bd)’ 
> AC: BD =(ac + bd) 
> AC: BD = AB- CD + BC- AD[ Ptolemy’s theorem] 


Circum-radius of a Cyclic Quadrilateral 


Let ABCD be a cyclic quadrilateral. Then the circum-circle 
of the quadrilateral ABCD is also the circum circle of 
AABC. 


Hence, the circum-radius of the cyclic quadrilateral 
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AC 
2sin B 


ABCD = R = Circum-radius of AABC = 


ete [using A=" (ab + ed)sin B} 
(ac + bd)(ad + bc) 
Ce) ee : 
But, A | ae [using Eq. (i)] 


Hence, R= - {(ac + bd)(ad + be)(ab + cd) 


1 |(ac + bd)(ad + bc)(ab + cd) 
ay (s—ays~b\(s—e)(s—d) 
| Example 36. If the sides of a cyclic quadrilateral are 3, 


3, 4, 4. Show that a circle can be inscribed in it. 
Sol. By geometry, 


R= 


AP = AS (i) 
BP = BQ ii) 
DR = DS (iii) 
CR=CQ ..(iv) 


Adding all four equations, we get 
AB+CD = AD+CB ...(V) 
Now, the sides of cyclic quadrilateral 
3, 3, 4, 4 inscribe the circle in it, if it 
satisfy (v). 
ie. let AB+CD=3+4=7,AD+CB=3+4=7 
ie. 3,3,4,4ie.3= AB,3= BC,4=CD,4=CB 
satisfy condition (v) or a circle can be inscribed. 


Note 


If sum of opposite side of a quadrilateral is equal, then and only 
then a circle can be inscribed in the quadrilateral. 


| Example 37. The two adjacent sides of a cyclic 
quadrilateral are 2 and 5 the angle between them is 
60°. If the area of the quadrilateral is 4./3, then find 
the remaining two sides. 

Sol. Let AD = 2, AB=5, ZDAB = 60° 
Since, the quadrilateral is cyclic, 
ZBCD = 120° 
Area of 


AABD = 28 sin6(? = ae i) 


Area of ABCD = Area of 
quadrilateral ABCD — area of AABD 


- 45-83 3 
2 2 


...(ii) [using Eq. (i)] 


Let CD = x and BC = y 
Now, area of ABCD = “sin ae 
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3 1 ay : : 

" ats “1 7 (ii) [using Eq. Gi) | Example 38. If a,b,c,d are the ce et : Susdolates) 
then find the minimum value of ———_——. 
=> xy =6 ...{iv) d? 
Applying cosine rule in ABAD, we get Sol: Hee Ae o BOSh CDiSrand Ab Sa are the sitesot 
saeseue AD* + AB’ ~ BD’ quadrilateral ABCD. 3 
2AD- AB p——¢ Cc 

12? +5" — BD’ 
or -= 

2 2:2:5 d b 
=> BD? = 19 
Applying cosine rule in ABCD, we get 4 3 . 

a x? + y? —19 2 2 2 
cos 120 a And we know, (a — b)* +(b-c)’ +(c¢ — a)’ 20 
a. oe => Aa’+b?+c°)2>Aabt be + ca) 
x —_— 
or a => Xa +b? +c’)2(a° +b? +07) + Aab+ be +a) 
. : 2 2 2 . 

ae x+y? +xy=19 Fast X06) ay nue (a°+b° +c a both sides] 
or x+y =13 = Ha +b°+c*)2(at+b+c) 


Now, x? + y’? + 2xy =13 +412 = 25 


[.- sum of any three sides 
of quadrilateral is greater than fourth] 


> (x + y)’ =25 => Hath +c*)2(at+bt+c/>d fratb+c>d] 
=> xty=5 a+bht+c? 1 

and x’ + y" —2xy=13-12 =e a ae 

~ a ee “. Minimum value of ee Me get 

Solving we get, (x = 3, y = 2) or(x =2, y =3) d’ 3 


Exercise for Session 6 


rf 


The area of a cyclic quadrilateral ABCD is _ The radius of the circle circumscribing cyclic quadrilateral is 1. 


If AB = 1, BD = V3, then find BC -CD. 


If two adjacent sides of a cyclic quadrilateral are 2 and 5 and the angle between them is 60°. If the third side is 
3, then find the remaining fourth side. 


The ratio of the area of a regular polygon of n sides inscribed in a circle to that of the polygon of same number 
of sides circumscribing the same circle is 3 : 4. Then, the value of n is 


A right angled trapezium is circumscribed about a circle. Find the radius of the circle. If the lengths of the bases 
(i.e. parallel sides) are equal to a and b. 


If A,B,C, D are the angles of quadrilateral, then find = aay 


ZcotA 


Session 7 


Menswear eee eee 


Solution of Triangles 


a ee ee 


Ina triangle, there are six variables. viz. three sides a, b,c 
and three angles A, B,C when any three of these six 
variables (except all the three angles) of a triangles are 
given, the triangle is known completely; that is the other 
three variables can be expressed in terms of the given 
variables and can be evaluated. This process is called the 
solution of triangles. 


Solution of a Right Angled Triangle 
CaseI When two sides are given. 


Let the triangle be right angled at C, then we can 
determine the remaining variables as given in the 


following table : 
Given Required 


(i) a,b inac™ peor sae ae" 
b sin A 


(ii) a,c sin A =~, b=ccos A, B=90 - A 
c 


where ZC = 90° 


Case II When a side and an acute angle is given. In this 
case we can determine the remaining variables as given in 
the following table : 


Given Required 
() aA B=90 - A, b=acotA,c=— 
sin A 
(ii) c, A B=90 - A,a=csin A, b=ccosA 


Solution of a Triangle in General 
CaseI When three sides a, b and c are given. 


In this case the remaining variables are determined by 
using the following table : 


___ Given Required 
a, b,c (i) Areaof A=J/s(s—a)(s - b)(s -c), 
2s=atbt+e 
(ii) sin A oo Sipe ae _ 2A 
bc ac ab 
iy (an = ‘ane 2 
(iit) 2 s(s = a) 2 s(s ‘a b) 


~—~—_ = 


2 s(s—c) 


or SU Sem mn ee et 


Case II When two sides a, b and included ZC are given. 
In this case we use the following table : 


(ii) tn| “= 7) — > cal S 


Case III When one side a and two angles A and B are 
given. In this case we use the following table : 


Given Required 
aand ZA, ZB (i) ZC =180 - (24 + 2B) 
asinB asinC 
ji) b= dc= 
(1) in A sin A 


(iii) A= pecan B 


Case IV When two sides a, b and ZA opposite to one side 
is given then, 


sin B ae (i) 
a 
ICH (ZA 2B) 
sin A 
From Eq. (i), the following possibilities will arise : 
(a) When A is an acute angle anda <bsin A In this 


relation sin B =—sin A gives that sin B > 1 which is 
a 


impossible. 
Hence, no triangle is possible. 

(b) When A is an acute angle and a= bsin A In this 
case only one triangle is possible which is right 
angled at B. 

, a=bsinA=> ZB=90° 
(c) When A is an acute angle anda >bsin A In this 


case there are two values of B given by sin B = = 2 
a 
say B, and B, such that B, + B, = 180° side ‘c’ can be 


obtained by using c = = sd 
sin A 


a > bsin A => two triangle are possible. 
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Note 
(i) In any right angled triangle, the orthocentre coincides with 
the vertex containing the right angled. 
(ii) The mid-point of the hypotenuse of a right angled triangle is 
equidistant from the three vertices of the triangle. 


(iii) The mid-point of the hypotenuse of the right angled triangle is - 


the circum-centre of the triangle. 


| Example 39. In any AABC, the sides are 6 cm, 10 cm 
and 14 cm. Show that the triangle is obtuse-angled 
with the obtuse angle equal to 120°. 

Sol. Let a= 14, b=10 and c =6 cm. 

14+10+6 

> s = ————-_ = 15cm. 


As we know largest angle is opposite to the largest side, 


b? + 2 = 2 
cos A = po 
2be 
~ 100 + 36 — 196 om 
2(10)(6) 2 
= A = 120° 


| Example 40. If a,b and A are given in a triangle and 
C,,C, are the possible values of the third side, prove 
that :C?+C3 -2C,C, cos2A=4a’ cos’ A 
BP +¢? -a’ 
2be 
=> c?—2becosA +b’ - a’ =0, which is quadratic is ‘c’. 
C, + C, = 2bcos A| 
CC, = -a’| 


Sol. cosA = 


...(i) 


and 
C? +C,' —2C,C, cos2A 
=> (C,+C,)’ -2C,C, -2C,C,cos2A 


[using Eq. (i)] 
=> (C,+C,)’ -2C,C,(1 + cos2A) 


4b’ cos’ A — Ab’ — a’)-2cos’ A 
= 4a’ cos’ A. 
C? + C} - 2C,C, cos A = 4a’ cosA 


y 


{ Example 41. In a AABC, the median to the side BC is 


pee aes and it divides the ZA into ae 
1-6V3 


of 30° and 45°. Find the length of the side BC. 
Sol. ZC = 180° ~ (75° + B) 


of length 


ZC =105°-B 
In AABD, 
A 
Ns 
B D Cc 
BO gi Eas ie fi 
sin30° sinB 2sin B 
In AADC, 
CB. JAD 
sin45°  sinC 
AD e 
=> eee (ii) 
V2sin(105° — B) 
Now, BD=CD 
AD AD 
=> ; = 
2sinB ¥2sin(105°—B) 
= V2sin B= sin(105° — B) 
= J2sin B = sin 105° - cos B— cos105°-sinB 
=> gee WEF) gp OPN ane 
2V2 2/2 
=> 4sin B= (v3 +1)cosB+ (v3 — 1)sinB 
=> cotB= 33 -4 
™ A 
211 - 6V3 
Hence, teeny =D gi 8 


sinB 11-63 


Exercise for Session 7 


1. In AABC,a:b:¢=(1+ x):1:(1—x), where x €(0, 1). If LA= e+ ZC, then find the value of x. 


2. \InaAABC, 2s = perimeter and R = circumradius. Then, find = 


3. \fina AABC, ZC =90°, then find the maximum value of sin A sinB. 


4, If the area of a triangle is 81 square cm and its perimeter is 27 cm, then find its in-radius in centi-metres. 


5. Ina AABC, ifr, = 2r, = 3r,, then show that = 7 
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6. Find in-radius of the triangle formed by the axes and the line 4x + 3y - 12 =0. 


7. Ina APQR as shown in figure given that x : y :z ::2:3:6, then find value of ZQPR. 


nN 


8. Ina AABC, if 


<2, then show that the triangle is equilateral. 


9. The angle of a right-angled triangle are in AP. Then, find the ratio of the in-radius and the perimeter. 


ra 


10. If ina triangle 


L 4 Ny) 


- Session 


TORS De PRATER ISS BE 2 EE es es 


Height and Distance 


Angle of Elevation 


If ‘0’ be the observer’s eye and OX be the horizontal line 
through O. If object P is at a higher level than eye, then 
ZPOX is called the angle of elevation. 


——-> 
O° Horizontal ine * 


Angle of Depression 


If ‘0’ be the observer's eye and OX is a horizontal line 


object P is at a lower level than O, then the ZPOX is called 


the angle of depression. 


O renzors line x 
& 
"eo 
, 


\ sf 
=! } - 4) = 2, then show that the triangle is right angled. 


Note 
(i) Angle of elevation and depression are always acute angle. 


(ii) Angle of elevation of an object from an observer is same as 
angle O depression of an observer from the object. 


Bearing 


If the observer and the object are O and P be on the same 
level respectively, then bearings is defined. To measure 
the bearing the four standard direction East, West, North 
and South are taken as the cardinal directions. Angle 
between the line of observation. i.e., OP and any one 
standard direction is measured. 


Thus, ZPOE is called the bearing of the point P with 
respect to O measured from East to North. 
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In other words the bearing of P as seen from O is the 
direction in which P is seen from O. 


Note 


North-East means equally inclined to North and East. ENE 
means equally inclined to East and North-East. 


| Example 42. Two flagstaffs stand on a horizontal 
plane. A and B are two points on the line joining their 
feet and between them. The angles of elevation of the 
tops of the flagstaffs as seen from A are 30° and 60° 
and as seen from B are 60° and 45°. If AB is 30 m, the 
distance between the flagstaffs in metres is 


(a) 30 + 15V3 (b) 45 + 153 
(c) 60 - 15V3 (d) 60 + 15v3 
Sol. (d) Let x and y be the heights of the flagstaffs at P and Q 
respectively. 


Then, AP = x cot60° = = AQ = ycot30° = yv3 
3 


BP = x cot 45° = x, BQ = ycot60® = 2 


V3 
> BP - AP=x-—==AB 
v3 
S 
R 
x 
y 
60° Aas? 30°. A60° 
Q B 30 m A P 
— 3073 = (v3 -1)x 
=> x =153 + 3) 
Similarly, 30-8 -) = y=in8 
V3, 
Sothat, PQ=BP+BQ=x+% 


7 


= 153 + ¥13) + 15=(60 + 15V3) m 


| Example 43. In a cubical hall ABC D,PQRS with 


each side 10 m, G is the centre of the wall BCR Q and 
T is the mid-point of the side AB. The angle of 
elevation of G at the point T is 


(a) sin” (<) (b) cos 


A 
omg) wmf] 


(d) cot” 


Sol. (a) 


Let H be the mid-point of BC since 


ZTBH = 90°, 
(TH) =(BT)’ + (BH) 
=5° +57 =50 
Also, 2ZTHG = 90°, 
(1G)’ = (TH)’ + (GH)’ 
= 50+ 25=75 
Let 8 be the required angle of elevation of G at T. 
Then, sin8 = oe 
TG 
ee Om 
N33 
=n 1 
=> 6 =sin (=. 


| Example 44. Each side of an equilateral triangle 
subtends an angle of 60° at the top of a tower hm 
high located at the centre of the triangle. If ais the 
length of each side of the triangle, then 


(a) 3a? = 2h? (b) 2a? = 3h? 
(b) a? =3h? (d) 3a? =h? 
Sol. (b) 


C 


Let O be the centre of the equilateral triangle ABC and OP 
the tower of height A. Then, each of the triangles PAB, PBC 
and PCA are equilateral. 
Thus, PA = PB = PC =a. 
Therefore, from right-angled triangle POA, we have 

PA’ = PO’ + OA’. 
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ss Base (Sense) Sol. (d) AP = PB = hcot30° = Na _ 
\2 Dc capeg ht A =o 
wigte a 4 2 2-3h? 
4 3 —3h’ = 3h’ + 3h? — 3600 
a? 9h* = 3600 
NT h = 20 
= 2 ap? & 9h? +h+1=3600+20+1 
= 3681 
=> 2a° = 3h’ 0 
[Example 45. A vertical tower PQ subtends the same 
angle 30° at each of two places A and B, 60 m apart 
on the ground, AB subtends an angle 120° at the foot 
of the tower. If his the height of the tower, then ‘ 
9h? +h+1is equal to ey 
(a) 3121 (b) 2136 
(c) 3600 (d) None of these rae : 


Exercise for Session 8 


1. 


If a tower subtends angles 8,26 and 36 at three points A,B and C respectively, lying on the same side of a 
AB cot6-cot26 


horizontal line through the foot of the tower, show that — ' 
BC cot28 -cot36 


A person stands at a point A due south of a tower of height h and observes that its elevation is 60°. He then 
walks westwards towards B, where the elevation is 45°. At a point C on AB produced, show that if he find it to 
be 30°. OA, OB, OC are in GP. 


A train travelling on one of two intersecting railway lines, subtends at a certain station on the other line, an 
angle a when the front of the carriage reaches the junction and an angle B when the end of the carriage 
reaches it. Then, the two lines are inclined to each other at an angle 6, show that 2cot 6 = cot a —cotB, 

cot a + cotB 


The angle of elevation of the top of the tower observed from each of the three points A, B, C on the ground, 
forming a triangle is the same angle « If R is the circum-radius of the triangle ABC, then find the height of the 
tower R tana 


The length of the shadow of a pole inclined at 10° to the vertical towards the sun is 2.05 metres, when the 
elevation of the sun is 38°. Then, find the length of the pole. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Or ee 


= -B wv — 
e Ex. 1. iftan’ us — +tan? “ +tan? f =1, then 


AABC ts 
(a) equilateral (b) isosceles 
(c) scalene (d) None of these 
nm-A m-B m™—-C 
Sol. (a) Let a = »sp= Y= weshl 
(a) 3 B hear (i) 
= a+Bt+y= ; 
= Ltana-tanB =1 
Ltan’a =1= Ltane tanB 
=> tana = tanf = tany 
a= B = Y 
m-A n-B n-C 
= = From Eq. (i 
Fe ; ; [ q. (i)] 
A=B=C 


@ Ex. 2. In AABC, a’* +c’? =2002b’, 
cotA+cotC 


then ———_———. equals to 
cot B 
1 2 
a) —— paces 
(a) 2001 (b) 2001 
3 4 
c) — a) 
(©) 2001 (¢) 2001 
Sol. (b) cotA + cotC * sin(A + C)sinB 
cot B sin A sinC sin B 
= sin’ B 2 4R?b? 
sinA cosBsinC 4R? ac cosB 
_ 26) 
2ZaccosB a’+c’?-b’ 
2b 2 


~ 2002 b? - b? 2001 


e Ex. 3. A triangle has vertices A, B and C and the respec- 


tive opposite.sides have lengths a, b and c. This triangle is 
inscribed in a circle of radius vd b=c=1and the altitude 


from A to side BC has length Fe then R equals 


1 2 
mG « Ay 
(a) a ( ) v3 
ie (dj 


2 2¥2 


Sol. (Oo Srandiel™ ah 
v3 2 


4A 


= (2)(1)(3) fe 1N3 M 1N3 


V3 (4) V2 


_ 3 
2v2 


a 


@ Ex. 4. In AABC, if AC =8, BC =7 and D lies between A 
and B such that AD = 2, BD =4, then the length CD equals 


(a)V46 0 (b) 48 (c) W551 (d) ¥75 


Sol. (c) I? =2? +8 —2-2-8cosA 
=4+64-32cosA 
2 2 92 
and whee bi Mal weet wit 
2:6°8 16X6 32 


s 


Ps 


3 7 


12 

I? =68-32x —=51 
32 

l= 51 


® Ex. 5. Ina triangle, if 
(a+b+c)(a+b-c)(b+c-a) 


2,22 
eeenta 4 Pe 
a’ +b’? +c 
(a) isosceles (b) right angled 
(c) equilateral (d) obtuse angled 


Sol. (b) We have, = s(s — a) (s — b)(s—c) = 


2,22 

= a+ bi +c? FO 
2A 
As, A= Sav A = abe 
2 R 


> then the triangle is 


a’b’c? 
aa’ +b’ +c’) 


So, Eq. (i) becomes 


a+b +c’ = Mare) 8R° 
2a’ +b? +c? 
= 4R*(sin’ A + sin’ B + sin’?C) = 8R’ 
=> sin’ A + sin? B+sin’C =2 
or 2+2cosA-cos B-cosC =2 
=> cos A:cos B-cosC =0 
“SABC must be right angled. 


® Ex. 6. Consider a AABC and let a, b andc denote the 


lengths of the sides opposite to vertices A, B and C, respec- 
tively. [fa =1, b =3 andC =60°, thensin’ B is equal to 


27 3 
a) — b eee. 
“S ( ee 
81 1 
c)— d)— 
oF (4) - 
2 amt _ 42 
Sol. (a) By Cosine law, cos60° = to > f. 
2-1-3 
> ery) 
Nigro tte es [By Sine law] 
sinB sinc 
= sin B = bsinC 
Cc 
3X 43 
Pyae 
V7 
_ 3v3 
27 


Hence, sin? B= cl 
28 


2 


® Ex. 7. In AABC, ifcos A + sin A -———--—— =, then 
cosB+sinB 
ath. 
—— is equal to 
C . 
(v2 (b)1 Oo 22 
V2 


Sol. (a) We have, 
=cosA cosB+sinA sinB +cosA sinB+sinAcos B=2 
=>  cos(A — B)+sin(A + B)=2 


“. cos(A — B)=1 

and sin(A + B)=1 

> A=B,soa=b 

and sin2A =1 

> A = 45° 

or A = 135° (Not possible) 
Hence, ill TN 2 


Le) 
ts) 
i) 
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@ Ex. 8. In AABC, if ZA =30°, b =10 anda = x, then the 


values of x for which there are 2 possible triangles is given 
by (All symbol used have usual meaning in a triangle) 


(a)S<x<10 (0) x <2 


()2<x<10 ()2<x<10 


Sol. (a) If c is the third side, then the altitude to c has length 
10sin30° = 5, 
there are two triangles if x is greater than this value and 
less than the length of b. 
Ifx > 10, pointB will come to the left of A and ZA would be 
obtuse in the case. 


Aliter We have, = = cos30° 


_ 100+c? - x” 
{10)(c) 
2 4/3 2) _ 
= c’—10V3c +(100- x°)=0 
2 iva (4x? - 100 
2 
Now, for 2 distinct positive values of c, we must have 


10V3 > 4x? - 100 


=> 300 > 4x? — 100 
=> x7<100 >= 5<x<10 


[by using cosine rule] 


@ Ex. 9. Ina AABC, AB = AC, P and Q are points on AC 


and AB respectively such that CB = BP = PQ =QA. If 
ZAQP =8, then tan’ @ is a root of the equation 
(a) y? + 21y’ — 35y - 12=0 
(b) y® — 21y? + 35y - 12=0 
(c) y? - 2ty’ +35y -7 =0 
(d) 12y’ — 35y’ + 35y - 12=0 
fay 


Sol. (c) ZQAP = ZQPA =90- 
ZPQB = ZPBQ = 180-6 
ZBCA = ZABC = ZBPC = 45 + ° 


B 


p 
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Now, Gi = 4 + (20 — 180°) + (4s + *| = 180° 


=> =— 
7 
= 78 = 51 
= 40 = 57 — 30 
=> tan 48 = — tan30 
_, _2tan2 __ 3tan0 - tan’6 
1 — tan’ 20 1-3tan’@ 
>| _2¢ ; @ Ex. 11. An aeroplane flying horizontally 1 km above 
1-¢° 3t—t the ground is observed at an elevation of 60° and after 
=> a = where t = tan@ Nag . ; 
my) 1-3t 10 seconds the elevation is observed to be 30°. The uniform 
1 Te) speed of the aeroplane in km/h is 
; : (a)240 (b) 240/3 
40-8) gh =8 
- GQ—ry—4e ~ 1 -3¢? (c) 60V3 (d) None of these 
=> 4(1 — 4t? + 3t*) =(t? -3)(1—-6t? +t‘) 
io 9° 


. tan’ is the root of the equation y’ — 21y’ + 35y -7 =0. Time taken = 10s 


© Ex. 10. The angle of elevation of tower from a point A 
due south of it is 30° and from a point B due west of it is 45°. 
If the height of the tower be 100 m, then AB= 


(a) 150 m (b) 200 m 
(c) 173.2m (d) 141.4 m 
Oo ) 
Sol. (b) OB = 100cot 45° Speed = — x 60X60 = 24073 


OA = 100 cot 30° 
AB = (OA? + OB’) 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


a mre wees re ar ee en | ce A A SS SP il eer SSRN. ——-—= a ER MoS RRS ST 


b s 
@ Ex. 12 In A ABC, the ratio —“— = —~ = —“— is Es ny ee ae 
sinA  sinB_ sinC snA sinB_ sinC 
always equal to (All symbols used have usual meaning in a Jan _ abe nie pis abe 
triangle.) 4A 2 
(a) 2R, where R is the circumradius oe a,b are true 
(b) we where A is the area of the triangle Now, (a +b’ +c’)? 


If Btrue iffa=b=c 
*. ‘c’ is incorrect 
Now, for option ‘d’ 


( b » 2/3 
2 aE = We have, abe) 


(hphy) (hahah) 
Sol. (a.b,d) We know that We know, aah, - “bh, ee 


(c) “(a +b? +c?) 


= h, = —,h, = —,h, = — 

a b c 

ye ead 

abc 

(abc)*”* _ (abc)? _ (abce)*?(abe)'” 

(A,h,h,)? BA’) 2A 

abc 

22 zap 
2A 


Hence option, a, b and d are correct. 


@ Ex. 13. Let ABCD be a cyclic quadrilateral such that 


AB = 2, BC =3, ZB =120° and area of quadrilateral = 4/3. 


Which of the following is/are correct? 
(a) The value of (AC)’ is equal to 19 


(b) The sum of all possible values of product AC - BD is 
equal to 35 


(c) The sum of all possible values of (AD)’ is equal to 29 
(d) The value of (CD)? can be 4 
Sol. (a,c,d) “a of cana 
= 43 =- =x 2 x 3sin 120° + - = xy sins? 


43 = 5f,.3] 


16=6+ xy => xy=10 
AC’ =2? +3? — 2-2-3 x cos120° 


=4+9+6=19 
=x’ + y’ — 2xy cos60° 
x+y’ -xy=19 
or x’ + y? =29 
=> x=5,y=2 
or x=2y=5 


@ Ex. 14. Ina AABC, which of the following quantities 
denote the area of the triangle? 


(a) a’ aes sinB 
2 \sin(A —-B) 

») 655 

oe ae 


a+b? +c? 
cotA + cotB + cotC 


(d) r? stb ceo ote 
a ae: 
2 ene 3 wet 2 
Solana ga a | ae 8 iy aga 
2 sin(A — B) 4R° 2 


= “(ab) sin€ = = on A 
4R 
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" A’.s _ 
> s(s —a)(s—b)(s—c) 


—— | 
JEn7, = (zn Stan) =s |‘ Sinan =1 
\ 2 a 


(b) 7, r, 


ety A 
V=r, " 
2 2_ 2 
(c) peut OS OR, a 
2bca abc 


[P+ce-a@tct+a—b +a’ +h’ -c’] 
_(a’ +b’ +c’)R 
abc 


ea SF pe ak 

D' Xa’) R R 
= Cis not correct. 

A’ s(s—a) s(s—b) s(s—c 

gf e=9) 4-8) 8-0) 
s A A A 

~ (s-a)(s~b)(s-c)_A'_, 
A A 


Hence, (a), (b) and (d) are correct. 


e Ex. 15. Consider the system of equations 

sin x cos 2y =(a’ —1)’ +1 andcos x sin2y =a +1. Which of 
the following ordered pairs(x, y) of real numbers can satisfy 
the given system of equations for permissible real values of 


a? 
—-Tt% -T nm 3 \ 
(a) = =) m5, =) 


a(= T = 2%) 


Sol. (a,c,d) For permissible values a’, we must have 
(a? - 1)? +1S1and|a+il|<1 
= (a? -1)' $0 and -1Sa+1S1 
=> -2Sas0 > a’-1=0 
=> a=lor-1 
*. Permissible value of a = ~ 1 
Hence, the system of equations becomes sin x cos2y = 1 and 
cos x sin2y = 0. 
Now, verify (a), (c), (d) alternatives. 


@ Ex. 16. Ina AABC, let 2a’ + 4b’ +c’ =2a(2b +c), then 
which of the following holds good? 
[Note All symbols used have usual meaning in a triangle.] 


(a) cosB = = (b) sin(A- C) =0 


(t=. (d) sinA: sinB:sinC = 1:2:1 
h 
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Sol. (b,c) We have, 2a’ + 4b’ + c* — 4ab - 2ac =0 


=> (a— 2b)’ +(a-c)’ =0 
= a=2ba=c 
=> bas cza 
2 
242-4? 
Pe est 
2bc 
2 
a 2 2 
—+a°-a 1 
= =— 
4 


1 
Similarly, . cos B= - and cosC = s 


Hence, option (a) is not correct. 

As a=c>A=C 

= A-C=0 = sin(A-C)=0 
Hence, option (b) is correct. 


(s— aie : ea 


r 
As —= 
“ s tan— : 
4 
ee eee ee 
s oa ss 
4 


Hence, option (c) is correct. 
Also, a:b:¢=a:":a=2:1:2=sin A :sin B:sinC 


Hence, option (d) is not correct. 


@ Ex. 17. In AABC, angles A, B andC are in the ratio 
1:2:3, then which of the following is(are) correct? 
(All symbol used have usual meaning in a triangle). 
(a) Circum-radius of AABC =c 
(b) a:b:c =1:V¥3:2 
(c) Perimeter of AABC =3 + 3 


V3 


(d) Area of AABC = ae 


Sol. (b, d) Given, A + 2A + 3A = 180°, 
B=60° andC =90° 


Now, =— 


a ae :| 
sinA sinB_ sinC 2 


B 
60° 
Cc 
a 
90° 30° 
=€ b A 
c V3¢ 
a=-,b=— 
2 2 
So, Hiectees tai V3 2 
Zz 2 2. 2 


Perimeter = (3 + mE) )k, (k € R) 
Area of AABC = -ab 
(28). 


iw ae 


1 
2 


© Ex. 18. If the length of tangents from A, B,C to the 


incircle of AABC are 4, 6, 8, then which of the following 
is(are) correct? (All symbols used have usual meaning ina 
triangle.) 

(a) Area of AABC is 12V6 (b) r, r,, 7, are in HP 


46 


(c) a, b,c are in AP (d)r= a 


Sol. (b,c, d)s-a=4,s—b=6s—-c=8 


A s-a 
a 


s=18 
A= 18X4X6X8 = 24V6 
a=14,b=12andc =10 
s-—a,s—-b,s—carein AP. 
*. a,b,c arein AP, 


“Kh, 1, ,7, are in HP eee 
s 


@ Ex. 19. in AABC, let b =10,c =10V2 and R= 50/2, then 
which of the following statement (s) is (are) correct? 

(a) Area of triangle ABC is 50. 

(b) Distance between orthocentre and circumcentre is 5V2. 


(c) Sum of circum-radius and in-radius of AABC is equal 
to 10. 
(d) Length of internal angle bisector of ZACB of AABC 
5 


IS Pare 


Sol. (a,b,c) We know, ae =2R 
sin B 


101 
= ihe =e 
10V2 2 
= B= 45 


Also, Jee 2R 
sinC 
10V2 


“ A=45° => C=90° 
.. AABC is isosceles right angled at C. 
a= 10,b = 10,c = 10V2 


Area of AABC == x10%10=50 


Distance between orthocentre and circumcentre 
BD = DC =5W2 
R+r=5¥2+10-5V¥2=10 = [vr = 10-52] 
© Ex. 20. Let ‘t’ is the length of medians from the vertex A 
to the side BC of a AABC, then 
(a) 40? = 2b? + 2c? - a’ 
(b) 42 = b? +c? +2be cosA 
(c) 40? =a? + 4be cosA 


(d) 42? =(2s — a) - abe sin’ - 
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Sol. (a, b, c, d) D is the mid-point of line BC. 
AB’ + AC? = AAD’ + BD’) 


f 2 
ce+bh= c + (5) 


2 


— 4h are et 
2 
A 
B D C 


42 =2b? + 2c? - a’ 
=b? +¢7 +(b? +c? -a’) 
= 6’ +c’ +2be cosA 
=(b? +c? —a’)+a’ +2be cosA 
= 2be cos A + a’ + 2be cosA 
=4be cosA+a’ 


® Ex. 21. if aright angled AABC of maximum area is 
inscribed within a circle of radius R, then (A represents area 
of AABC andr,r,,r,,f, represent in-radius and ex-radii, and 
s is the semi-perimeter of AABC, then 


(a) A =R? 


(c)r=(v2-1R (d) s=(1+ ¥2)R 


Sol. (a, b, c, d) For a right angled triangle inscribed in a circle 
of radius R the length of the hypotenuse is 2R. 


Then, area is maximum when its is isosceles triangle 
With each side = V2 R 


$2 slave +2)R=(V2+1)R 


a= -aR-V2R= R 


_A__ FR 
S$ (¥24+1)R 
=> r=(V2-1)R 
is 2 ee ea! 
i de ee (V2 -1)R 
W241 
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JEE Type Solved Examples : 
Statement | and I Answer Type Questions 


oe ee ee ee a ee 6 eS en r+ ee ere ee ee ee ee 


This section contains 3 questions. Each question contains @ Ex, 23. Statement I /f the sides of a triangle are 13, 14, 
Statement I (Assertion) and Statement II (Reason). 15 then the radius of in circle = 4 
Each question has 4 choices (a), (b), (c) and (d) out of grarement II In @AABC. A= s(s —a)(s —b)(s ~c) where 
which only one is correct. The choices are : 
(a) Statement I is True, Statement Il is True; Statement s= lis andr = A 

Il is a correct explanation for Statement I. 2 s 


(b) Statement I is True, Statement II is True; Statement Sol. (a) s =21 
II is NOT a correct explanation for Statement I. 


(c) Statement I is True, Statement II is False. 
(d) Statement I is False, Statement II is True. pee ae 


A = ¥21-8-7-6 = V3°7 2°73 =3-7°4 = 84 


@ Ex. 22. Statement I Ina AABC, ifa<b<c andr is 


2 
cos" — 
inradius and r,,r,,r, are the exradii opposite to angle A, B,C @ Ex, 24, Statement I ina AABC, = 2 ies eaadlite 
respectively, thenr <r, <r, <r. a 
2 
rs, s 
Statement II For, AABC rr, + 1,7, +147, == equal to a 
r 


Sol. (b) Statement la<b<c Statement TG AARC boa =|" — b)(s -—c) 
2 


S-a>s-b>s-c 


s>s-a>s—b>s-c ee ——— -— 
A_A A A aba (Snaiod co [6 a)(s — b) 
es Se ee ac \ ab 
Ss s-a s-b s-c 
cos: — 
Pea ee ee eee ea) 
Statement II 7, = S 1, = £ y= A ue abe 
s~a s—b s—c Ss ; 
cos — 2 
5% % Ar a abe 


JEE Type Solved Examples: 
Passage Based Questions 


ee a —— sr Ae a = = Z 
—— _ - ee re a ee 


Passage I 27. Let A denote the area of the AABC and Ap be the 
(Ex. Nos. 25 to 27) area of its pedal triangle. If A=k Ap, then k is equal 
In a AABC, let tan A = 1, tan B=2, tanC =3andc =3. to 
25. Area of the AABC is equal to (a) Vi0 (b) 2V5 
3/2 (c)5 (d) 2V10 
(a) o (b) 3 Sol. (Ex. Nos. 25 to 27) We have, 
(e) avs (4) 3V2 tan A =1=9 sin = 
26. The radius of the circle circumscribing the triangle bie 
ABC, is equal to tanB=2 > sin B = —; 
ir 5 : | 5 


a ©) V5 (Vvi0 ~— (a) = 


tanC =3=> sinC = ——— 


=]e 
oO 


Using Sine law, 
oii e OS cv10 
Z 3 
2 eB evo [Ase = 
Now, a= 5;b = 2V2;¢ =3 
25, (b) .A = +-45-2v2 sinC = V10- >= =3 
2 10 
26. (a) pa ah _ ¥5:2V2-3 _ vi0 
4A 4:3 2 
27. (c) We know that, A ,» = 2A cos A cos B cosC 
1 1 1 
=2X—X—-=X-—xXA 
v2 V5 10 
_A 
. 5 
: A=5A, 
=> 5 
Passage II 


(Ex. Nos. 28 to 30) 
Let ABC be any triangle and P be a point inside it such that 


ZPAB = ~ Z PBA = os ZPCA = -, ZPAC = = Let ZPCB = x 


28. x is equal to 


Tt 2n 
(a) ; rs 
(c) ; (d) None of these 
29, AABC is 
(a) Equilateral (b) lsosceless 
(c) Scalene (d) Right angled 


30. Which of the following is true 
(a) BC > AC (b) AC = AB 
(c) AC > AB (d) BC = AC 
Sol. (Ex. Nos 28 to 30) 
PA PB 
sin20 sin10 
PA _ sin20° A 
PB sin10° 
Similarly, In APBC and 


apac, £2 " sin x 
PC _ sin(80° - x) 


PC . sin 40° 
PA sin30°. 


28. (a) In APAB, 


= 


— xX — xX —= 
PB PC PA 
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sin20° 
sin 10° 


sin x sin 40° a 
sin (80° — x)  sin30° 
sin(80° ~ x) = 4co0s 10° sin 40° sin x = 2sin50° sin x + sinx 
= sin(80° — x) sin x = 2sin50° sin x 
=>  sin(80° — x) cos 40° = 2sin50° sinx 
=> sin(40° -— x) =sinx 
= x=20 
29. (b) ZA= ZC =50 


30. (c) ZABC = 80° 
. AC is longest side. 


Passage III 
(Ex. Nos. 31 to 33) 


Let AABC be any triangle and D, E, F feet of perpendicular from 
vertices A, B,C on opposite side BC, CA, AB, respectively. Then, 
the ADEF is know as pedal A of ABC. H is orthocentre of the 
AABC. We note that ZHDC = ZHEC = 90°, so the points 

H, D,C and E are concyclic. 


In question AABC is assumed an acute angled triangle. In case 
AABC be obtuse angled with A as obtuse angle. The angle of 
pedal A will be 2A — 180°, 2B, 2C and side will be represented by 
—acosA, bcos B,c cosC. 


31. If {, m,n denote the side of a pedal triangle, then 
l 


3. 
>= + +s equal to 
b’ c¢ 


a 
ath +c? ath +e? 
8) Sa oo. 
a+b’ +c 2abe 
3 3 3 
a+b +c (iteta 
abc(a +b +c) abe 


32. If Rbe circum-radius of a A, then circum-radius of a 
pedal A is 


2R 
(a) R (b) - 


R R 
= d) — 
(c) - (d) ; 
33. The in-radius of pedal A of a AABC 
(@)= (b) R sinA sinB sinc 
(c)2R cosAcosBcosC (d)4R sing sin sin 


Sol. (Ex. Nos 31 to 33) 
31. (b) 1! =-acosA, m= bcos B,n=c cosC 


[m,n _cosA cosB | cosC 
ab ca b c 
a tb tc’ 


2abc 
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32. (d) Circum-radius = on ae 
2sin( Z FDE) 

EZ Rsin2A _R 

2sin(180°-2A) 2 


33, (c) Area of pedal A = “(DE) DF sin(ZEDF) = AR sin 2B) 


(R sin2C) sin(180° — 2A) 


JEE Type Solved Examples : 
Matching Type Questions ; 


@ Ex. 34. Match the statement of Column | with value of 


Column I. 


Column | 


> 


(A) Ina triangle ABC ifa* —2(b° + c)a° +b p. 30° 
+ b’c' +c = 0, then 2A 

(B) Inatriangle ABC, Ifa’ + bo +c q. 60° 
=a'b° + abe + 2c'a's then ZC is __ 

(C) Inatriangle ABC, Ifa + b¢ +c’ +2a’c’ =r. 90° 
= 2a°b" + 2b'c*, then ZB is 


se me re er re ee ae ee ee, 


Column Ii 


a — aoe s. 120° _ 
t. 150° 
Sol. (A) > (q. 5); (B) > (p, t)} C3) 
(A) wa‘ —2(b? +c’)a? +b* +b’c’? +c‘ =0 
=> (B4+c?-a@Yl-(Pt+c’l +b +b%c’ +c1=0 
=> (Pe +c? -a’)l=b'c? 
be +c? -a’) 1 
=> —_——— |=— 
2be 4 
‘ 1 
=> cos A=— 
4 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


ne OO Re ee ee re eer 


me ee re tees 


@ Ex. 35. Ina AABC, ifr, +r, +r=r,, then find the value 


of (sec’A +cos’ B -cot’ C). 
[Note All symbols used have usual meaning in a triangle.] 
Sol. (1) We have, r, +7, +r =r, 


ss (-2.+-2.}-[4,-4 
s-a s-c} \s-b 5 


oR sin2A sin2B sin2C 
Semi-perimeter of pedal A, 


= = Asin 2A +sin2B + sin2C) 


In-radius = : =2RcosA cosB cosC. 


cosA = we 
2 
A =60° or 120°(q,s) 
es 
(B) «- cosC = i leo 
2ab 
or a’ +b? —c* + 2abcosC 


Squaring both sides, then 
a‘ + b* +0‘ + 2a°b® — 2a°c? — 2b’c’ 
= 4a’ b’cos’C | 
=> 3a°b* = 4a°b’ cos’C 
(a! +b! +04 =a’b? + 2b’c’ + 2c"a’) 


or cos’C = = 
4 


ace aa 
2 


C = 30° or 150° (p, t) 
ra‘ +b! +04 + 2a°c? = 2a°b’ + 2b’c’ 
b‘ — 2a’? +c’)b? + (a? +c”)? =0 
{b’ ~(a’? +c”)P =0 
atc’ =p’ 
cosB=0 
B=90°(r) 


oe” 


TUUUY 


A NA CE aa TT OS TS 


2s-(at+c) 0b 

(s~a)(s—c) s(s—b) 

(s -a)(s —c)=s(s — b) 
s’-(a+c)st+ac=s’ —bs 
(a+c-b)s-—ac=0 


y 


Y UY 


a 


EE EE es lh) | 


= (a+c) -—b’ =2ac 

=> a’ +c’ + 2ac — b’ = 2ac 

> atc =h’ 

So, £B= and 2A + ZC =90° 
Now, 


sec’ A + cos’ B— cot’C =sec*(90°—C) + cos’ 90°— cot? C 
= cosec’C +0-cot’C 
=1 
Hence, (sec’A + cos’ B - cot’C) =1 
Alternatively We have, 
(r, +7r,)-(r,-r)=0 ...(i) 


A A B. 
As 1, Hig 2S Si cos cose + 4Reos = cos sin — 


= 4Reos Zin{ 4 eC) = aR cash .. (ii) 
2 2 
Also, r, — r = ius din eos = arene in aie 
2 2 2 2 2 2 
= Rein cos( 4 ss Cc) =4R inte ...(iii) 
2 2 ) 2 


a Using Eqs. (ii) and (iii) in Eq. (i), we get 
an{ cost? — sin’ 4 =0 
4RcosB=0 
2B= "and ZA + ZC =90° 
Hence, (sec’A + cos’ B — cot?C)=1 


@ Ex. 36. in AABC, let b =6,c =10 andr, =r, +1, +r then 
find area of AABC. 
[Note All symbols used have usual meaning in a triangle.] 


Sol, (30) We have, r=r,+r,+7r [given] 

= (,-r)=(n +7) 
ai s—(s—a)_ as —(b +c) 

sis-a)  (s—b)(s—-c) 

(s~b)(s—c) _, 
s(s — a) 
=> tS ques A eae 
2 2 

Hence, A=90° 


Now, area of AABC = abe sinA 


= =(6)(10) sin90° 


= 30 sq units. 
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@ Ex. 37. Consider an obtuse angled triangles with side 
8 cm, 15 cm and x cm (largest side being 15 cm). If x is an 
integer, then find the number of possible triangles. 
Sol. (5) Since, 15 be the largest side 
x? +8) -15° 

16x 
for obtuse angled — 1 < cos8 <0 

— 16x <x’ ~161<0 


cos8 = 


9 x 
8 
= x’ < 161 
=> x <13 ...{i) 
and x’ + 16x -161>0 
= (x + 23)(x-—7)>0 
or x>7 ..{ii) 
7<x<13 

=> ; x € {8,9, 10, 11, 12} 


Hence, number of possible values of x is 5. 


@ Ex. 38. Let ABC be a right angled triangle at C. If the 
inscribed circle touches the side AB to D and(AD) (BD) =11, 
then find the area of AABC. 
Sol. (11) We have, 


(AD) (BD) =11 fe 

=> (s—a)(s—b)=11 

=> (25 — 2a) (2s - 2b) = 44 es 

=(b+c-a)(atc—b)=44 b 

=> ce’ -(b-a)’ = 44 

=> 2ab = 44 C B 
[Asc? =a’ + b*] 

= ab =22 


Now, area (AABC) = oat = (22) =14 


@ Ex. 39. Consider a AABC and let a,b and c denote the 
lengths of the sides opposite to vertices A,B andC, 
respecively. Suppose a = 2,b =3,c = 4 andH be the 
orthocentre. Find 15(HA)*. 

Sol. (196) We know that, HA = 2R cos A, where 


BP+et-a 9+16-4 
cos A = ————— = ——_—_ 
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Now, ——= 
sin 
x 
a ipa eee IS 
vis Vis 
HWAcoeuas So 
V15. 8 
_ 14 
vis 


Hence, 15(AH)’= 196. 
@ Ex. 40. Ina AABC, the internal angle bisector of ZABC 
meets AC at K. If BC =2, CK =1 and BK = =~, then find 


the length of side AB. 
Sol. (3) Using cosine law in ABKC, 


- 2_ 15 5 


"eve 12 42 


2ac B (2-:2:2m) 5 
—- cos — = ——_—: 


Now, x= 


atc 2 2m +2 4/2 


Subjective Type Examples 


ne es st ee 


@ Ex. 42. Two sides of a triangle are given by the roots of 
the equation x’ — 2V3x +2=0. The angle between the sides 


is = Find the perimeter of A.- 


Sol. We have, two sides of a triangle are given by roots of the 
equation x” — 2V3x +2=0. 


> at+b=23 


and ab= 2with ZC = ; wi) 


using cosine law, we have 
a’ +b? —¢? 
2ab 


cosC = 


3V2_ 4m 5 


2 m+1 4y2 


@ Ex. 41. In AABC has AC =13, AB=15 and BC =14. LetO 


be the circumcentre of the AABC. If the length of perpendic- 
ular from the point ‘O’ on BC can be expressed as a rational 


” in the lowest form, then find(m +n). 
n 


Sol. (41)A = .4/s(s — a)(s -— b)(s -—c) 
pu 226 _ (14)(13)(15) _ 2-13-15 _ 65 
4A 4-84 
. p= JR’ -7’ 
(2) -7 
V8) 

_ ¥(65)? - (56)? 

= 8 

_ V121-9 

~ 8 

= 38) in 

: 
= m+n=33+8= 41 

nm a+b? -c? : 
= cos a oar as [using Eq. (i)] 
eee den a’ +b? —¢’ 
2 2ab 
=> a +b’-c’?=ab' 
= (a+b) -2ab—c’? =ab [using Eq. (i)] 
= 12-4-c’?=2 
c=6:c=V6 


.. The perimeter of A 
=atb+c=2vV3 +V6 


© Ex. 43. If in AABC, ZA = 90° and c, sin B, cos B are 
rational numbers, then showa and b are rational. 
Sol. Let AD be perpendicular from A to BC. 


Then, cos B= BD 
c 

=> BD =ccosB 

> BD is rational. 

Similarly, AD =csinB 

=> AD is rational. 

A 
8B D Cc 

Now, sinC = cosB= ~ 


=> bis rational. 


Since, cosC =sin B= = 


=> DC is rational. 
Hence, a = BD + DC is rational. 
Thus, a is rational and b is rational. 


© Ex. 44. If the sides of a triangle ABC are in AP and a’ is 
the smallest side, then expresscos A in terms of b andc. 
Sol. Since sides of the triangle are in AP. 

i.e.a, b,c are in AP and leta<b<c. 


2b=at+e afi) 
2 2_ 2 
Now, cos A = ios lia In se 28 
2bc 
2 2 _ nyt 
=P te fusing Eq. () 
2be ; 
_B +c? - 4b’ -c' + 4be 
2bc 
_ 4be — 3b’ 
2bc 
ee 4c ~ 3b 
2c 


® Ex. 45. if A,BandC are angles of a triangle such that 
ZA is obtuse, then show tan BtanC <1. 
Sol. Since, A is obtuse angle, 


then 90° < A < 180° 

=> 90° < 180 —-(B+C) < 180° 
» -90° <-(B+C)<0 

> 90° >B+C>0 

= B+C<90° 

=> B<90°-C 
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tan B < tan(90° — C) 
tan B < cotC 

or tan B-tanC <1 

If A is obtuse, then tan A tanC <L 


© Ex. 46. If A is the area and2s the sum of the sides of a 
2 
triangle, then show AS =e 
3v3 
2=atbte, 
A’ =s(s — a)(s — b)(s —c) 


Sol. We have, 


Now, AM 2 GM 
on s+(s—a)+(s—b)+(s-c) 
4 
2 {(s — a)(s — b)(s — c)}""" 
= 4s — 2s > (A?) = S> Ai? 
4 2 
3? 
= As— ..i) 
4 
AIS: (s-—a)+(s—b)+(s—c) 
3 
2 {(s — a)(s — b)(s — ¢)}"” 
aX\l3 
or #=8 (4) 
3 5 
2 3 > 3 
or os a or ek. 
3 s s 27 
= Ass. (i) 
~ 33 
Thus, from Eqs. (i) and (ii); 
2 
s 
As—= 
33 
@ Ex. 47. Ina triangle, ifr, >r, >r,, then showa>b>c. 
Sol. We have, r>r>t, 
A A A 
=> — > -——_ >» — 
s-a s-b s-ce 
s-a s-b s-ce 
=> —— ¢< —. < —— 
A A A 
= s-a<s—b<s-—c 
=> -a<—b<-c or a>b>c 


@ Ex. 48. ABC is a triangle and D is the middle point of 
BC. If AD is perpendicular to AC, then prove that 


e. 
cos A-cosC _ Ac =a) 
3ac 
Sol. D is the mid-point of BC 
= BD = DC = 5 
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Draw BE perpendicular to CA (produced). “. From Eggs. (i), (ii) and (iii), we get, 

ZDAC = ZBEC = 90° a’ cos(B — C) + b’ cos(C — A) + c* cos(A — B) 
In A’s ADC and EBC, =a’bcosB +a’ccosC + b’acosA + 

ZBEC = ZDAC = 90° . b’ccosC + c?acosA + ¢’bcos B 
and ZC is common. = ab(acos B + bcos A) + ac(acosC + ccos A) + 
Hence, ZCDA = ZCBE=90° -C bc(bcosC + ccosB) 
In A’s ADC and EBC are similar =ab-c+ac-b+bc-a [using projection formula] 
> DC _ DA _CA =) FA =p = 3abc 

BC BE CE  a@cos(B-C)+b(C — A)+ c’cos(A — B) =3abc 


@ Ex. 50. Ina triangle of base ‘a’, the ratio of the other 


nN sides is r (<1). Show that the altitude of the triangle is less 
B 
than or equal to ui 
1 a =e 
i] 
Sol. Let D be the foot of the altitude from A, 
| ! 
stale {rn toe 
A B G 
b 
and cos(7 — A) =— 
c 
cosA = —-— 
2b’ ar ac’r abe 
cos A:cosC = — — wei Now, SS ie using Sine law] 
ac 0) t-r? ce? =r? ¢*? - B? [using 
In AADC, y* +b = © __asin BsinC_ 
4 sin’C — sin’ B 
ms ay" : avs =a" be stewie asin BsinC 
In BAE, 4 = 2 b = ‘ = ae ee ee 
A y +b hae +30" =a sin(C ~ B).sin(C + B) 
= v= : (ii) _ asin B.sinC 
Ac? — a?) sin Asin(C — B) : 
From Eqs. (i) and (ii), cos A-cosC = Tae csin B I 
sin(C — B)  sin(C — B) 
@ Ex. 49. ina AABC, prove that ai fous 
7 
a* cos(B — C) +b’ cos(C — A) +c’ cos(A — B) = 3abc ee 


Sol. First term of LHS = a’ cos(B — C) 
= a’[acos(B— C)],where a =2RsinA 
=a’-2Rsin A -cos(B-—C) 
= a’2Rsin(B + C)cos(B— C) {faaA+B+C=n 
“. sin A = sin(a —(B+C))=sin(B + C)} 
= q’- R[2sin(B + C)-cos(B ~ C)] 


@ Ex. 51. Three circles touch one-another externally. The 
tangents at their points of contact meet at a point whose 
distance from a point of contact is 4. Find the ratio of the 
product of the radii to the sum of the radii of circles. 


Sol. Let r,,r, and r, be the radii of the three circles with 
centres at C,,C, and C,. Let the circles touch at P,Q 


= q’-R{sin2B + sin2C] and R. 
= q’- R[2sin Bcos B + 2sinC cosC] Also, CC, =n +1, 
= a’[bcos B + ccosC] ..(i) C,C,=n% +1, 
[as, 2R sin B= b and 2RsinC = c] CC, =r, +7, 
Similar ly. Let O be the point whose distance from the points of 
b° ¢os(C — A) = b’[acos A + ccosC] sail) contact is 4. 


and c*cos(A — B)=c’[acosA + bcos B] ..-(iii) 


Then, O is the in-centre of AC,C,C, with OP = OQ = OR= 4 
being the radius of the in-circle. 


Hence, 4= ACCC, - s 
q 


...(i) 

slac, HCE HCC) 
where, s =r, +r, + Fie 

S’ = s(s - C,C,)(s - C,C,)(s -— C,C,) 
= STII. 
2 

..Eq. (i) gives, 16 = -- = ——— = 
+i, tf, 


Hence, the ratio of the product of the radii to the sum of the 
radii = 16:1. 


@ Ex. 52. The internal bisectors of the angles of a AABC 
meet the sides BC, CA, AB in D, E and F, respectively. Show 
that the area of the ADEF is equal to, 
2Aabc 
(b+c)(c+a)(a + b) 
Sol. AD is the internal bisector of ZA. 


=> 
ali a 
b+e 
= 
Similarly, BF = — 
at+b 


=> Area of ABFD = -(BF-BD) ‘sin B 


Area of ABFD _ (BF-BD)-sin B 

Areaof AABC  _acsinB 
ac 

(a + b)(b +c) 


Now, area of ADEF = AABC — (ABFD + ADEC + AAFE) 
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Area of ADEF _ | _ ae + ADEC + na) 


Area of AABC — AABC 
Se a a ae: Ses ee 
\(a+by(b+c) (c+ab+a) (atc)(b+c)| 
- 2abc A 
~ (at b\(b+c)(c +a) 
2abc A 


= Area of ADEF = ——————__ 
(a+ b)(b+c)(c +a) 


@ Ex. 53. Let D be a point on the side BC of a AABC such 
that BD: DC =m:nand ZADC =8, ZBAD =@ and 
ZDAC =B. Prove that 

(i)(m+n) cot® = mcota —ncotB 

(ii)(m+n) cot8 =ncot B-mcot C 


Sol. (i) Given, = 
Bom D n Cc 
Since, ZADB = (180° - 9), ZBAD =a 
and ZDAC =8 
ZABD = 180° -(a + 180° -8)=8-a@ 
and ZACD = 180° —(8 + B) 
From AABD, 
BD AD . 
— = ——— (i) 
sina sin(@ -a@) 
From AADC, 
DC». AB 
sinB sin {180° -(0 +B)} 
or mis = a ...{ii) 


sinB  sin(® +) 
On dividing Eq. (i) by Eq. (ii), we get 
BDsinB _ sin(@ +8) 
DCsina sin(0 — a) 
n sind sin@cosa — cosOsina 
or _msinf(sin® cosa — cos@sina) 
= nsina(sin® cosB + cos@sinB) 
or (m+n)cot® = mcota —ncotB 
(ii) Substitute a =68 - BandB = 180° - (8 + C) in the 
above result, 
Simplify and obtain (m + n)cot® = ncot B—- mcotC. 


Note This is known as m-—n theorem. 
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@ Ex. 54. The base of a triangle is divided into three equal 
parts. Ift,,t,,t, be the tangents of the angles subtended by 
these parts at the opposite vertex, prove that : 


(242 Avi =4 iS 
4 l, fo f by 


Sol. Let the points P and Q divide the side BC in three equal 
parts 


Such that BP = PQ=QC =x 

Alsolet, ZBAP=a, ZPAQ=8, ZQAC =y 
and ZAQC =8 

From question, tana = t,, tanB =¢,, tany = f,. 
Applying, m:nrule in triangle ABC, we get 


(2x + x)cot6 =2xcot(a +B) — xcoty ...(i) 


From AAPC, we get 


(x+ x)cot8 = xcotB — xcoty (ii) 


B P Q Cc 


On dividing Eq. (i) and Eq. (ii), we get 
3  2cot(a +B) ~-coty 


2 cotB — coty 
4(cota -cotp — 1 
or 3cotBh—-coty = acotuiseatp =) 
. cotB + cota 


or 3cot’B — cotBcoty + 3cota-cotB — cota - coty 
= 4cota-cotB - 4 
or 4+ 4cot’B =cot’B + cota -coth + 


cotB -coty + coty -cota 


4(1 + cot?B) = (cotB + cota)(cotB + coty) 


Se eCees ae. 
441+—|=|—+—]—+— 
ty ws t,. ft, fy, 


Hence, the result. 


° 
= 


° 
” 


@ Ex. 55. ina AABC, ifcot A+cot B+cotC = 3. Prove 
that the triangle is equilateral. 
Sol. cotA + cotB + cotC = V3 


On squaring both sides, we get 
cot? A + cot? B + cot?C + 2cot A: cot B + 2cot B-cotC + 


2cotC-cotA =3 (i) 
Also, cot AcotB + cot BcotC + cotCcotA =1 ..-{ii) 


From Eas. (i) and Eqs. (ii), we have 
cot? A + cot?B + cot’C — cotAcot B— cotC cot B- 


cotC cotA =0 


1 
or 5 cot A — cot B)’ + (cot B— cotC)’ 


+(cotC — cotA)’}=0 
= cotA = cotB=cotC 
[Since RHS is zero, thus each square must be zero] 
=> Az=B=C 
i.e. the triangle is equilateral. 


@ Ex. 56. In the AABC, if(a’ +b”) sin(A — B) =(a’ -b’) 
sin(A + B). Prove that the triangle is either isosceles or right 
angled. 


Sol. Let : ieee Oey (say) 
sinA sinB~ sinC 
=> a= KsinA, b= KsinB 
and c = KsinC. 


Now, the given relation is, 
(a’ + b’)sin(A — B) =(a’ — b)sin(A - B) 
=> K*(sin? A + sin’ B)sin(A — B) 
. = K*(sin? A ~ sin’ B)sin(A + B) 
=  (sin’A +sin’ B)sin(A — B) =sin’?(A + B)-sin(A - 8) 
or _ sin(A — B) (sin? A + sin’ B -sin’C]=0 
Hence, either the first factor = 0; 
or the second factor = 0 
Ifsin(A - B)=0>A-B=0>A=B 
= __ triangle is isosceles. 
Ifsin’? A + sin’? B—sin?C =0 
a. 
=> nel eae 
Ke OK UK 
=> the triangle is right angled. 
Hence, the result. 


=0 or @t+b=e’ 


@ Ex. 57. The sides of a AABC are in AP. If the ZA and 
ZC are the greatest and smallest angles respectively, prove 
that 41 -cos A)(1—cosC) =cos A +cosC 


Sol. Since A is the greatest and C is the smallest angle, ‘a’ is 
the greatest and ‘c’ is the smallest side. 


= a, b,c are in AP. 
= 2b=atc. 
or 4Rsin B= 2R[sin A + sinC] 
or 2: asin 2. ee” aad ere cof A= <) 
2 2 a 
or asin = coo A Cc) “s BE 90-5] 
2 ) 2 2. 
or 20 At C) = 00 tee ae <) (i) 


Now, LHS = on — cos A)(1- - 
= 4-2sin’ A/2-2sin’C/2 
= 4(2sin A /2:-sinC / 2)’ 


4 


_ A-C cy , 
=4 cs ; ; [ [using Eq. (i)] 


A= A*C) - 4cos{A*5) 
2 


— COs 
AxC 
2 
Ae 
os —— 


2cos 


RHS 


At+C 
= cosA + cosC = 2cos -COS 


A+t+C 
2 


= 2cos 


At+C 
*cos = 
2 


4c 
[using Eq. (i)] 
Hence Proved. 


® Ex. 58. Perpendiculars are drawn from the angles A, B,C 
of an acute angled A on the opposite sides and produced to 
meet the circumscribing circle. If these produced parts be 
0,,B, y respectively, then show that 


& 1?" conan alata Betane) 
a p y 


Sof. Let AD be perpendicular from A on BC when AD is 
produced, it meets the circumscribing circle at E. 


From question, DE =a. 

Since, angles in the same segment are equal, 
ZAEB = ZACB= ZC 

- ZAEC = ZABC = ZB 

From the right angled triangle BDE, 


and 


tanC = mised (i) 
DE 


From the right angled triangle CDE, 


tan B= ol ...{ii) 
DE 
On adding Eqs. (i) and (ii), we get 
tan B + tanC = sien 
DE 
BC a “a 
o—_=— ...(iii) 
DE «@ 
Similarly, tanC + tanA = 3 ..{iv) 
and tanA + tanB=~— (v) 
Y 


On adding Eqs. (iii), (iv) and (v), we get 
£ MF eB adel + tan B + tanC) 
a Bp ¥ 
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@ Ex. 59. In any AABC, if 
a 
cos§ = ——, cos 6 = ——, cos y = 
b * a+b 
where 8, 6 and y lie between 0 and 1, prove that 
tan’ 2 +tan’ 9 +tan? 24 
2 2 
Sol. Given, cos9 = —2— 
b+ 
1- nee ‘ 
= —e 
1+ tan’ o bte 
2 
=> tan? 8 = b+c-a ...{i) 
2 atbt+e 
Similarly, tan’? = Bgl ah ».(ii) 
2 atbt+c 
and tan? = Geese .». (iii) 
2 atbtc 


On adding Eqs. (i), (ii) and (iii), we get 


Stan’ 24 tant¥ = 27°58 


2 2 atbte 
= sane atanee wotaneeeS 
2 2 2 


@ Ex. 60. The product of the sines of the-angles of a 
triangle is p and the product of their cosines is g. Show that 
the tangents of the angles are the roots of the equation; 

qx? — px’? +(1+q)x- p=0 
Sol. From the question, sin A -sin B-cosC = p 


and cos A-cosB-cosC = p 


= tan A-tanB-tanc = 2 ...(i) 
q 
Also, tanA + tanB + tanC = tan A-tan B- tanC 
=> nA HianbS tac = 
q 
tan A tan B + tan BtanC + tanCtanA 


(ii) 


Now, 


_ sin A-sin B-cosC + sin B-sinC-cos A + sinC-sin A-cos B 


cos A-cos B-cosC 


= Pian Asin BcosC +sin C(sin B-cos A + cos B-sin AsinC)] 
q 


= A{sin Asin BeosC +sinCsin(A + B)] 
q 


= J isin A-sin B-cosC +sin’C] 
q 
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SG ee eee 


[1 - cos’C + sin Asin BcosC} 


{1 + cosC{— cosC + sin Asin B}] 


[1+ cosC(cos(A + B) + sin Asin B)] 


...(iii) 


[1 + cos A cos BcosC]= ta +q] 
q 


The equation whose roots are tan A, tan B, tanC will be 
given by 
x’ —(tanA + tanB + tanC)x’ + (tanAtanB+ 
tan BtanC + tanC tan A)x 
—tan A-tan B-tanC =0 


or x —£x? +| — 


[using Eqs. (i), (ii) and (iii)} 
or qgx*—px’+(1+q)x—p=0 Hence Proved. 


@ Ex. 61. Given the base a’ of a triangle, the opposite 
angle A, and the product k’ of the other two sides, show that 


it is not possible for a’ to be less than 2k sin - 


Sol. Given, b-c =k’ 


z 2_ 2 
Now, cos A = i aa 
2bc 

. kK? 2 

or 2k? cosA = b? + @ -@ 
A 
c b 
) a Cc 


Since b’ is real, 
(a? + 2k’ cos A)’ — 4k* 20 
=> (a’ +2k’cosA + 2k’) 
(a’ + 2k’ cos A — 2k’) 20 
=>  (a’ +2k’-2cos’ A/2) 
(a’ — 2k? -2sin? A /2)20 
=> (a’ + 4k? - cos? A/2) 
(a’ — 4k*sin? A/2)20 
= @’ — 4k’sin’?’A/220 
(as, a* + 4k’ cos’ A/2 is always positive] 
=> (a+ 2ksin A /2)(a — 2ksinA/2)20 
=> as-—2ksin A /2 
or a2 2ksinA/2 
But ‘a’ must be positive. 


[since, 2k sin(A /2) is real] 


=> aS — 2ksin A/2 is rejected 
Hence, a 2 2k sin A/2 
i.e. for the triangle to exist, 

a2 2ksin A/2 


@ Ex. 62. Ina AABC, having sides a, b,c if C = 60°, prove 
that 
1 1 3 
+ —- = —— 
b+ce atbte 


atc 


On adding 2ab both sides, 

: 3ab=a’° +b? + 2ab—c’ 

=> 3ab=(a+b)y-c’ 

=> . 3ab=(a+b+c)(at+b-c) (i) 
1. a+b+2c 


+ — 
b+c abt+clatbt+c) 


Now, 


atc 
On multiplying numerator and denominator by 3, 
a+ b+ 2c) 
3ab + 3c(a+b+c) 
Xa+b+2c) 
(at+b+c)\(atb—c)+3c(at+bt+c) 
[using Eq. (i) for 3ab] 


Xa+ b+ 2c) 
(at b+c)a+tb +2) 
. 8 
 (at+b+c) 

1 ee: 
b+e (atb+c) 


atc 


@ Ex. 63. Leti<m<3.InaAABC, if 2b =(m+1)a and 
ue ETS m—-1)(m +3) 
zZ 


the third side, one ee which is m times the other. 
Sol. From the formula for cos A, 
we can write 2becos A = b’ +c? -—@’ 


cosA = , prove that there are two values to 


but b-(***) | 
(m + 1)accos A -{eur - ie +c? 


. | (ma thas 5a 


mn le +¢? ...(i) 
4 
But from the given values of cos A, 
we can write 
(m — 1)(m +3) 
4 


= mcos’A, 


. Eq. (i) gives as 
(m + 1)accos A = ma’ cos’ A +c’ 
or mac cos A —c’ = ma’ cos’ A ~ accosA 
(macos A ~ c) = acos A(macos A — c) 
(c — acos A)(c — macos A) =0 
This implies ‘c’ has two values; 


acos A and macos A, and the latter is m times the former. 
Hence proved 


© Ex. 64. In any AABC, if D be any points of the base BC, 
such that =” and ZBAD =a, ZDAC =B, ZCDA =8 
n 


| and AD = x then prove that 
| (m+n)? +x? =(m+n)(mb? + nc?) —mna’? 
Sol. In AADC, 
AD’ + DC? —-2AD-DC-cos6 = AC? 


| : 
| ie. x? + a) - 2a he } cose =p’ aut) 
| Lm+n, Lm+n 
A 
<> 
nalm+n 
B D Cc 
In AABD, AD’ + BD? ~2AD-BD-cos(m — 6) = AB’ 
, ; ma ) 
i.e. x + 
m+n, 
- 24 ae }- cose =¢’ ...(ii) 
m+n; 
On adding m times Eq. (i) and n times Eq. (ii), we get 
2, mna@’ 2 2 
(m + n)x* + = mb’ + nc 
mtn 
=> (m+n).x? =(m+n) 


(mb? + nc”) — mna? © 


®@ Ex. 65. ABCD is a trapezium such that AB, DC are paral- 
lel and BC is perpendicular to them. If ZADB =8, BC = p 
and CD = q, show that 
2 2 . 
‘Atm (p’ +q°)sinO 
pcos8 +qsin@ 
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Sol. Let ZBDC =a, then ZDAB = 180° — (6 +a) 
applying sine formula to AABD, we get 


BD 
sin(68 + a) 


AB _ [p> +q? 


sin8 


sin® cosa + cosOsina 
but in ABCD, 


sin8 


sina = i. and cosa = == 
Vp'+q Vp +q?, 

AB (p’ + q’)sin® 
qsin® + pcos® 


Hence proved. 


@ Ex. 66. Prove that in AABC, 


A B C 
2 cot — +cot — +cot — 
(a+b+c) i 2 2 2 
a’ +b’ +c’ cot A +cot B +cotC 
Sol. LHS (denominator) = a’ + b’ +c’ 
=[(b’ +c? — a’) +(c? +a’ — b’) +(a’ +b? -c’)] 
= [2be cos A + 2cacos B + 2abcosC] 


=i cosA  cosB r cosC 
a b c 
but, _a = 2 = es = K 
sinA sinB sinC 
.. Denominator (on LHS) 
7 Dae ati + cot B + cotC] ..(i) 
K 


LHS (numerator) = (a + b +c)’ 
= K*(sinA +sinB+sinC/ 


= 16K’ cos cos* > cos" using tsinA = sTcos = 


On multiplying and dividing by 2K’ sin Asin BsinC, we get 


ie eget esses Beast 
= (2K’ sin Asin BsinC) = — 424 
2K sinA:sinB-sinC 

sitet eins 
2 v4 


® 
= (2900) 
oual ay aa AY. B PY an’ °) 
sin — cos — # sin— cos — || sin — cos — 
2° 2h 2° UC OR 2 8 
= 2abe | coneeweieweat Ss ..{ii) 
Ki 2° 2°32 
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Since A, B,C are angles of a triangle, 
A B Cc A B Cc ited 
cot —-cot —-cot— = cot— + cot— + cot— __...(iii) 
2 2 2 2 2 2 
From Eqs. (ii) and (iii) 
Numerator (on LHS) = — [Zcot A /2] ...{iv) 
On dividing Eq. (iv) by Eq. (i), we get 


cot A/2 + cot B/2 + cotC/2 
cotA + cotB + cotC 


(atb+c/) 
(a? +b? +c?) 


@ Ex. 67. If the sides of a triangle are in AP, and its great- 
est angle exceeds the least angle bya, show that the sides 

: : 1—cosa@ 
are in the ratiol + x:1:1— x, where x =|. 
7—cosa 


Sol. Let AABC be the given A in which A is the greatest and 
C is the least angle. 
Then, according to the hypothesis 


A-C=a ..-(i) 
But A+tC=n-B ..(ii) 
..From Eq. (i) and Eq. (ii), we get 
mn a-B 
=—+ 
2 2 
and pwkn 22 ii) 
2 2 
Again by hypothesis, 
at+c=2b 
Bs sin A + sinC = 2sin B 
(A2") (4=*) _ BB 
= 2sin cos = 4sin—-cos— 

2 2 Z 2 
fA+C_ 1m B 
ee OA 

=> 200s cos ~£) = asin -cos 2 
=> cos) = 2sin— [using Eq. (i)] 


7-—cosa 
2 


| 
V4 —cos’a /2 =\! -(Hest) = 


2 


But [using Eq. (iii)] 


_ cosa /2: cos B/2 + sina /2+sin B/2 
~ cosat/2- cos B/2 — sina. /2- sin B/2 
On dividing numerator and denominator by coso. /2.cos B/2 
git tana /2. tan B/2 
1— tana /2. tan B/2 


Write tana /2: tan B/2 from figure; ° 
2sin’ 1— cosa 
se sin’ a /2 ie cos 
” 7-cosa _ 7—cosa _1+x 
. 2sin’ a /2 ; 1-cosa 1-x 
7 — cosa 7 — cosa 
: 1— cosa 
evens | 
7 — cosa 
+ 
ge og ed 
ie: Te 2 
a _b_c¢ 
1+x 1 I1-x 


Thus, the sides are in the ratio1 + x:1:1-~x. 


© Ex. 68. Ina AABC, if tan A/2, tan B/2, tanC/2 are in 
AP. Show that cos A,cos B, cosC are in AP. 
So/. Given tan A/2, tan B/2, tanC/2 are in AP. 
“. tan A/2 — tan B/2 = tan B/2 — tanC/2 
sinA/2 _ _ sinc /2 
cosA/2 cosB/2 _ cosB/2 cosC/2 
sin A/2-cos B/2 — sin B/2-cos A/2 
cos A/2-cos B/2 
_ sin B/2-cosC/2 — sinC/2-cos B/2 
iJ cos B/2-cosC/2 


2 ; 
cos — cos — 
2 2 
but cee = sin Zre 
2 2 
and cose = sin A ; *) ..{ii) 


2 
=} Pes 
-sin 2 


oF B= ? 
= sin ; [from Eqs. (i) and (ii)] 
= cos B- cos A = cosC — cos B 
Hence, cos A, cos B, cosC are in AP. 


1B 


© Ex. 69. Ifa, b,c are in HP, then prove that sin? “ sin r 


sin’ “ are also in HP. 


2 1 
Sof. Given that — = — + Ls 
bae 
ie: 2ac = Ka+c) 


we want to prove 


ab 


bc 
+ —_—___—_. 
(s — a)(s — b) 


(s-aXs—c) (s—b\(s—c) 


((s—b(s—c) .B 


\e ~a)(s—c) 
be 


‘ _A 
using sat = 


and aioe |(s-a)(s-b) 
a | ab 


Consider LHS 


(s-a)(s—c) (s-a)(s-c) [using Eq. (i)] 


_ Uatcls~b) _ b[s(a+c)- Ka+c)] 

~(s—a)(s—b)(s—c) (s—a)(s—b)(s—c) 
_  b(sa + sc — 2ac) : ; 
" @-46-DG—0) bis -0) [using Eq. (i)] 

_ b(sa—ac + sc — ac) 

~ (s-a)(s— bs —c) 

~ D{als -c)+0¢{s -a)] 


(s — a)(s - b)(s—c) 
be 


ab ae Se 
s—b)(s-c) 


= ——____~ + 
(s-a)(s—b) ( 


® Ex. 70. Ifr,,r,,r, are the ex-radii of AABC, then prove 


that 
b \ \ 
meee ab 9p a,b), Pg (488 
h te io ay \e | Ka cy 
Sok Wekinw, ge eg oS fw 
$s-a s—b s-c 
LHs = £7 = ps4) 
r, A 
Epa a 3(bc)a] 
otal abe. ‘$ —3abc |= ade E - sabe | 
Al a ‘| AL 


=n [ot na 
A a A 
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c\) fc 


Par = + 
b) \a 


Bh lee 


a} Xe 


=od (2 


iti 


aa 


Hence proved. 


@ Ex. 71. Ifr and R are radii of the incircle and 
circum-circle of AABC, then prove that : 
8rR{cos’ A/2 +cos’ B/2 +cos’ C/2} 


= 2bc + 2ca + 2ab — a’ —b? -c’. 


Sol. LHS =8 (= } {SE eens /2} 
s 4A 


= Ly ee A/2)= abe 54 + cos A) 
s s 


abe {  b? +c? -@’ 
=e + ————____—_. 


\ 
1 i 
s 1 2b) 
_ abe 2beo +b? +c? - a’ 
s 2bc 
= (abc) (a +b+c)(b+c-a) 
s 2bc 


Jase breh el 
s | 2bc 


— (abc) “e=8) where atb+c=2s 
s \ 2be 


= Lab +c -— a)= Lab + bc - a’) 
= 2be + 2ca + 2ab—a* — b*? —c’. 
*. 8rR{cos’ A/2 + cos’ B/2 + cos’ C/2} 
= 2be + 2ab + 2ca — a® — b? — c” 


@ Ex. 72. Prove that 
ro tr, tr) tr? =16R’ -a’ -b? -c’. 
where r = in-radius, R = circumradius, r,,r,,r, are ex-radii. 
Sol. LHS =r +r2+r+r3 
= 16R’sin’ A/2:sin’ B/2sin? C/2 + 
16R’ sin? A/2-cos’ B/2-cos*C/2 


+ 16R’ cos’ A/ 2sin’ B/2.cos? C/2 + 16R* cos’ A/2 
-cos’ B/2:sin?C/2 
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= 16R’ sin’ A/2 [sin’ B/2-sin? C/2 + cos’ B/2-cos’* C/2] 


+ 16R’ cos’ A/2 [sin? B/2-cos’?C/2 + cos’ B/2:sin’ C/2] 


= 4R’sin’ A/2 [(2sin’ B/2)(2sin’ C/2) + 


(2cos’ B/2)(2cos? C/2)] 


+ 4R’ cos’ A/2 [(2sin’ B/2)(2cos*C /2) + 
(2cos’ B/2)(2cos* C/2)} 
= 4R’sin’ A/2[(1 - cos B)(1 — cosC) + (1 + cos B) 


(1+ cosC)]+ 4R’ cos’ A/2 [(1 — cos B)(1 + cosC) 
+(1 + cos B)(1 — cosC)] 


= 4R’sin? A/2 [2 + 2cos BcosC]+ 4R’ cos’ A/2 


[2 —2cos BcosC] 


= 8R* + 8R’ cos Bcos C(sin’ A/2 - cos’ A/2) 

= 8R’ — 8R’ cos A.cos BcosC 

= 8R’ + 4R’ [cos(A + B) + cos(A — B)]- cos(A + B) 
= 8R? + 4R’ [cos’C + cos’ A — sin’ B] 

= 8R* + 4R’ [1-sin?C +1-sin’ A —sin’ B] 

= 16R? — 4R’sin’? A — 4R’sin’ B— 4R’sin’?C 

= 16R’? - a’ — b® -c*? =RHS 


© Ex. 73. Tangents are parallel to the three sides are drawn 


to the in-circle. If x,y, z are the lengths of the parts of the 
tangents with in the triangle, then prove that ~ - al 
a c 

Sol. Let PQ = x, PQ parallel to BC. 
SR = y, SR parallel to AC. 
TU =z, TU parallel to AB. 
Let I be the in-centre of the AABC. 
Consider AAPQ, 


x AQ _ AP 


By sine rule, =—=- 
sinA sinB sinC 
AQ = sin B aby 
sin A a 
sinC c 
= =-Xx 
sinA a 


Also ‘r’ will be ex-radius of AAPQ. 


+ 


= (a+bte) nA= * tan A/2. 
a 


Similarly in ABRS, 
c a sv 
BR=-—y; BS = —y andr = — tan B/2 
pe b 


c oC sy 
-BR+BSt+ty=-yt-yty=— 
y red b> y rif 
F re b x. ¢ 
and in ACTU, CT =—-z,CU =—z andr sea’ 
¢ c c 


We also know that, 
r=(s —a)tan A/2 =(s — b)tan B/2 
=(s—c)tanC/2 


* tan A/2=(s —a)tan A/2 = Mes a 
a a 
* tanB/2=(s—b)tanB/2 = ~=s-b 
b b 
*tanC/2=(s—c)tanC /2 = Mas-c 
c c 


On adding {2+2+2)-26-(arb+eyas 
a c 


(E+242)-1 
a bee 


@ Ex. 74. Ina AABC, ifcos A + 2cos B +cosC = 2. Prove 


that the sides of the triangle are in AP. 
Sol. cos A + 2cos B+ cosC =2 


or cos A + cosC = X1— cos B) 

= 2004 $*°) cog * -C) = 4sin’ B/2 
or 2 | 

=> co = 2sin = 


A Cc fae. eee © A e 
=> cos —-cos — + sin—:-sin— = 2cos —:-cos— 
2 2 2 2 2 2 


aa. ame 
— 2sin—‘sin— 
2 2 
=> seteeee =3 
2 2 


- | s(s — a) 1] s(s — ¢) =3 
\(s—b)(s—c) \(s —a)(s—d) 


S 


=> =3 => s=3s-3b = 25=3b 
(s — b) 

=> atc=2b 

. a,b,c are in AP. 


® Ex. 75. In a cyclic quadrilateral ABCD, prove that 
tan’ _— (s—a)(s—~ 6) a,b,c andd being the lengths of 
2 (s—c)(s—d) : ; 
sides AB, BC, CD and DA respectively and s is semi-perime- 
ter of quadrilateral. 
Sol. From AABC, we get 
AC’ =a’ + b’ + 2abcosB ..(i) 
and from AADC, ) 
Wehave, AC’ =c’ +d’ +2cdcosD 
=’? +d’ + 2cdcos(180° — B) 
=> AC’ =c’ +d’ - 2cdcosB 
From Eq. (i) and Eq. (ii) 
a’ +b? -¢?-d’ 


..(ii) 


cosB= 
ab + cd) 
D 
Le 
A 
2B_1-cosB 


Now since, tan” — 
2 1+cosB 


2B _ Aab+cd)-(a’ +b’ —c’ —d’) 
2 Aab+cd)+(a? +b —c? —d’) 
_(c+d)’ -(a-b) 
~ (at bf =(c —d) 
_(c+d+a-b)(ct+d-—a+b) 
(atb-c+d)at+b+c—d) 
(2s — 2b)(2s - 2a) _ (s — a)(s — b) 
(2s - 2c)(2s-2d) (s—d)(s—c) 
[sinceat+ b+c +d =2s] 


1B _(s-a)(s-b) 
2 (s—d)(s—c) 


© Ex. 76. if x,y, z are the distances of the vertices of the 


AABC respectively from the orthocentre, then show that 
ab 
+—+ 


Sol. Let H be the orthocentre. Then, 
ZBHC = 180° — ZHBC — ZHCB 
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= 180° — (90° — C) — (90° — B) 
=B+C=n-A 


So, ar(A HBC) = | BH ‘CH -sin ZBHC 


= _ye-sin(n ial syesin A i 
A 
B Cc 
Similarly, 
ar (ACHA) = saxsin B ii) 
ar (AAHB) = saysinc ..-(iii) 


“. (AABC) = wyzsin A + sexsi Bt = xysinC 
[from Eqs. (i), (ii) and (iii)] 


1 [sinA , sinB | sinC| 
=— F + —_—_ + 
2 x y z [ 
whine We eo) (iv) 
2 2R| x y 2 
sowolatew: Reta. _ abe 
4A 4R 


. Eq. (iv) reduces to; 


4 aR\x y =z 
a b_c_ abe 
=> —+-—+—- = — 
x yy 2 XYZ 


@ Ex. 77. In the AABC, a similar AA’ B’ C’ is inscribed so 
that B’C’ =)BC. If B’ C’ is inclined at an angle ® with BC, 


then prove that Acos® = 


Sol. A ABC and AA’ B’C’ are similar, 


where ZB’ A’C’ = ZBAC=A 
ZA'B’C’=Z ABC =B 
ZB’C’ A’ = ABCA =C 

In AAC’ B’, ZAB’C’ =8+C 
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So, using sine law on AAC’ B’, 
AC’ _ BC’ 
sin(6 + C) ~ sin A 
AC’ XBC da 
sin(@+C) sinA sinA 
In ABA’C’, ZBA’C’=ZA'C’B-ZA‘'OC’=C -8 
BC’ A’C’ 


So, ——_—— = 
sin(C -8)  sinB 
BC _ AAC _ Ab = OAR 
sin(C -98) sinB sinB 
BC AC ‘ 


= —— =) from similar A 
_ BC AC 


Thus we get, AC’ = 2ARsin(8 + C) 
and BC’ = 2ARsin(C - 8) 
C = AB= AC’+ BC’ =2AR {sin(C +8) +sin(C —6)} 
= 2AR-2sinC -cos8 


cos§ = ———— = ——: —— = ——--:2R= 
. 4ARsinC 4AR sinC 4AR 2A 


Acos8 = - 
2 


@ Ex. 78. The circle inscribed in the triangle ABC touches 
the side BC, CA and AB in the point A,, B, and C, respec- 
tively. Similarly the circle inscribed in the AA,B,C, touches 
the sides in A,, B,,C, respectively and so on. If A,B,C, be 
the nth A so formed, prove that its angle are 


M _¢yy--{ 4-2) ®_(2)-*{ p-™) and -(2)" 
372) C aE (2) [8 + and (2) 


(c = =I Hence prove that the triangle so formed is ulti- 


\ 


mately equilateral. 


Sol. Let I be incentre of the in-circle, ZB A,C, = 3 ~ A) 


Hence, the triangle will be equilateral. 


@ Ex. 79. ina AABC, prove that : 
acotA + bcotB+ ccotC s 
rar Ca 


ars 


Sol, re 4Rsin—-sin= sin — 


= R[cos A + cos B + cosC — 1] 


= 2r + 2R=2R[cosA + cos B + cosC} 
= acotA + bcotB+ccotC =2r+2R22r + 4r 
= or < acotA + bcotB+ccotC . 
3 
2R 
= Pe + cos B + cosC) 
<2p3 
3 2 og 
- jue acotA + bcot B+ cotC <R 


3 


@ Ex. 80. If A, B andC are angles of a triangle, then prove 


<4) [457 
cos | —— 
Bi he 2 hy, 


(7=*) 
cos cos 
iit ei pO a ee 
(P26) (C+A A+B 
cos| ——— 
2 2 
Sol. Here, A+B+C=n , 
(2=*) (f=4) (A>?) 
ei! , cos 3 cos 
= SSS SSS 
(FES (+4) 
cos cos cos 
2 2 2 
(2=*) (4) ( = 
cos cos cos 
y 2 2 
A 


Pees eel 


LLL LLL eran eee SS a we eww 


2cos oy =<) 2eos 2 e0s(&=4) 
ie go \ 2 
sinA sin B 
We & (454) 
2sin — cos 
2 2 
+ ————$—_—_____.._—. 
sinC 
in 2£°) (A=) in( 4°) (<4) 
2sin cos | ——— 2sin cos 
2 2 2 
= - —— 
sinA sin B 
2sin (4 ui BN os (4>*) 
2 J 2 
SS 
sinC 


-(eatene, [seSesnd) (snag 
sinC 

(2. me (sinc, sinB) | (sinA a 

sinA sin B ) \sin B * ane) if rd sin A 


sinA sin B 


as A, B, C are angles of triangle 

=> 0<A,BC<t 

=> sin A, sin B, sinC >0 F 

> E22+2+2 [asx+2aaite>o] 
x =! 

=> E26 


@ Ex. 81. If A is the area of a A with side lengths a, b,c then 
show that A< - (a +b+c)abc. Also, show that equality 


occurs in the above inequality if and only ifa=b=c. 
Sol. We know, A= ys(s — a)(s — b)(s —c) 
= [b+ e- aye +a- Hath) 


Since, sum of two sides is always greater than third side. 
b+c-acta-—b, 
at+b-c>0. 
=> (s —a)(s — b)(s—c)>0 
let(s -a)=x,(s—b)=y,(s-—c)=z 
Now, x+y=2-a—-b=c,y+z=a 
and z+x=b 
Since, AM 2 GM, then afxy Sx ty =o; 


dlyz Sy +z=a2vex Szt+x=b 
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8xyz S abc 
= * (s-aXs—be-0)s +(abe) 


*: s=aG~de-o< = sabe) < mG +b +c)(abc) 


=> As 7 abo(a + b +c) and equality holds if 
x=y=z=>a=b=c 


Aliter RHS= ~vabe(a +b+c) 


A 
co coe 4 
ar | A.B,C 
ak wee 
Consider, sin £ ‘sin 2 -sin & 
2 2 2 
1 (A=) ([A*4) [A+*) 
=-| cos — cos - COS 
2 2 2 2 


1] 1 (4) [2 (4-4) 
=-| —cos | ——|-4: x —-cos , 
2| 4 2 i a ee 


a ney. 
i: ae eee 
8sin —.sin —.sin — 

2 2 2 


Thus, from Eqs. (i) and (ii); As “VG +b+c)abc 


and equality holds, x = scor{ 4 ; *) 


=> A= Bandcod 4*7) 5 
= sin—=- => C=60° 
A=B=60° 


Thus, the equality holds of triangle is equilateral. 


Properties and Solutions of Triangles Exercise 1: 
~ Single Option Correct Type Questions 


1. In the adjoining figure, the circle meets the sides of an 8. Two medians drawn from the acute angles of a right 


equilateral triangle at six points. 


and hyotenuse AC = 5. If D is a point on BC such that 


angled triangle intersect at an angle “ If the length of 


A 
HAG the hypotenuse of the triangle is 3 units, then the area of 
the triangle (in sq units) is VK, then K is 
<a 
(a) 3 (b) = (c) V3 (d) None of these 
J F 
B C 9. If in a right angle AABC, 4sin A cos B-1=Oand tanA 
D=—“E ; : 
is finite, then 
” = = = les are in AP (b) angles are in GP 
If AG = 2, GF = 13, FC =1and Hd =7, then DE equals to to) angles are 
(a)2 Jan (b)7 B (c) anglesiate in HP (d) None of these 
(c) 9 (d) 10 abe 
= - 
| Ina AABC, ifa=13,b=14ande=15,then ZA isequal 19 LetA=/p gq rjand B=A 
to (All symbols used have their usual meaning in a j2o11 
iglaer? : , ‘ If(a—b)? +(p—q)? =25,(b—c)? +(q—r)? =36and 
(a) sin (b) sin (c) sin” (d) sin” (c~ a)? +(r— p)* =49, then det Bis 
192 
. Ina AABC, if b= (V3 —1)aand ZC =30, then the value ee ee 
f(A—B)i al to (All symbol dh al 
ae vas nes i ecient aided 11. If in a AABC, the incircle passing through the point of 
° P é intersection of perpendicular bisector of sides BC, AB, 
(a) 30 (b) 45 A B.C 
(c) 60° (d) 75° then 4sin — sin — sin — equals to 
2 2 2 
. Ina AABC, if ZC =105°, ZB = 45° and length of side (a) V2 (b) V2 -1 
AC = 2 units, then the length of the side AB is equal to 1 
(a) v2 ov ane ar 
(c) v2 +4 (a) V3 +1 12, If two sides of a triangle are roots of the equation 
. If Pis a point on the altitude AD of the AABC such that x? —7x +8=Oand the angle between these sides is 60°, 
ZCBP = = then AP is equal to then the product of in-radius and circum-radius of the 
3 triangle is 
C a. 8 5 
2asin — b) 25 sin— = = 
(a) 2asin : (b) 2b sin ; (a) = (b) = 
B .€ 
(c) 2c sin— (d) 2c sin— (c) sv2 (d) 8 
3 3 3 
pin ABC 70 =a helped Gian, tienisin Bequels 13. If median AD of a triangle ABC makes angle © with side 
[Note All symbols used have usual meaning in AABC.] , 6 
V7 V5 7 as BC, then the value of (cot B—- cot C)” is equal to 
@~Z wm © @~ 
5 8 4 3 (a) 6 (b) 9 
12 
. Let ABC be a right triangle with length of side AB =3 (c) ys 
14. If the perimeter of the triangle formed by foot of 


BD AB altitudes of the AABC is equal to four times the 
DC re AC’ then AD is equal to circumradius of AABC, then AABC is 
i ilateral triangle 
4v3 3/5 4/5 54/3 (a) isosceles triangle (b) equi g 
(a) = (b) cs (c) ae (d) ae (c) right angled triangle  (d) None of these 


15. In a triangle with one angle > the lengths of the sides 


form an A.P. If the length of the greatest side is 7 cm, the 


radius of the circumcircle of the triangle is 


(a) ws cm (b) ao cm 2V3 (d) V3 cm 


em 


16. Sides of a triangle ABC are in AP. If a< min {b,c}, then 


cos A may be equal to 


“s 3c — 4b 
(a) sins 


2c 
() me - (d) 4c — 3b 


2b 2c 


(b) 


17, The product of the sines of the angles of a triangle is p 
and the product of their cosines is g. Then, the tangents 
of the angles are the roots of the equation 
(a) gx° - px? + (1+ q)x-p=0 
(b) qx’ — px’ -(1-q)x - p=0 
(c) qx” — px? + (1+ q)x+ p=0 
(d) None of the above 


18. Let C be incircle of AABC. If the tangents of lengths 
t,,t, andt, are drawn inside the given triangle aa 


t t 
to sides a, b and c, respectively, then Wa - +3i 
0 
equal to 
(a) 0 (b) 1 (c) 2 (d) 3 


19. If the sine of the angles of AABC satisfy the equation 
ex? -c7(atbt+c)x? +ix+m=0 
(where a, b,c are the sides of AABC), then AABC is 
(a) always right angled for any i, m 
(b) right angled only when 
| =c(ab + be + ca)=c Lab, m=-abc 


(c) right angled only when 


cab abe 
|[=——, m= - — 
4 8 


(d) never right angled 
20. In a triangle ABC, medians AD and CE are drawn. If 
AD =5, ZDAC = - and ZACE = ; the area of the 


triangle is 

50 25 25 25 

ay feted eS Ac 
(a) ; (b) ; (c) ; (d) 7 

21. Ina triangle ABC, a> b>c. If 
ee ee) 

ee AA = & then the maximum value ofa 
sin? A+sin? B+sin°C 
is 


(a) ; (b) 2 (c) 8 (d) 64 
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22. 


23. 


24. 


25. 


26. 


257 


A triangle ABC exists such that 
(a)(b +c + a)(b + ¢c—a) =5be 
(b) the sides are of lengths sf 19, 38, J116 


b? -¢? c? — a? a’ —b? 
0% (55 }+( 2 |= 


(d) cos = = <} =(sinB + sinC) cox * ef) 


) 


If a AABC, a, b, A are given and b,, b, are two values of 
the third sides b such that b, = 2b,. Then, sin A is equal to 


9a? ~¢? pace =e" 
(a) | = (b) 
ga* —c" d th 
Ni 
() ai (d) None of these 
u 
In a triangle ABC, if cot A =(x? +x? 4+x)?, 


1 “1 
cot B=(x +x) +1)? andcotC =(x +x +x7')?, 
then the triangle is 
(a) equilateral 

(c) right angled 


(b) isosceles 
(d) obtuse angled 


In a AABC, a, b, A are given and c,,c, are two values of 
the third side c. The sum of the areas two triangles with 
sides a, b,c, anda, b,c, is 

(a) = b?sin2A 


(b) a'sin2A 

(c) b’sin2A - 

(d) None of these 

In AABC, if a=10 and bcot B+ ccotC =Ar + R), then 
the maximum area of AABC will be 

(a) 50 (b) V50 

(c) 25 (d) 5 


27. Three circles touch one-another externally. The tangents 


28. 


at their point of contact meet at a point whose distance 
from a point contact is 4. Then, the ratio of the product 
of the radii to the sum of the radii of circles is 

(a) 16:1 (b) 1: 16 

(c) 8:1 (d) None of these 

Let a, b,c be the sides of a triangle. No two of them are 


equal and A € R If the roots of the equation 
x? +AX%a+b+c)x +3A(ab + be + ca) =Oare real distinct, 
then 


@A<= ee 
3 
/1 2 3) 
(dels? ares : 
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29. In triangle ABC, if P,Q, R divides sides BC, AC and AB, 


respectively, in the ratio k:1(in order). If the ratio 
area APQR _ 


is . then k is equal to 


_ area AABC , 
1 
(a) 3 (b) 2 
(c) 3 (d) None of these 


30. Let f(x + y) = f(x): f(y) for all x and y and f(1) = 2 If in 


a triangle ABC, a= f(3), b= f(1) + f(3),¢ = f(2) + f(3) 
(a)C (b) 2C 
(c) 3C (d) 4C 


31. Let a, b,c be given positive numbers, then values of x, y 


and z € R* which satisfies equations x + y+z=atbt+c 


and 4xyz =-(a*x + b’y +c*z) = abc are respectively. 


b+e atc atb abe 
(a) . a ea Oo >5 
Gon we eee (d) None of these 


2 2 2 


32. If ‘t,’, ‘t.’ and ‘t,’ are the lengths of the tangents drawn 


from centre of x-circle to the circumcircle of the AABC, 


then ae aqualte 
22 2 42 
1 2 3 
abc atb+t+c 
(a) (b) ————_ 
atbt+ec abc 
at+bt+c 2abe 
— d 
(c) 2abc hace 


33, In triangle ABC, ZA > TAA, and AA, are the median 


and altitude, espectively. If ZBAA, = ZA,AA, 
= ZA,AC, then sin? <-c0s : is equal to 


3a° 3a° 

a ————— 

(a) 16b’c ©) 64b7c 
3a” 3a? 
— d 

(©) 4b’c ( ) sant 


34, In an ambiguous case of solving a triangle when a= V5, 


b=2ZA= : and the two possible values of third side 


are c, andc,, then 
(a) |, - ¢,| = 2V6 
(c)|q —c| =4 


(b) |e, — ¢,| = 4V6 
(d) |e, - cp] =6 


35. If R, is the circumradius of the pedal triangle of a given 


triangle and R, is the circumradius of the pedal triangle 
of the pedal triangle formed, and so on Rg, R,..., then 


the value of BY R,, where R (circumradius) of AABC is 5 


fi=1 
is 


(a) 8 (b) 10 (c) 12 (d) 15 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


If in a triangle | 1— at - | = 2, then the triangle is 
ee, 


(a) right angled 
(c) equilateral 


(b) isosceles 
(d) None of these 


If the median AD of a triangle ABC makes an angle 8 
with side AB, then sin(A — 8) is equal to 


(a) © it ) (b) © sin® 
c b 
(c) 50088 (d) None of these 


In a AABC, angles A, B,C are in AP, then 


43- 4sin AsinC ; 


m is 

AC |A-C| 

(a) 1 (b) 2 

(c) 3 (d) 4 

In a triangle ABC, (a+ b+c)(b+c —-a)=Abc if 
(a)A <0 (b)A>6 

(c)O<A<4 (d)A>4 


In the triangle ABC, if (a? + b?)sin(A — B) 


=(a’ — b”)sin(A + B), then the triangle is 
(a) either isosceles or right angled 
(b) only right angled 
(c) only isosceles triangle 
(d) None of the above 
In a AABC, sides a, b,c are in AP and 
2 2 . 
—— +——_- + eg Bie , then the maximum value of 
Tor St7l. StS! 2b)! 
tan A tan Bis equal to 
1 1 
(a) 5 (b) : 


1 1 
- (c) PA (d) - 


If a, b,c be the sides of a triangle ABC and if roots of the 
equation ab —c)x’ + Wc — a)x + c(a— b) = Oare equal, 


then sin” (4} sin? (=| sin? (<) are in 
2 2 2 } 


(a) AP (b) GP 
(c) HP (d) AGP 
The ratio of the area of a regular polygon of n sides 


inscribed in a circle to that of the polygon of same 
number of sides circumscribing the same circle is 3 : 4. 
Then, the value of n is 


(a) 6 (b) 4 
(c) 8 (d) 12 
ra) 7 ‘ 
In any AABC, NATAL is always greater 
sin A 
than 
(a) 9 (b) 3 
(c) 27 (d) None of these 
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45, If the incircle of the triangle ABC, passes through it’s 54, If ina triangle ABC, a=5, b= 4 and cos(A — B)= a1 
circumcentre, then the cos A + cos B + cos C is 32 
(a) -2 (b) V2 then the third side c is equal to 
(c) -v2 (d) None of these (a) 3 (b) 6 
(c) 7 (d) 9 


46. The perimeter of a triangle is 6 times the arithmetic ” 
mean of the sines of its angles. If the sideais1,then Ais 55, In AABC, if AB=x,BC=x+1,ZC= a then the least 
equal to 


(a) 30° (b) 60° (c) 90° (d) 120° integer value of x is 
% ‘ | , (a) 6 (b)7 
. If there are only two linear functions f and g which map (c) 8 (d) None of these 


[1, 2] on [4, 6] and in a AABC, c = f(1) + g(1) and ais the 


56. Three circular coins each of radii ‘1 cm are kept in an 
maximum value of r”, where r is the distance of a P 


equilateral triangle so that all the three coins touch each 


variable point on the curve x’ + y” — xy = 10 from the other and also the sides of the triangle. Area of the 

origin, then sin A: sin C is triangle is 

(a) 1:2 (b) 2:1 é 1 2 

(c)1:1 (d) None of these Net 2V3) = (b) qe ? 7V3) _ 
48. A circle is inscribed in an equilateral triangle of side a. (c) 148 + 7V3) cm? (d) (6 + 4¥3) cm? 

The area of any square inscribed in this circle is 7 

(a) a? (b) a” (c) a’ (d) a* 57. The sides of a triangle are in AP. If the angles A andC 

4 3 6 are the greatest and smallest angle respectively, then 
49, In any triangle ABC, if sin A, sin B, sin C are in AP, then 4(1 — cos A)(1— — C)is equal to 
B. (a) cos A — cosC (b) cos AcosC 
the maximum value of tan 2 IS (c) cosA + cosC (d) cosC — cosA , “ “ae 
58. If in AABC, c(a + b) cos ~ B= * C, the triangl 
ah cca ee . If in , c(a + b)cos Ka+c)cos-—C, the triangle 
1 is 
«. (d) None of these (ayisbscelbe 
aan 5 (b) equilateral 
50. In a AABC, 2cos A = ——— and 2" # is a solution of (c) right angled but not isosceles 
; an (d) right angled and isosceles 
equation x“ —9x +8=0, then AABC is Te : 
(a) eeutiaeeal (b) i , 59. In a triangle, the line joining the circumcentre to the 
ae eons incentre is parallel to BC, then cos B + cos C is equal to 

(c) scalene _ (d) right angled 5 
51. A triangle is inscribed in a circle. The vertices of the (a) 2 1 

triangle divide the circle into three arcs of length 3, 4 () 3 (d) 1 

and 5 unit, then the area of the triangle is equal to 4 2 

(a) Sunil £5) squnit _(b) (3-1) sq unit 60. In the given figure, AB is the diameter of the circle, 

B ‘i B 5 i centered at O. If ZCOA = 60°, AB=2r, AC = d and 
(c) SS squnit (d) — sq unit CD =I, then | is equal to 
T 7 B 


D 
52. If a, band c are the sides of a triangle such that b-c = A?, 


then the relation in aA and A is 
(ajc > Zio <) (b) b= ans “) 


(c)az arsi( *) (d) None of these 


53. In AABC, AD is an altitude from A on side BC. If b> c, 


Zc=23 and AD= then Bis 
-¢ 


(a) 110° (b) 113° (c) 120° (d) 130° 


a 
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67. In a triangle ABC; AD, BE and CF are the altitudes and R 
is the circum radius, then the radius of the circle DEF is 
(a)2R (b) R 


D 
(c) > (d) None of these 


62. In a right angled triangle ABC, the bisector of the right 
angle C divides AB into segment x and y and 


(4 ; 
tan 


(a) (1 + t) =(1-?) (b) (1 —t):(1 + t) 
(c)1:(1 + t) (d)(1-t):1 

63. A variable triangle ABC is circumscribed about a fixed 
circle of unit radius. Side BC always touches the circle at 
D and has fixed direction. If Band C vary in such a way 
that (BD)-(CD) = 2, then locus of vertex A will be a 
straight line 
(a) parallel to side BC 
(b) right angle to side BC 


*) =t, then x: yis equal to 


(c) making and angle - with BC 
sl 2) 
(d) making an angle sin ( a with BC 


65. A tower of height b subtends an angle at a point O on 
the level of the foot of the tower and at a distance a from 


66. 


67. 


the foot of the tower. If a pole mounted on the tower 
also subtends an equal angle at O, the height of the pole 
is 


a’ — p? E +b? 
ose) S45] 
a’ —b? a? + =| 
o(Stp] Sth 


A balloon is observed simultaneously from three points 
A, B and Con a straight road directly under it. The 
angular elevation at B is twice and at C is thrice that of 
A. If the distance between A and B is 200 m and the 
distance between B and C is 100 m, then the height of 


balloon is given by 
(a)50 m (b) 50/3 m 
(c) 50/2 m (d) None of these 


A vertical pole (more than 100 m high ) consists of two 
portions, the lower being one third of the whole. If the 


upper portion subtends an angle tan™(2) 


at a point in 
a horizontal plane through the foot of the pole and 
distance 40 ft from it, then the height of the pole is 

(a) 100 ft (b) 120 ft 

(c) 150 ft (d) None of these 


Properties and Solutions of Triangles Exercise 2: 


~ More than One Correct Type Questions 


68, If area of AABC, A and ZC, are given and if the side c 
opposite to given angles is minimum, then 


2A P24 
@a-\o OSC 

4A 4A 
amr Ree ae 


69. If A represents area of acute angled AABC, then 


ya?b? -—4A° + Vb?c? — 4A? + yc?a? — 4A” equals to 
(a) a? +b? +c? 

a’ +b? +c? 
(b) ; 


(c) ab cosC + bc cosA + ca cosB 
(d) ab sinC + be sinA + ca sinB 


70. In AABC, the value of c cos(A — 6) + acos(C +6) cannot 
exceed (6 € (0, 271) [Letters have usual meanings] 
(a) a (b) b 
(c)¢ (d) s, 


71. In AABC, if ac =3, bc = 4 and cos(A — B) = - then 


(a) measure of ZA is ud 
2 
(b) measure of ZB is - 


(c) cot = =/7 


_ (d) circumradius of AABC is a 


72. 


3 
In AABC, let a= 5, b= 4.and cos(A — B) = es then which 


of the following statement(s) is (are) correct? 


[Note All symbols used have usual meaning in a 


triangle] 


(a) The perimeter of AABC equals = 


(b) The radius of circle inscribed in AABC equals 2 


(c) The measure of ZC equals cos 


(d) The value of R(b? sin2C + c’ sin2B) equals 120 


73. In which of the following situations, it is possible to 
have a AABC? 


(All symbols used have usual meaning in a triangle) 
(a)(a@+c—b)(a-c + b) = 4bc 
(b) b?sin2C + cos’sin2B = ab 


()a=3,b=5,=7andC=— 


=<) (425) 
= Cos 3 


74. In a AABC, let BC = 1, AC =2and measure of ZC is 30. 
Which of the following statement(s) is(are) correct? 

(a) 2sinA =sinB 

(b) Length of side AB equals 5 - 23 

(c) measure of ZA is less than 30° 

(d) Circumradius of ZABC is equal to length of side AB 


(d) cos Z 


79. Let one angle of a triangle be 60°, the area of triangle is 
10V3 and perimeter is 20 cm. Ifa>b>c where a, bandc 
denote lengths of sides opposi9te to vertices A, Band C 
respectively, then which of the following is(are) correct? 
(a) Inradius of triangle is V3 
(b) Length of longest side of triangle is 7 


7 
(c) Circum-radius of triangles is = 
cade” 
(d) Radius of largest escribed circle is = 


76. In a AABC, if a= 4,b=8and ZC =60*, then which of the 
following relations is(are) correct? 
| [Note All symbols used have usual meaning in triangles 
| ABC] 
| (a) The area of AABC is 8V3 
| (b) The value of Zsin? A =2 


2/3 
(c) Inradius of triangle ABC is 
“ 3+ 43 


(4) The length of internal angle bisector of ZC is F 


77, Given an isosceles triangle with equal sides of length b, 


base angle a < : and R,r the radii and O, I the centres of 


the circumcircle and incircle, respectively. Then 


(a)R= = cosec o 


(b) A = 2b’sin2a 


bsin2a 
()r=_—et 
2(1 + cosa) 
bod * 
io pen A 
asinacos © 
2) 
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78. There exist a triangle ABC satisfying 


79. 


80. 


81. 


82. 


83. 


(a) tanA + tanB + tanC =0 
sinA__sinB _ sinC 


(c)(a + b)? =c? + ab and V2(sinA + cosA) = V3 
V3 +1 


(d) sinA + sinB -( 


‘\ 


Joos cosB = ~ = sin Asin B 


Let a, b,c be the sides of triangle whose perimeter is P 
and area is A, then 

(a) P? $27(b +c—a)(c+a—b)(a + b-c) 

(b) P? <3(a” + b’ +c’) 

(c)a? + b? +c? 243A 

(d) P* <25<A 


If in AABC, A =90° and c, sin Band cos Bare rational 

number, then 

(a) a is rational 

(b) a is irrational 

(c) b is rational 

(d) d is irrational 

In AABC, which of the following statements are true 

(a) maximum value of sin2A + sin2B + sin2C is same as the 
maximum value of sinA + sinB + sinC 

(b) R > 2r, where R is circumradius and r is inradius 


gets 
(a+ b+c) 


(d) AABC is right angled ifr + 2R =s, where s is 
semiperimeter 


If lis the length of median from the the vertex A to the 
side BC of a AABC, then 

(a) 41? = 2b? + 2c? -a’ 

(b) 41? = b? + c? + 2becosA 

(c) 41? =a? + 4becosA 


(4) 41? -(2s - a)? - stesn* 4) 
If A, A,, Az, A; are the areas of the inscribed and 


escribed of a AABC, then 
Oi eaderwes Vn, +m +4) 


() — + == 
Ge ta 
1 s? 


() = + at = 
an VAy VAs Vann, 
(d) JA, + JA, + V/A, = V2(4R + r) 


. If a, b, A be given in a triangle and c, and c, two possible 
values of third side such that c? +c,c, +¢3 =a’, then 
A is equal to 
(a) 30° (b) 60° 


(c) 90° (d) 120° 
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85. 


86. 


87, 


88. 


D, Eand F are the middle points of the sides of the 
triangle ABC, then 

(a) centroid of the triangle DEF is the same as that of ABC 

(b) orthocentre of the triangle DEF is the circumcentre of ABC 
(c) orthocentre of the triangle DEF is the incentre of ABC 

(d) centroid of the triangle DEF is not the same as that of ABC 


The sides of AABC satisfy the equation 2a” + 4b* +c? 


= 4ab + 2ac. Then 
(a) the triangle is isosceles 
(b) the triangle is obtuse 


(c) B= cos"{7) (d) A= cos"{ 2) 


If A represents the area of acute angled triangle ABC, 
then ja7b? - 4A? + fb?c? — 4A? + Je2a? - 4A? is 
equal to 

(a) a? + b? +c? oy ote +e 


2 
(c) abcosC + becosA + cacosB 
(d) absinC + bcsinA + casinB 


In triangle, ABC, if 2a*b? + 2b?c” =a‘ +b* +c*, then 
angle Bis equal to 
(a) 45° 

(c) 120° 


(b) 135° 
(d) 60° 


89. 


90. 


91. 


If H is the orthocentre of triangle ABC, R = circumradius 
and P = AH + BH + CH, then 

(a) P=2R +r) 

(b) max. of P is 3R 

(c) min. of P is3R 

(d) P =2(R -r) 

If inside a big circle exactly n(n 2 3) small circles, each 
of radius r, can be drawn in such a way that each 

small circle touches the big circle and also touches 


both its adjacent small circles, then the radius of big 
circle is 


4 XN 
T 
(a) | 1+ cosec 2) (b) | ——_—2 
¥ uy cos— 
n 
; Po sae on |" 
i r sins + cos— 
(c) 3 + cosec 72 (d) te O_o 
n . 1 
- sin— 
n 


If in triangle ABC, a, b,c and angle A are given and 
csin A <a<c, then (}, and b, are values of 5) 

(a) b, + b, =2ccosA (b) b, + b, =ccosA 

(c) bb, =c? - a? (d) bb, =c? + a? 


a] Properties and Solutions of Triangles Exercise 3 : 


~ Statement | and II Answer Type Questions 


st ——— 


= This section contains 15 questions. Each question 
contains Statement I (Assertion) and Statement II 


(R 


eason). Each question has 4 choices (a), (b) and (d) 


out of which only one is correct. Choices are 


(a) 
(b) 


(c) 
(d) 
92. 


93. 


Both Statement I and Statement II are correct and 
Statement II is the correct explanation of Statement I 


Both Statement I and Statement IJ are correct and 
Statement II is not the correct explanation of 
Statement I 


Statement I is correct but Statement II is incorrect 
Statement II is correct but Statement I is incorrect 
In a AABC, 
a+b? +c°% =c*(at+bt+c) 
(All symbol used have usual meaning in a triangle.) 


Statement I The value of ZC = 60°. 
Statement II SABC must be equilateral. 


In a ABC, let a=6,b=3and cos( ~ B) ==. 


[Note All symbols used have usual meaning in a triangle.] 


94, 


95. 


96. 


Statement I ZB = 7 


Statement II sin A = 2 


V5 


Statement I If ina triangle ABC sin? A +sin’ 
B+sin” C =2 then one of the angles must be 90°. 
Statement II In any triangles ABC | 

cos 2A + cos2B + cos2C = -1—4cos Acos bcosC 
Statement I If A, B,C, D are angles of a cyclic 
quadrilateral then Zsin A =0. 


Statement II If A, B,C, Dare angles of cyclic 
quadrilateral then, Xcos A =0. 


Statement I In any triangle ABC, the square of the 
f 2 


a 
me 


Statement II In any triangle ABC length of bisector AD 
2bc 


cos} 
(b+e) (2 


length of the bisector AD is be - 


is 
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97. Statement I If J is incentre of AABC and I, excentre 102. Statement I In any triangle ABC 
opposite to A and Pis intersection of IJ, and BC, then acos A+ bcos B+ccosC Ss. 
IP-I,P = BP: PC Statement II In any triangle ABC 
Statement II Ina AABC, / is incentre and I, is z (A) . (8) : (¢) 1 

: sin| — |sin| — |sin| — |S- 
excentre opposite to A, then JBI, I,, C must be square. J Vor 427 


98. All the notations used in statement I and statement II are A B Cc 
103. Statement I In a AABC, if cos? — + cos? — + cos? = 


usual. 2 2 2 
A E 
Statement I In triangle ABC, if eo 000 = = 4 x? + i) then the maximum value of y is Z, 
a b c \ x? } 8 
ntretr;. 
then value ae aa is equal to 9. Statement II In a AABC, sin Deo tin eae 
2 2 2 8 
a b c ; 
Statement II If AABC: a ae ne 2R, 104. Statement I In any triangle 
— oe acosA+bcosB+ccosC $s 
where Ris circumradius. A) ( B on | 
99. Statement I Ina triangle ABC if tan A: tan B: tanC=1 Statement sInany Penele sin 4 ) inl = inf . 8 
:2:3, then A = 45° ip? y 3 
’ . a+ b +c 
Statement II If p:q:r.=1:2:3, then p=1 105. Statement I In triangle ABC, came ea > 43 
2 op 2.32 
+b? + >0f= 
100. Statement I In any right angled triangle pais Statement I aA b= aes aes WATE ME 
R2 identical, then 
always equal to 8. a; +a; +...¢a, > {% +a, +...+a, \” ages 
Statement II a” =b? +c? n n 
101. Statement I perimeter of a regular pentagon inscribed m>1 

in a circle with centre O and radius acm equals 106. Statement I AA,, BB,, CC, are the medians of triangle 
.10asin 36° cm. ABC whose centroid is G. If the points A, C,, Gand Bare 
Statement II Perimeter of a regular polygon inscribed concyclic, then c? a’, b? are in AP. 

in a circle with centre O and radius acm equals Statement Il BG-CC, = BC,-BA 


(3n — 5) sin 5) cm, then it is n sided, where n 2 3. 
oN, 


Properties and Solutions of Triangles Exercise 4: 
Passage Based Questions 


Passage I 107. R,R, + R,R, +R, R, is equal to 
(Q. Nos. 107 to 109) (a) 2R? (b) 3R? 
Ris circumradii of AABC, H is orthocentre. R, ,Ry,R3 are’ (c) 5R’ (d) R? 
circumradii of AAHB, AAHC, ABHC. If AH produced meet 108. Area of AAHB 
the circumradii of ABC at M and intersect BC at L (a) 2R cosA cosB cosC 
ZAHB = 180° -C , (b) R? cos A cosB cosC 
€ =2R, (c) 2R? cos A cosB sinC 
sin(180° - C’) (d) None of the above 
ieee) 3 109. Ratio of area of AAHB to ABML, is 
sinC (a) cosB:2cosA (b) 2:1 


R, =R (c)cosA:cosB cosC (d) None of these 
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Passage II 
(Q. Nos. 110 to 112) 
Let ABC be an acute triangle with BC = a, CA = band AB =c, 
where a # b # c. From any point ‘p’ inside AABC let D, E, F 
denote foot of perpendiculars from ‘P’ onto the sides BC, CA 
and AB, respectively. Now, answer the following questions. 


110. All positions of point ‘P’ for which ADFF is isosceles lie 
on 
(a) the incircle of AABC 
(b) line of internal angle bisectors from A, B and C 
(c) arcs of 3 circles 
(d) None of the above 


111. Let A(7, 0), B(4, 4) and C(0,0) and ADEF is isosceles with 
DE = DF. Then, the curve on which ‘P’ may lie 
(a)x=4orx+ y =7 or 4x =3y 
(b) x =40r x? + y? =4x + 4y 
(c) Xx? + y”) + 196 = 49(x + y) 

(d) None of the above 
112. If ADEF is equilateral, then ‘P’ 
(a) coincides with incentre of AABC 
(b) coincides with orthocentre of AABC 
{c) lies on pedal A of ABC 
(d) None of the above 


Passage III 
(Q. Nos. 113 to 115) 
In an acute angled AABC, let AD, BE and CF be the 


perpendicular from A, B and C upon the opposite sides of the 
triangle. (All symbols used have usual meaning in a triangle.) 


113. The ratio of the product of the side lengths of the ADEF 


and AABC, is equal to 
Ge 


HXabc)3 
4a+b+c) 


1 
2 


(c) cosA cosB cosC 


orl )o(E)o49) 


114. The orthocentre of the AABC, is the 
(a) centroid of the ADEF 
(b) circum-centre of the ADEF 
(c) incentre of the ADEF 
(d) orthocentre of the ADEF 


115. The circum-radius of the ADEF can be equal to 
fa) 208 a 
8A Orin A 


R 
(c) 5 


(a) 


r A B Cc 
(d) ; ROSES cosec — cosec — 


Passage IV 
(Q.Nos. 116 to 118) 
Let a, b, care the sides opposite to angles A, B,C respectively 


iG AARC tne oe yaad zs eee 


a+b 2 


If a= 6 b= 3and cos(A ~B)= > 


sin A 


116. Angle C is equal to 


@* Ore oz @= 


117. Area of the triangle is equal to 


(a) 8 (b) 9 
(c) 10 (d) 11 


118. Value of sin A is equal to 
@) 
OF 


2 
(b) ae 
1 
ee 
(d) 5 
Passage V 
(Q. Nos. 119 to 123) 
When any two sides and one of the opposite acute angle are 
given, under certain additional conditions two triangles are 


possible. The case when two triangles are possible is called the 
ambiguous case. 


In fact when any two sides and the angle opposite to one of 
them are given either no triangle is possible or only one ~ 
triangle is possible or two triangles are possible. 


In the ambiguous case, let a, b and ZA are given and c, , Cy afe 
two values of the third side c. 


On the basis of above information, answer the following 
questions 


119. Two different triangles are possible when 
(a) bsinA <a (b) bsinA <aandb>a 
(c) bsinA <aandb<a (d) bsinA <aanda=b 


120. The difference between two values of c is 


(a) 2y(a? - b?) (b) (a? - b?) 
(c) 2y(a? - sin? A) (d) y(a? - b? sin? A) 
121. The value of c? ~2c,c, cos2A +c? is 


(a) 4acosA (b) 4a? cos A 
(c) 4acos* A (d) 4a? cos? A 


122. If ZA = 45° and in ambiguous case (a, b, A are given) 


C,,C, are two values of c and if 6 be the angle between 
the two positions of the ambiguous side c then cos is 


(a) 1%, (b) $92. 
(c) Vee d 2VeC2 


(c, + c,) (c, + c,) 


8. 


123. If 2b = =(m+1)aand cos A= ; oe) , 


where 
m 


c 
1<m<3, then — is 
C2 


(a) nie 
m 


1 
(b) (m -1) or a 


(c)(m + 1) or (d) (m + 3) or 


1 1 
(m + 1) (m + 3) 


Passage VI 


(Q.Nos. 124 to 126) 


Consider a triangle ABC, where x, y, z are the length of 
perpendicular drawn from the vertices of the triangle to the 
opposite sides a, b, c respectively. Let the letters R,r,S,A 
denote the circumradius, inradius semi-perimeter and area of 
the triangle respectively. 


2,225.2 
124, If — wt rea ar = a then the value of k is 
c oa 
(a) R (b) s (Q2R — @=R 
125. If cot A + cot B+ cotC = 4. + a + 4 then the 
P gy 2? ; 
value of k is 
(a) R° (b) rR 
(c) A (d) a? + b? +c’? 


csinB+ bsinC ‘ asinC +csinA 


x y 


126. The value of 


, Dsin AtasinB , 
—————— Is equal to 


(a) - (b) (2 (4) 6 
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Passage VII 


(Q.Nos. 127 to 131) 


AL, BM and CN are perpendicular from angular points of a 
triangle ABC on the opposite sides BC, CA and AB 
respectively. A is the area of triangle ABC, (r)and R are the 
inradius and circumradius. 


127. If perimeters of ALMN and AABC and A and p, then the 


value of A is 


r ; R 

a 

rR A 

Li 

(c) A ( - 
128. If areas of A’s AMN, BNL and CLM are A,, A, and A, 


respectively, then the value of A, + A, +A, is 
(a) A(2 + 2cos Acos BcosC) 

(b) A(2 + 2sin Asin BsinC) 

(c) A(1 — 2cosAcos BcosC) 


(d) A(i — 2sin Asin BsinC) 
129. If area of ALMN is A’, then the value of - is 
(a) 2sin Asin BsinC (b) 2cos Acos BcosC 
(c) sin Asin BsinC (d) cos Acos BcosC 
130. Radius of the circum circle of ALMN is 
(a)2R (b) R 
R R 
cas j= 
(c) ; (d) ; 
131. If radius of the incircle of ALMN is r’, then the value of 
r’sec Asec BsecC is 
(a) 4R (b) 3R 
(c) 2R (d) R 


a] Properties and Solutions of Triangles Exercise 5: 


Matching Type Questions 


132. Match the statement of Column I with values of 
Column IL. 


Column I Column Il 


(A) Ina AABC, let £C = ©, r = inradius, R = (p) atbt+e 


circumradius then 2(r + R) 


(B) If?, m, mare perpendicular drawn from 
the vertices of triangle having sides a, b 
and c then 


jaa{ 2+ bi cm 


(q) a-6 


+ 2ab + 2bc + 2ca 


(C) Ina AABC, R(b’sin2C + c’sin2B) (r) a+b 
equals 
(D) In a right angle triangle ABC, ZC = = (s) abc 
then 4R sin ——— ll Baa ae) 
2 2 
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133. 


134, 


o 


136. 


137, 


138. 


139. 


Match the statement of Column I with the values of 
Column II. 


Column 1 Column Il 


(A) Inatriangle ABC (c- a)’ =b?-acand (p) A=30 


cos B + sinC -5 


(B) A, B,C areinA.P. andC = 3A (q) B=60 
(C) The length of the bisector of angle (r) C=90 
= ee anda=b 
(c+ 
(DO) 24g Ts 8 (s) A= B=C 
atb b+e atbt+e = 60° 


Match the statement of Column I with values of 


Column II. 
Column | Column Il 


(A) InaAABC, (a+ b+ c)(b+c—a)=Abe, (p) 3 
where A € /, then greatest value of A is 


(B) InaAABC, tan A + tan B+ tanC =9.If (q) 9(3)!”3 


tan? A + tan? B + tan’C = k, then least 
value of & satisfying is 


(C) Ina triangle ABC, then line joining the (r) 1 
circumcentre to the incentre is paralle! to 
BC , then value of cos B + cosC is 


(D) Ifina AABC,a=5, b=4 and 
cos(A — B)= = then the third side cis 


(s) 6 


equal to 


135. Match the statement of Column I with values of Column 


0 
Column | ; Column Il 

(A) InaAABC, if (p) AABC is equilateral 
2a’ + b? + c* =2ac + 2ab, triangle 
then 

(B) InaAABC, if (q) AABC is right 
a+b += V2b(c+ a), angled triangle 
then 

(C) InaAABC, if Z (r) AABC is scalane 
a+b? +c = bet cav3, triangle 
then 


 (s) AABC is scalane 
right angled triangle 
(t) “Angles B,C, Aare 
in AP 


Properties and Solutions of Triangles Exercise 6: 


Single Integer Answer Type Questions © 


a re. 


If in AABC, ZC = a as V2 and b= 2+ V2, then find 


the sum of digits in iis measure of angle A (in degree). 


In the figure as shown, find the number of digits in the 
length of AB. 


Cc 
195 125 
. uA 3x? 
LE Uf 
A S B 
Di vet's, 29 
IfA= Spe ee Scns = 2 to 
7 7 7 R? 
equals to 
If A, B,C the angles of an acute angled AABC and 
(tan B+ tanC)? tan? A tan? A 
D= tan” B (tan A + tanC)? tan? A 
tan? C tan? C (tan + tan B)? 


then the least integral values of ee is 
1000 


2 
- Ina AABC, cos A-cosC +E 2} 


ee ee ee 


140. Ina AABC, P and Qare the mid-point or AB and AC, 


respectively. If O is the circum-centre of the AABC, then 
the value of{ Seemann 
| Area of AOPQ , 


cot B cot C equals to 


. With usual notation in AABC, the numerical value of 


ec Rae a 


athte |e b 
a trp ry) rn 


ig. Fg.4 


2 
ae where AD is the 
a 


median through A and AD 1 AC, then the value of A is 


. In a triangle ABC, eae AD on CE are drawn. If 


AD =5, ZDAC = p aa ZACE = . then the area of the 


triangle ABC is equal to = then a + bis equal to......... : 


. In AABC, — = -, then the value of 16| E tan} 


an oe ( ( “| 
’ 1 — || must 
rn 2 \ \2 


be. 


| Zacos ( 
145. Ina AABC, the maximum value of 12 ca mes 
a+b+c 


must be 


146, The sides of triangle are three consecutive natural 
numbers and its largest angle is twice the smaller one. 
The largest side of the triangle must be 

147. In AABC, ZC =2ZA, and AC = 2BC, then the value of 

2 Set 2 
+ 
— (where Ris circumradius of triangle) is 

148. Ifa, band A are given ina triangle andc,,c, are the 
possible values of the third side, and 
c} +c; —2c,c, cos A = Aa’ cos” A, then the value of A 
TS: sepaduvee : 
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149. In triangle ABC, a =5, b = 4,c =3. Gis the centroid of 
triangle. If R, be the circumradius of triangle GAB then 


the value of z R; must be 


150. A triangle ABC is inscribed in a circle of radius 1 and 


centre at O. The lines AO, BO, CO meet the opposite 


sides at D, E, F. Then =e + ‘3 + * is equal tO .........00. + 
AD BE CF ‘ 


A en 28 
{51 1p WAOans scandie— 
sin? A+sin? B+sin? C 
than the maximum value of ais ............ ; 
152. In a cyclic quadrilateral PORS, PQ =2 units, OR = 5 units, 


RS =3 units and POR = 60°, then SP is ......... ; 


Properties and Solutions of Triangles Exercise 7 : 


Subjective Type Questions 


153. In a AABC, the angles A and Bare two values of 8 


satisfying V3 cos@ +sin@ = K; where | K| <2, then show * 


triangles is obtuse angled. 

154. If in an obtuse angled triangle the obtuse angle is = and 
the other two angles are equal to two values of 8 
satisfying atan® + bsecO =c, where|b|< (a? +c’, 
then find the value of a? — c?. 


155, In a AABC, a,c, A are given and b,, b, are two values of 
third side b such that b, = 2b,. Then, the value of sin A. 

156. If Pis a point on the altitude AD of the AABC, such that 
ZCBP = then find the value of AP. 


2 
157. If R denotes circum-radius of AABC, evaluate 2 


158, In AABC, A = b —c =3V3 cm and ar (AABC) 
ae 


=—“cm? . Solve for side a 


159, Find the value of tan A, if area of AABC is a” —(b—c)’. 


160. Ina AABC, B=90°, AC =h and the length of 


perpendicular from B to AC is p such that h = 4p. If 
AB < BC, then measure ZC. 


re re eee en ne pn ws te ee + 


161. Ifin a AABC,sin® A+sin? B+sin?C 


=3sin A-sin B-sinC, then find the value of determinant 
a Db 
bec al 


c a b 


162. In a AABC, the side a, band c are such that they are the 


roots of x> — 11x” +38x — 40=0 Then, the value of 
cosA  cosB ie cosC 


a b c 


163. In a AABC the sides a, band are in AP. Evaluate 


( A c) B 
tan — + tan— }: cot—. 
2 2 2 


164. The sides of a A are in AP. and its area is : X (area of an 


equilateral triangle of the same perimeter). Find the ratio 
of its sides. 

165. If AD, BE and CF are the medians of a AABC, then 
evaluate(AD? + BE? + CF”):(BC? +CA” + AB’) 

166. AD is a median of the AABC. If AE and AF are medians 
of the AABD and AADC respectively, and aa Mm), 


AE = m,, AF = mg, then find the value of 
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167. 


168. 


169. 


170, 


171. 


172. 


173. 


174, 


175. 


176. 


If X = Se an laa an 

2 2 
Z=tan oo -tan . then find the value of 
X+Y+Z+4+ XYZ. 


Let AABC be equilateral on side BA produced, we choose 
a point P such that A lies between P and B. We now 
denote ‘a’ as the length of a side of AABC; r, as the 
radius of incircle of APAC; and r, as the radius of the 
excircle of APBC with respect to side BC. Determine the 
sum(r, +r, )as a function of ‘a’ alone. 


A hexagon is inscribed in a circle of radius r. Two of its 
sides have length 1, two have length 2 and the last two 
have length 3. Prove that r is a root of the equation 

ar? -7r-3=0 


The base of a triangle is divided into three equal parts. If 
@,,8,,0, be the angles subtended by these parts at the 
vertex, then prove that 


(cot®, + cot6,)(cot@, + cot®;) = 4 cosec’@, 


If the circum-radius of a A is and its sides are in 


54 
41463. 
GP with ratio then find the sides of the triangle. 


Prove that a? + b? +c? + 2abc <2, where a,b,c are the 
sides of triangle ABC such thata+ b+c=2 
Let points P,, P,, P; ...,P,_, divides the side BC of a 


AABC into n parts. Let r,,r2,13,---,7, be the radii of 
inscribed circles and let p,, p>,...,p, be the radii of 
excribed circles corresponding to vertex A for triangle 
ABP,, AP, P,,..., AP, _,C and let r and P be the 
corresponding radii for the triangle ABC. Show that 


A polygon of n sides, inscribed in a circle, is such that its 
sides subtend angles 20, 40, ..., 2na at the centre of the 
circles. Prove that its area A,, is to the area A, of the 
regular polygon of n sides inscribed in the same circle, as 
sin na :nsinag. 


A 1” A» , A 3: 
circumscribed about a circle of centre O and radius ‘a’. P 


is any point distant ‘c’ from O. Show that the sum of the 
squares of the perpendiculars from P on the sides of the 


., A, is a regular polygon of n sides 


F 2 c 
polygon is n| a” + — |, 
2) 
Show that in any AABC, a® cos3B + 3a *bcos(2B - A) 
+3ab” cos(B—2A) +b? cos3A =c° 


177. 


179. 


180. 


181, 


182. 


183. 


184, 


185. 


186. 


187, 


188. 


Let ABC be a A with altitudes h,, h,, h, and inradius r. 
Proweihat a” sls i La hy is LT 
17r hgo-r 2 -r 
3 ina nape A008A+b008 BHCC _atb4e y 
asin B+ bsinC +csinA 9R 


prove that A is equilateral. 

In AABC, ‘h’ is the length of altitude drawn from vertex 
A on the side BC. Prove that : 

Ab? +c*)2 4h’ +a’. Also, discuss the case when 
equality holds true. 

Consider a AABC. A directly similar AA, B,C, is inscribed 


in the AABC such that A,,B, and C, are the interior 
points of the sides AC, AB and BC, respectively. Prove 
that e244 1 BiCi) > 1 


Area(AABC) _cosec? A+ cosec” B+ cosec” C 


Find the angle at the vertex of an isosceles triangle 
having the maximum area for the given length ‘I’ of the 
median to one of its equal sides. 


Consider a AABC and points A, and B, on side BC such 


that ZBAA, = 2B,AC. If incircle of ABAA, and B, AC 
touch the sides BA, and B,C at M and N respectively, 
1 1 gare 1 
MA, ” B N NC 


An equilateral triangle POR is circumscribed about a 

given AABC. Prove that the maximum area of APQR is 

a +b? +c? 
213 


and A is its area. 


In a AABC, r4,1g,%c are the radii of the circles which 


touch the incircle and the sides emanting from the 
vertices A, B, C respectively. Prove that, 


Vata tVratc tyrcr, =r 


Find the points inside a A from which the sum of the 
squares of distance to the three sides is minimum. Also, 
find the minimum values of the sum of squares of 
distances. 


2A + . Where a, b, c are the sides of AABC 


In a scalene acute AABC, it is known. that line joining 
circumcentre and orthocentre is parallel to BC. Prove 
\ 

that the angle Ae( =," L 
3° 2) 

Consider an acute angled AABC. Let AD, BE and CF be 


the altitudes drawn from the vertices to the opposite 
EF EF | FD FD. DE Rr 


a b c R 


Two circle, the sum of whose radii is ‘a’ are placed in the 
same plane with their distance ‘2a’ apart. An endless 


sides. Prove that : 


—- ll”””””lClU 


189. 


al 


EI 


string is fully stretched so as partly to surround the 
circle and to cross between them. Prove that length of 


\ 


41 — 
strin is( tm + 23 a. 
me 


If A, is the area of A formed by joining the points of 
contact of incircle with the sides of the given triangle 
whose area is A. Similarly A,, A, and A, are the 
corresponding area of the A formed by joining the points 


of contact of excircles with the sides. Prove that 
A, ° A, , A, Ay 2. 
— Tt tT 


A Ah Be A 
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190. 


191. 
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Let P be the point inside the AABC. Such that 
ZAPB = ZBPC = ZCPA. Prove that 


2 2 2 
PA + PB+PC= [ote Ae 4 aia, where a bc, A 


are the sides and the area of AABC. 


In an acute angled AABC, the points A’, B’ and C’ are 


located such that A’ is the point where altitude from A 
on BC meets the outward facing semi-circle drawn on 
BC as diameter, points B’, C’ are located similarly. Prove 
that 


{ar(BCA’)}’ + {ar(CAB’)}’ + {ar( ABC’ )}’ = {ar(ABC)?} 


Properties and Solutions of Triangles Exercise 8 : 
Questions Asked in Previous 10 Years’ Exam 


(i) JEE Advanced & IIT-JEE 


192, 


193. 


194, 


Ina AXYZ, let x, y,z be the lengths of sides opposite to 
the angles X,Y, Z respectively and 2s = x + y +z. If 


oe I = and area of incircle of the AXYZ is 


[More than one correct option 2016 Adv.] 
(a) area of the AXYZ is 6v6 
5 
(b) the radius of circum-circle of the AXYZ is ma 
4 


a See ees 
(c) sin—sin—sin— = — 
2 2 35 


oo 


Ina triangle, the sum of two sides is x and the product 
of the same two sides is y. If x? -c* = y, where c is the 


third side of the triangle, then the ratio of the in-radius 
to the circum-radius of the triangle is 
[Single correct option 2014 Adv.] 


3y 3y 
2x(x +c) ) 2c(x+c) 

o— (4) — 
4x(x+c) 4c(x +c) 


Consider a AABC and let a, band c denote the lengths of 
the sides opposite to vertices A, B and C, respectively. 
a=6,b=10and the area of the triangle is 15 V3. If ZACB 


is obtuse and if r denotes the radius of the incircle of the 


. triangle, then r’ is equal to...... 


195. 


{Intger Answer Type 2013 Adv.] 
In a APOR, Pis the largest angle and cos P = : Further 


in circle of the triangle touches the sides PQ, QR and RP 


196. 


197. 


198. 


RP at N, Land M respectively, such that the lengths of 

PN, QL and RM are consecutive even integers. Then, 

possible length(s) of the side(s) of the triangle is (are) 

[More than one correct option 2012] 
(c) 20 (d) 22 


(a) 16 (b) 18 


If APORis a triangle of area A with a=2,b=—ande=2, 


where a, band c are the lengths of the sides of the 
triangle opposite to the angles at P, Qand R, 


, 2sin P-sin 2P 
respectively. Then, ices blaiior ia quals 
: 2sin P + sin 2P 
[More than one correct option 2012] 
3 45 
a — — 
") 4A ©) 4A 


2 5 
3 45 
3 d 45 
oa) al) 
If the angles A, Band C of a triangle are in an arithmetic 
progression and if a, band c denote the lengths of the 
sides opposite to A, Band C respectively, then the value 


of the expression “sin2C + <sin2A is 
c a [Single correct option 2010] 
3 


1 
(@) = 0) © (d) V3 


Let ABC be a triangle such that ZACB = 7 Ifa, bandc 


denote the lengths of the sides opposite to A, Band C, 
respectively. Then, the value(s) of x for which 
a=x°4x4+1b=x? -Landc =2x +1is (are) 


[Single correct option 2010} 
(a) -(2+ V3) (b) 1+-¥3 
(c) 2+.3 (d) 443 
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199. 


200. 


201. 


fal 


In a AABC with fixed base BC, the vertex A moves such 
that cos B+ cos C = 4sin? lf a, b and c denote the 


lengths of the sides of the triangle opposite to the angles 
A, Band C respectively, then 

[More than one correct option 2009] 
(a) b+c = 4a 
(b) b+c=2a 
(c) locus of point A is an ellipse 
(d) locus of point A is a pair of straight line 


Let ABC and ABC’ be two non-congruent triangles with 
sides AB=4, AC = AC’ = 2V2 and ZB=30°. The 
absolute value of the difference between the areas of 
these triangles is [Integer Answer Type 2009] 
A straight line through the vertex P of a APOR intersects 


the side QR at the point S and the circum-circle of the 
APORat the point T. If Sis not the centre of the 
circumcircle, then (More than one correct option 2008] 


1 1 v4 
(a) — + — <5 
PS ST JOSxSR 


at Oe 
OS xX SR 


4 
Oa5+ ST OR 


Gey 
PS ST’ OR 


Ora - 


Passage 
(Q.Nos. 202 to 204) 


Consider the circle x? + y? = 9and the parabola y” = 8x. They 
intersect at P and Q in the first and the fourth quadrants, 
respectively. Tangents to the circle at P and Q intersect the 
X-axis at R and tangents to the parabola at P and Q intersect 
the X-axis at S. 


[One correct option 2007] 


202. The radius of the in-circle of APQR is 


(a) 4 (b) 3 
& 
- d) 2 
(c) ; (d) 
& 
203. The radius of the circum-circle of the APRS is 
(a)5__ (b) 3v3 
(c) 32 (d) 2V3 
204. The ratio of the areas of APOS and APOR is 
(a) 1: v2 (b) 1:2 
(c)1:4 (4) 1:8 
205. Internal bisector of ZA of AABC meets side BC at D.A 


line drawn through D perpendicular to AD intersects the 
side AC at E and side AB at F. If a, b, crepresent sides of 
AABC, then (More than one correct option 2006] 


206. 


207. 


(a) AEisHMofbandc (b)AD= abe cos a 

b+e 2 

(c) EF = any sin a (d) AAEF is isosceles 
b+e 2 


In-radius of a circle which is inscribed in a isosceles 
triangle one of whose angle is 2x /3 is V3, then area of 
triangle (in sq units) is 
(a) 4v3 

(b) 12 -7V3 

(c) 12 + 7V3 

(d) None of the above 


[Single correct option 2006] 


In a A ABC, among the following which one is true? 


[Single correct option 2005] 
(B+ €) 


(a) (b + c) cos - =asin 


~~ 


B+@) 


jrasine 


(b) (b + c) cos( 2% , 


(c) (b —c) (5). a cos( 4) 
B-C) 


} 


\ 
(d) (b —c) cos s<- asin 


(ii) JEE Main & AIEEE 


208. 


209. 


210. 


Let a vertical tower AB have its end A on the level 
ground. Let C be the mid-point of AB and P be a point on 
the ground such that AP = 2AB. If ZBPC =, then tan 


is equal to [2017 JEE Main) 
6 1 

(a) = (b) m 
2 4 

(c) a (d) 3 


ABCD is a trapezium such that AB and CD are parallel 
and BC 1 CD, if Z ADB =8@, BC = p and CD = q, then AB 


is equal to [2013 JEE Main] 
. (p? + q)sin® p’+q’ cos 0 
pcos 8+ qsin8 pcos 0+ qsin 0 
pig 4) 2 +7')sin® 
p* cos 0+ q’sin® (pcos 0+ qsin@)* 


For a regular polygon, let rand R be the radii of the 
inscribed and the circumscribed circles. A false 


statement among the following a [2010 AIEEE} 
(a) there is a regular polygon with . =< 
(b) there is a regular polygon with ze = 
wv 
(c) there is a regular polygon with 3 = ; 
(d) there is a regular polygon with 2 -~ 


211. Ina AABC, let ZC = - ‘Pris the ineradiusand Risthe 
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circum-radius of the AABC, then 2(r + R) is equal to 
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212 If in AABC, the altitudes from the vertices A, Band C on 
opposite sides are in HP, then sin A sin B and sinC are in 


[2005 AIEEE} 
(b) AGP 
(d) GP 

27.(a) 28.(a) 29.(b) ~—-30. (a) 

33.(d)  34.(c) 35. (b) 36. (a) 

39.(c)  40.(a) 41.(b) 42. (c) 

45. (b) 46.(a) 47.(c) 48. (d) 

51. (a) 52.(c)  53.(b) 54. (b) 

57.(c)  58.(a)  59.(b) 60. (a) 

63. (a) 64.(a) 65.(b) 66. (d) 

69. (c) 

71. (b,c,d) 72. (b,c,d) 

74. (a,c,d) 75. (a,c) 

77. (a,c,d) 78. (c,d) 

80. (a,c) 81. (a,b,c,d) 

83. (a,b,c,d) 84. (b,c) 

86. (a,c.d) 87. (b,c) 

89. (a,b) 90. (a,d) 

94. (a) 95.(d)  96.(a) 97. (c) 
100.(a)  101.(c) 102.(a) 103. (a) 
106.(b) 107.(b) 108.(c) 109. (c) 
112.(d)  113-(c) 114. (c) ‘195. (a,b,c,d) 
118.(b)  119.(b) 120.(b) 121. (d) 
124.(c) 125.(c) 126.(d) 127. (b) 
130.(b) 131. (a) 


132. (A) (1), (B) >(p), C (s) , (D) >(q) 
133. (A) > (p, q, 1), (B) > (p,q, ©), C >(q. s),(D) > q 
134. (A) — (p), (B) > (q), C (1), (D) >(s) 

135. (A) + (p, t), (B)  (q. s), C 9 (q, Fr, t) 


[2005 AIEEE] (a) HP 
(a) c+a (b) a+ b+c (c) AP 
(c) a+b (d) b+c 
Exercise for Session 1 25.(a) 26. (c) 
1.(a) —-2.(a) 3. (c) 4.(c)  5.(c) —_6.(a) 31.(a) 32. (b) 
7.(4)  8.(c) 9.(b)  10.(c) IL) 12.(d) 37.(b) 38. (a) 
13.(c) 14.(a) 15.(a) —-'16.(c)_—«*17-(b)_—«18. (a) aaefay SANG) 
19.(c) 20. (a) 49.(b) 50. (a) 
55.(b) 56. (d) 
Exercise for Session 2 61.(c) 62. (b) 
(s) 2(a) 3.0) 4(d) 5. (a) 6.(c) a a fj SaAe) 
7.(d) 8. (c) 9.(a)  10.(b)  I.(d) 12. (c) 73. (b,c) 
13.(0) 14.(b)  15.(d) 16. (c) ~—s:'17.(a)_~—s«d8. (c) 46. (ab) 
19.(c) 20. (a) 79. (b,c) 
r , 82. (a,b,c,d) 
Exercise for Session 3 ; 85. (ab) 
1.1018.81sq.cm 2.2.5 3.2cm 7.7:2 9. ; 88. (a,b) 
91. (a, 
26.(1) 27.0 28. a’b? 92. a 93. (d) 
98. 99. 
Exercise for Session 4 104. : 105. a 
2A ls 242.2 110.(c) 111. (c) 
l.acotA 2. rye 4, 4/3 5. ry 6. 2a°b°c 116.(b) 117. (b) 
R 122. (b) 123. (a) 
9. * 10. acosec(A/2) 128.(c) 129. (d) 
Exercise for Session 5 
1, 4 cot 2. 8 cosec™ 4. cosec a 
‘ : . at a 136.(9) 137. (3) 
a 142.(2) 143. (8) 
Exercise for Session 6 Gy 
b 9a" = 2 
24 222 3.6 4.2? 5. mtand 155. 2 
+b 8c 
158. (¥63 - 2V3 
Exercise for Session 7 aa = 290) 
Lt 2. sin A + sin B + sinC 3. 46 6re 161. (0) 
a2 9. (2-V3):2V3 164. (3: 5:7) 
167. (0) 
Exercise for Session 8 , 
ae Riearies P 2.05 sin 38° 181. | *) 
sin 42° \5 
192.(a,c,d) 
Chapter Exercises 196. (b,c,d) 
I.(a) 2. (a) 3. (c) 4. (c) 5. (c) 6. (c) 200. 4 sq units 
7.(bF) 8. 9. (a) 10.(b) 11.(b) = 12.) 205. (a,b,c,d) 
13.(c) 14. (d) 15.(a)  16.(d)  ‘17.(a) ‘18. (b) 210. (a,b,d) 
19.(b) 20. (c) 21.(b) -22.(d)_—-23.(b) 24. (c) 


138.(7)  139.(2) 140.(4) 141. (4) 
144.(8)  145.(9)  146.(6) 147. (8) 
150.(2) 151.(2) 152.(2) 184. 2ac 


157. (sin (B - C)) 


146. 2csin (=) 
3 
159. (=| 
15 
162. (2 
16 


160. (15°) 


163. (=| 
13 


165. (3: 4) 166. m3 + m? - 2m; 
168,( 293 in(1.3,5] 

2 8 2 4 
188.4, = 4 geo) i cs c)s 

a+b+e 

193.(b) 194.(3) 195. (a, b) 
197.(d) 198.(b) 199. (b,c) 
201.(d) 202.(d) 203.(b) 204. (c) 
206.(c) 207.(d) 208.(c) 209. (a) 
211.(c) 212. (c) 


Solutions 


1. 
x+k+y=16 
Also, (t+7)xt=2x(2 + 13) 
=> t=3 
Now, x(x + k) =6 x(6+ 7) 
and yy + k)=1x14 
Solving, we get x =10 - 22, y =6 ~ 22 and k = 2V22. 
+ 
2. We have, s = eee =21 
No2, sinA = 2h 
be 
= 21-8-7-6=4 
14-15 5 
= Aus 
5 
Alternatively By using cosine rule in AABC, we get 
ree eee 
cosA = Mee eas ac a 
2be 
_ (14)? + (45)? - (13)? 
2(14) (15) 
_ 196 + 225 — 169 
420 
252 -%(y<4.<5) 
420 5 
aa 
Hence, A=sin — 
3. Using Napier’s Analogy 
B 


_1-(¥3 -1) 
ae 2+ 8)=7 
A-B _ sop 
2 
A-B=60° 


7 


5. 


6. 


: 
sinl05° sin 45° 
A 
9 x 
105° 
C 455 
_ 2cosi5° _ 2V2(v3 + 1) 3 +1) 
sin45°2y2 
=/3 +1 
a en 
OB ( i 2) 
sin— _ _ sin| 90° + — 
3 \ 3 
A 
oB/3 —|P 
B/3 
B D 
=> AP =2c¢ ane 
3 
Given, 2b =a+c 
=> 2sin B =sinA + sinC 
=> a{ sin 2 cos = 2sin( 4 = <) cos{ 
2 2 2 
> asin = i ee 
2 lo) 2 
. B i 
=> sin— = —= 
2 22 
=> cee = 1 == i 
2 V8 22 
Hence, sin B = =p dae cos eS sa 
2 2 4 
BD _ AB 
DC AC 
=> ADis the angle bisector 
AD= ane due 
+c 2 


8 2 


15 ])* 5 

“AL oe 

wl5 4.2, 3S XIE 
4 V5 2x5 

_3V5 

=> 


2 


- 


—2h ~h 
8. Slope of GC = —,, slope of AG = — 
a 2a 


10. 


11, 


3b 
tan30° = —24 ; anda’? +b? =9 
ii 
ae 
C(0, b) 
b 
(0.5) 
A 
A 
O a 
1 3ab 
= —— 
3 2a? +b’) 
1 a’? + b? 
=> ~ab= 
2 ( 33 
9 e 
> vk =—= =v3 
3v3 
= k=3 


. 4sinA cosB =1, so A and B cannot bem 


. T 
[as if B = then cosB = Oand if A =~, tan is not defined) 
= C=" pat-a 
2 2 
if 
=> pia tog oA lS 
2-7 
1 
> sin’ A => = sinA=- 
=> at => Bede 
6 3 


So angles are in AP. 


det A is twice the area of the triangle with vertices 
(a, p) (b, q) (c, r) with sides 5, 6,7. 


A’ = s(s ~ a)(s - b) (s —c) 
= 16A” = 18-8-6-4 
det B =(det A)” = 4A” = 18-8 -6 = 864 


Given that the circle passes through the circumcentre of 
AABC. Therefore, the distance between circumcenter, incentre 


= JR? ~2rR =r 


=> r? + 2rR — R? =0 
_\2 
=> (=) $90 ae) 
R)  R 
> pave land 


A. B.C 
=1+ 4sin—sin—sin— 


cosA + cosB + cosC =1+ ee 
R 2 2 aoe 
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12. 


13. 


14. 


15. 
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Let a and b the roots of x? -7x + 8 =0. Then,a + b=7,ab =8 


Also, C =60° 
Pg 8 
Now 1_ait bi -c! 
2 2ab 
=> ab =(a + b)*-2ab-c? 
c? =(a + b)* -3ab ="49 — 24 =25 
> c=5 
Thus, Re ee OP 
Aa+b+c) A7+5) 3 


Applying m—n theorem 
(BD + DC) cot = = DC cosB - BD cotC 


= (cot B -— cotC)* =12 


‘A’C = b cosC, B’C =a cosC 


A 


B W C 


A’ B’=c cosC 
Similarly, A’C’ = b cosB and B C’=acosA 
Now, 4R=acosA + b cosB +c cosC 
= sinA sin B sinC =1 


=> This is only possible when ZA = ZB = ZC = > so triangle 
is not possible. 
Let the sides of the triangle be 7,7 — d,7 — 2d. 


Since, the given angle is the greatest (being obtuse) angle of 
the triangle, it is opposite to the greatest side of the triangle 
and we have, 


7 =(7-d)? + (7 -2d)*-27 - d)(7 - 2d)cos—= 


= 7 =2x7* — 42d + 5d?-2(7? - 21d + 24? =) 
=> d? ~9d +14=0 

=> (d -7)(d —2)=0 

=> d=2 (d =7 is not possible) 


Therefore, the sides of the triangle are 7 cm, 5 cm, 3 cm. 


2 
Area of the triangle A= x5 x3 x sin 


15/3 


= [Tom and the radius of the circumcircle 


7x5X3 
R= 
15¥3 
4 
_7x5x3_7N3 
15433 
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16. 


17. 


‘ Sides are in AP and a < min{b, c} 
Casel If min(b, c) = b 
Then, a, b, c are in AP. 
ie, 2b=a+ec 
b? + ¢? - a’ 
2bc 
_ b? +c? -(2b-c) 
. 2bc 
_ 4be — 3b’ _ 4c -3b 
- 2be se 
Case Il If min{d, c} =c 
Then a, c, b are in AP. 


cosA = 


j.e,2c=atb 
2 2 2 
cosA = bit cla" 
2bc 
_ bP +c? -(2c—b)? _ 4bc — 3c? 
; 2bc 2bc 
- 4b -—3c 
2b 
Given, sin Asin BsinC = p 


and cos A cos BcosC =q 


D 
=> tanAtanBtanC = =— 


Also, tanA + tanb + tanC = tanAtanBtanC 
=> tanA + tanB + micee 
q 


Now, tanAtanB + tanBtanC + tanCtanA 
sin Asin BcosC + sinBsinC cosA 


+sinCsinAcosB 
cos AcosBcosC 


= _ [sin Asin BcosC + sinC(sin BcosA 
q 


+ cos Bsin A)] 


= {sin Asin BcosC + sinCsin(A + B)] 
q 


= sin Asin BeosC + sin’C] 
q 


= 1h - cos’C + sin Asin BcosC} 
q 

= a + cosC(—cosC + sin Asin B)] 
q 

= ta + cosC(cos(A + B) + sin Asin B)] 
q 


= ty + cosAcosBcosC]= ei +q] 
q q 


The equation whose roots are tan A, tan B, tanC will be give by 
x? —(tanA + tanB + tanC)x? 
+ (tanAtanB + tanBtanC + tanCtanA)x 

— tanAtanBtanC =0 


18. 


19. 


20. 


or Pia, | 


q q q 
or "gx? + px? +(1+q)x-p=0 


Hence, (a) is the correct answer. 


Ly 
a 
= ey a (where A = ar(AABC)) 
a sh 
dh 
a sh a s 
Similarly, er Se 
b s c s 
le Bag eto) 
a: bh <é s 
=3-2=1 
sin A, sin B, sinC are the roots of the equation 
ex -catb+c)x?+i+m=0 
2 
s sinA + sinB + sinC ETS) 
c 
_ BAG 
c 
a b c atbt+ec 
or — + — + — = 
2R 2R 2R c 
Then, c=2R,atb+c#0 


ie, 2RsinC =2R. 


Let O be the point of intersection of the medians of triangle 
ABC (Fig. 12.10). Then, the area of AABC is three times that of 
AAOC, O being the centroid of AABC, divides the median 
through B in the ratio 2: 1. 

B 


And the height of AAOC is one-third that of AABC. Now, in 
AAOC, AO = (2) AD= = Therefore, applying the sine rule to 


AAOC, we get 


.{ 
Sl = P 
1 10 10 mn Tt 
=5O.0. OR, inf £42) 


si m) \2 
(i) 


=> Area of AABC =3-— = 


| <i evil 

21. We have, (2R) Ue A+ an B Eo C) =" 
sin’ A + sin” + sin°C 

=> R =1, the radius of the circumcircle is 1. 


Greatest length of a side of a triangle inscribed in a circle can 
be equal to the diameter of the circle and hence the maximum 
value of the greatest side a is equal to 2. 


22, (a):(b + ¢ + a)(b + c — a) =5be 


=> (b +c)? -a? =5be 
=> b? + ¢* + 2bc ~ a? =5be 
=> 2bcecosA = 3bc 


cosA = : impossible. 


(b): Let a = 19, b = V38, c = V116 
19 + 38-116 


cosA = 
2419/38 


= * aaae = "eS <-1 impossible. 
(chines bP * “s sin’ B ~sin?C 
a’ sin? A 
_ sin(B + C)sin(B — C) 
7 sin’ A 
_ sin(B = C) 
sind 
_ sin(B -C) 
~ sin(B + C) 
If B>C 
B+C>B-C 
sin(B + C) ‘ 
sin(B — C) 
B<C 


(. B#C) 


1 


and if 
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C-B<C+B 
sin(C — B) 
or — a. 
sin(C + B) 
ee sin(B — C) 2 
sin(B + C) 
ae 2 52 2_ ,2 
Hence, z pe = + 40 
(d): | 
B-C ‘B+C 
co =(sinB + sinC)c 
(PFS) =n + snceaf 255) 
(2:*) if 225) {2=4) (225) 
co = 2sir co: co 
2 2 2 2 


20% 
co iS, i+Q 
) 
sin(B + C)=1 
Reece 
2 
Then, ZA =* 
a ae 
23. We have, cosA = eG ie 
2be 


=> b* -2becosA + (c? —a’) =0 
It is given that b, and 5, are roots of this equation. 
Therefore, b, + b, = 2ccosA and bb, =c” - a’ 
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= 3b, = 2ccosA and 2b; =c* —a’ 
(since b, = 26, given) 
(2 \ 
= a cos | =¢?~@’ 
(3 ) 
=> 8c(1 — sin? A) = 9c? - 9a? 
, 9a? -¢? 
=> sin A = | ca 
Hence, (b) is the correct answer. 
tAcot B-1 
24. We have, cot(A + B)= eden a 
cotB + cotA 


1 1 +l 1 
x2(x? + x41)?-x2 (x7 + x41)? -1 
= =: : 
x2 (x? + x1)? + x2(x? + x +1)? 
xtxt1—-1 

a soe 
(x? + x +1)? +(x? + x 2) 


1 

: 3 
x +1)x? A 5 
x ) = x2(x?+ x41)? 


1 
(x? + x + 1)2(x +1) 
1 
=x 4x? 4+ x3)2=cotC 
=> A+t+B=CandA+B+Ce=n 


c=" 
2 
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oe Wetsvezak = c? +e =a" ae O be the point whose distance from the points of contact 
iS 


Then, Ois the incentre of the AC CC with OP = OQ =OR =4, 


= c? -2bcecosA + b? -a? =0 
being the radius of the incircle 


It is given that c, and c, are roots of this equation. - y ACCC; fh @ 
Therefore, c, + c, =2bcosA and cc, = b* - a? Snes as , ms 
=> KsinC, + sinC,) =2ksin BcosA ° 
= sinC, + sinC, =2sinBcosA Where s = 5 + % + My, 
Now, sum of the area of two triangles A? =s(s — C,C,\(s — C,C,)(s — CC) = s(4) (a )5) 
OR 2 
= Savane + pas, (i) gives 16 = Ly - 05) Mr) _ nies 
1 s? s? Aq + Le) + ty 
= pring + sinC2) Hence, the ratio of the product of the radii to the sum of the 
1 radii = 16: 1. 
= 2 celean eee A) Hence, (a) is the correct answer. 
ae 28. -: Roots are real and distinct. 
= b-bsinAcosA =—b*sin2A ‘ : A>0 
2 ee 
Hence, (a) is correct answer => 4a+b +c)’ -12Mab + be + ca) > 0 
26. bcot B + ccotC = Ar + R) = (a? +b? +07 4+ 2Aab+ bet ca)) — 3X(ab + bc + ca) >0 
co La? 3 
= 2RsinB: = — >(3A -2 (i) 
sin B sinC Zab ( ) 
=> cosB + cosC =1 + Es Now, in a triangle 
R Difference of two sides < third side 
=> cosB + cosC =1+ sea ine ie, |a — b| <c,[b-¢| <aand|c —a| <b 
2 2 2 = (a -b)? + (b-c)? +(c—a)? <a? +b? +e 
= B + cosC 
=> a cosC = cosA + cos cos zs cae ee 2ofab * bo# ca) 
cosA = 
° Ya? 
1 si 
aoe". or —— <2 » ATI 
re A= 2 Lab ( 
= 2 2 + 2 From Egs. (i) and (ii), we get 
2 
4 
=> b? +c? =100 Sha 2< <2 3A-2<2 => M<> 
a 
Using A.M 2 G.M., we get 
6 b2 + 6 29. Area of triangle 
<> Vb? = be $50 A 


Hence, area of AABC = «be <25 


27. Let 7, r and r, be the radii of the three circles with centres at 
C,, C, and C,. Let the circles touch at P, Q and R. 


Area of AARQ, 
b ke . Ta kA 


= MA =——5 
(k+1) k+1 2 (k +1) 


Similagly; area of ABPR = Area of APCQ = A ; 
(k +1) 
Ss APOR 1 
Q 


Now, aie Manet Nee 
AABC 3 
__3k 
2 
(k + 1) a dk 
A 3 
or 2k? —5k+2=0 
Also, GC, =4 + ,C,C, =H +%,C,G=n+7, or pas 
2 


30. «. f(x + y) = f(x): fly) 


for x=y=1 
f 2) =2? 

for x=ly=2 
F(3) = FA) FQ) =2? 

fn) =2" 
a=f()=2=8 , 


b= f(1) + f@)=2+8=10 
andc = f(2) + (3) =2? + 2° =12 


cosA = : and cosC =— 


cos2A =2cos’?A -1 


31. Given, xt y+z=atbt+c .-(i) 


and a*x + b*y + c’z + abe = 4xyz divide by 4xyz, we get 


rh 


For using the eeesaeaeeis identify 
cos’ A + cos’ B + cos’C + 2cosAcosbcosC 


=1A+Bt+C=n 
Let —— = cos A, aie = cos B, ——= = cosC 
2 yz 2v xz 2.) xy 
Where A, B, C are acute angle’s 
From Eq. (i) 


“ xtyt+zoatbec 
>xtytz =2,/yz cosA + 2Vxz cosB + 2./xy cosC 
=>xtyt+z-2Jyz cos A — 2Vxz 
cos B - 2,/xy cos(m —(A + B))=0 
=>xty+z-2 yz cosA ~2V xz | 
cosB + 2y[xy cos(A + B)=0 
=> xty+z-2 yz cosA — 2Vxz 
cosB + 2,/xy(cos A cos B — sin Asin B) = 0 
=> x(sin? B + cos” B) + y(sin? A + cos” A) 
+2 — 2,/yz cos A — 2Vxz cos B 
=> 24/xy(cos A cos B - sin Asin B) = 0 
=> (VxsinB - Jy sin A)? + (Vx cosB + Jy cosA - Jz) =0 
= xsinB = /ysin A and Vx cosB + Jy cosA = Vz | 
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b — a 
=> Vx + ./ = Jz 
avxz \ 2yz 
= bt Oe et SE ae 
——= Vv = 
avz az 2 
si b+ec a+c a+b 
.. By symmetricity x = y= ,Z2= 
Z 2 2 
32. Let S and I, be respectively the centres of the circumcircle and 
the excircle touching BC. 
It can be shown that 
= | R? + 2Rr, 
In ASI,P, SI? = R? + #? 
R? = 2Rr, = R2+ 2,5 =—— 
t = 2Rr, 
Similarly, =, 2g 


33. ZBAA, = ZA,AA, = ZA,AC 
Clearly, triangle AA,C is isosceles 


=>" AA, = AC =6 
a 
A 
Cc b 
cr 
: A, 4 Ay C 
Now, ans. bop ates 2sin came 
3 3 2 3 3 3 P 
2 
adage int =f AC) BA, 
2°36 6SlU YO 
1a? 3a.1_ 3a 
2 16b? 4 c 128b7c 
ee ie 
34. *: cosA BM Be 
2bc 
or c? -2becosA + 6? -a? =0 
¢ + ¢, =2bcosA= rx2x = 23 
and oc, =b? -a? =4-5=-1 


le, — eq] = yc, + &)? — 4q,¢, 


= f12+4=V14=4 
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35. Circumradius of triangle ABC, R =5 


.. Circumradius of pedal triangle, R, = - and so on. 


Now, YR=R +R, + Rit... 


5. 5 
So Sb aa Tee 
2 2 
=5-—_=10 
1-- 
2 


= (b —a)(c — a) = As — a)” 
=> Abe — ab — ac + a’) =(2s — 2a)? 
=> 2be — 2ab — 2ac + 2a” =(b + c—a)* 
=> 2bc — 2ab — 2ac + 2a’ 
= b* +c? + a? + 2be — 2ac — 2ab 
=> b? +c? =a? . 
= 2bccosA = 0 
ZA =90° 


37. Prove that sin(A — ) = sind 


In AABD, 
BD AD 
sin@ sinB 
= Apap 
sin 8 
A NN 
IR, 
/ 
B° a a C 
—5  —- $— 
In AACD, 
CD _ AD 
sin(A - 8)  sinC 
sinC 
AD + CD:————_ 
3 sin(A — 6) 
From Eqs. (i) and (ii), we get 
inp he sinC (CD) 


sin8 — sin(A — 6) 


.»(i) 


.. (ii) 


38. 


39. 


40. 


sin B sin8 


= —= SF 
sinC  sin(A - 6) 

6 __ sin(8) 
c sin(A -6) 

=> sin(A — 8) = sin As) 


A, B, C are in A.P. => B = 60° 


1 +a°—-b 
= cos B = cos60° = — =~ a 
2 2ca 
=> a+c=b* 4+ ac 
=> (a —c)* =b? ~ac 
=> Ja —¢|=/b? - ac 
=> |sin A — sinC| = /sin? B ~ sin AsinC 
-C [3 , ? 
=> peor” ne ane = .!— —sinAsinC 
2 V4 
=> alsin aS 4. 3 — 4sin AsinC 


2sin 
3- 4sinA 
So, that lim —————————_ sinasin€ = 


aac |A-C| ot Di [A= - 7 


We are given that (a + b + c)(b + c-—a) =Abe, or 

(b +c)? — a” =Abce. That is, b? + c? + 2bc - a? = Abe, or 
b? + c? —a? =(X —2)be. 

b+c’-a® A-2 

_ 2be a a 

As A is the angle of a triangle, -1 < cosA <1. 
Therefore, 


Therefore, cos A = 


A=) g, 
2 
=> 0<A<4 
ee ee 


=> a=ksinA, b =ksinB,c =ksinC 

Now, the given relation is 

(a? + b?)sin(A — B) =(a? — b”)sin(A + B) 

or k*{sin? A + sin? B]sin(A — B) 
= k*[sin? A - sin? B]sin(A + B) 

= (sin? A + sin? B]sin(A — B) 
=sin?(A + B)sin(A — B) 

or sin(A — B)[sin? A + sin? B - sin?C] = 0 


Hence, either the first factor = 0, or the second factor = 0 


If sin(A — B) =0 

=> A-B=0 

> A=B 

=> Triangle is isosceles. 

If sin’ A + sin? B —sin?C = 0 


Soa iy 


a b? Po 
=> —+—->-—=0 
| an ae 
or a+b? -¢*?=0 
or a’ + b* =" 


=> The triangle is right angled. 
Pe oe ee 
119! 317! SIS! (2b)! 

1 1 1 1 1 8° 
> — +— + — + — + —= 
119! 3!7! «5th! 3!7! Oot (2b)! 

t { ] ! { 
1 (10! | 201, 10! | 10! | 10!) 


=> pee pa 
1otlio! §=3t7! «5's! 713! oti!) 
3? 
~ (2b)! 
+ (% a 10> a: 100 4 100 ee 100 )= 8° 
10! ae Oe 
- 3 
=> —_—_= = 
10! (2b)! (2b)! 
=> a=3,b=5 
Also, 2+at+c=> 10=3+¢ 
=> c=7 
a=3,6=5,c=7 
mene 2 Vian Atand 
ane i ae 
Also, gaees see ee 
2ab 
_9+25-49_ 1 
30 2 
C =120° and A, B <60° 
tan A + tan B + tan C = tan A tan B tanC 
=> tan A + tanB — J3 =— +3 tanAtanB 
=> tanA + tanB a) =—/3 tanAtanB 


| ”, tanA + tanB = V3(1 — tan Atan B) 


Also, tanA + tanB>0 
| => V3(1 —tanAtanB)>0 
=> tanAtanB <1 


From Eqs. (i) and (ii), we get 


ese) > (tan A tan B) 


Let tanAtanb =A 
V3(1 — A) > 2V0 


= 32 -10A +320 
= (A -1)(A-3)20 
7 A-3<0 
3A-150 
= nee 
3 


tan Atanb <- 


...(i) 


(ii) 


[from Eq. (iii)] 


Chap 03 Properties and Solutions of Triangles 


42. 


43. 


1 \ 
{sina +1+ | 
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*s a(b —c) + Wc -—a)+ ca-b)=0 


x =1is a root of the equation 
a(b — c)x? + We —a)x + (a —b) =0 
Then, other root = 1 
a-b 
a(b -c) 
=> ab -ac=ca-—be 
b+ gne 
atc 


(." roots are equal) 


..a, b,c are in HP 


111 : 
Then, —, —, — are in AP. 
abe 


= S 3 8 are in AP 
abe 
=> 5 45 1,5 -1 are in AP 
a b c 
aN (~<a) (§—0) (§—¢) ap 
a b c 
abc 
Multiplying i h by ———————_——_, then 
puree) Ceara he Biers) 
be ca ab 


$$, ——_., —__—- are in AP. 

(s —b)(s—c) (s-c)(s —a) (s —a)(s - b) 

- (s — b)(s —c) (s—c)(s —a) (s —a)(s — b) 
be "  . 6a ; a 


or sn'{ 4} sin} 2} sn £] are in HP. 
\2 2 2 


Let a be the radius of the circle, then the ratio of the area of 
regular polygons on n sides inscribed to circumscribing the 
same circle is given by 


are in HP. 


sinA/ 
(if A = 90°) 


 sinA + = 22 
sinA 


Then, sin B + 6% 
sin B 


id anCe Se 

sinC 
f 1 1 1 \ 
s{sinAt = 7 +1] sinB+—— +1 sinC + Gt |>27 
\ sinA sinB sinC 

( 1 \ 

I sinA + —— +1] >27 
\ sinA P 


sinA +sinA+1 
or —_——_—___—_—_—_ | > 27 
sinA 
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45. From the given information it is evident that distance between 


I (incentre) and O (circumcentre) should be equal to inradius of 


triangle. 
A 
B C 
If ‘r’ and ‘R’ be the inradius and circumradius respectively, 
then 
Al =r cosec 22 dia? tine 
2 2 2 
and so=R, <oar=4-(2-c] 
2 2 
Oy Sis 
2 


Now, 10? = OA? + Al” - 2(OA)(AI) cos 


=> 


r? = R* + 16R*sin? sin? < 


C-B 


ai an” ai ced C-8 
a a 


F 


2 | 2 


Cc 


. 2 


=> r=R (1+ Sin ant Di ine - cox © — 5) 
2D 2) 


= pt 


Cc 
= R(1 + asin? sin“ sin BsinS — cos—cos— 


Zz 
= RA1 - 8sin 2 sin& cox 
t 2 2 


. 


‘6 
| 


\ 


B 


= R411 ~ sin“ sin sin“) 
2 2 2 


4 


=R(1-8-2) = Ra 
4R. 
' 2 
=> (2) +f2)-1=0 
\R) \R/ 
r —2+t.,/4+ 
=> —_= 
R 2 
r 
=> 1+—=v2 
R 
= cosA + cosB + cosC = V2 


Hence, (b) is the correct answer 


46. a+ b+ ¢ aon + sinB + sinC) 


OB 2 Oh BY B 4) 
1+ aD we — cos—cos— 
\ ae a ae: 2 


2 
B ) 
2) 


=) 


= 2 ~1,as-->0 
R 


3 
=> a+b+c=2AsinA + sinB + sinC) 
=> ieee EDC soda Ad @B4 anc) 
sinA_ sinA 
: b c 
(using —— = —— = —_ 
snA sinB_ sinC 


47. 


48. 


= sinA + sinB + sinC = 2sin A(sinA + sinB + sinC) 


=> sinA me 
2 
=> A=30° 
Let linear function is F(x) = Ax + B 
[1,2] - [4, 6} 
=> F(i) =4 
=> A+B=4 
and F(2) =6 
: A=2 B=2 


Then, one function is F(x) =2x + 2 = f(x) (say) 
F(l)=6=> A+ B=6 
eee A=-2,B=8 
F(2)=4=2A+ B=4 
Then, other function is F(x) = —~2x + 8= g(x) (say) 
c= f(1)+ of1)=4+6=10 
Now, x? + y? — xy =10 


is an ellipse whose cente (0, 0). 
Maximum distance from origin on any point on ellipse = Semi 
major axis = 410 

r=¥10 
Then, a=r’=10 
a=c=10 
sinA:sinC =1:1 


Let a be the length of each side of the equilateral triangle ABC. 


Then r, the radius of the in-circle = (+ }ae (the altitude, 


median and the angle bisector of angle A) 


i | 2 a’ a 
=> ra-.la -— =-— = 
3 


4 23 


C 


Area of the square PQRS inscribed in this circle 


= PQ” = OP? + OQ 
: 2 2 
=2r* =2x e ail 
4X3 6 


49, 2sinB =sinA + sinC 
=sinA + sin(A + B) 
=sinA + sinAcosB + cosAsinB 


= sin B(2 — cos A) = sin A(1 + cos B) 
sin B sinA 
=> _—__— = 
1+cosB 2-cosA 
B sinA 
=> tan— = ————- = 
2 2-cosA 
=> sinA + 2k—kcosA 
=> sinA + kcosA = 2k 
k 
=> sin(A + a) = “as , where tana = — 
Vi+k 1 
= zh <1 > ak < Ji +k? 
\i+k 
4k? <1+k? = 3k?-150 
= [kis = 


3 


1 
= Maximum value of Bit is —=. 
2 a8 


50. x? -9x+8=0 


x=1,8 
= gin’ B 1g = pian’ B _ 99, 93 
tan? #0 
ta? B=3 => tanB = J3 
ZB =60° 
Also given, 2cos A = oe 
sinC 
=> 2cosAsinC =sinB 
=> sin(A + C) -sin(A —C) =sinB 
=> sin(A — B) -sin(A — C) =sinB 
Then, sin(A —- C) =0 
> A=C 
= -  A+B+C=180° 


A + 60° + A =180° 
A=60° =C, B=60° 
51. We have, 
arc(BC) =3 
arc(CA) = 4 
arc(AB) =5 


(suppose) 
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Let r be the radius of the circle, then 


3=0,4=B85=7 ( Angle = 


arc ) 
radius 


Now,3+4+5=ra+B+y)=r-2n 


6 


r=— 


v1 


AABC = AOBC + AOCA + AOAB 


sinA 


12. 12. 1 >. 
=~-r’sina + -r’sinB + ar siny 


ra )en(Joa( 


Pe ee eee | 
sin— + sin— + sin— 
tages 3 6 


, wo 
als 


=——— — sq unit 


melee. (i) 


bt+e 


sinB sinC sinB+sinC 


2(° i) (- sed 2=£) 21) 
2) L 2 


[from Eq. (i)] 


Hence, a =2A im 


53. cosB = 


2 
a 


+c’ —b’ 
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sinA 1 


is 2sinC 2sinC 


inA-1 
Lucu 
2sinC 


AD. b 1 
— =sinC >— = 

b AD sinC 
2cos BsinC =sinA —1 


=> 
=> sin(B + C) —sin(B — C) =sinA -1 
= sin A —sin(B —C) =sinA -1 
=> sin(B - C) =1 
-B-C=e 
2 


B=C+ 2 =23+90=113° 


ZB =113° 
31 1 - tan? = 
54. We have, — =cos(A — B)= —-_, 4, 
a 1.4 tan? 
2 
=> 63tan?— =] 
A-B 1 
=> tan = 
Z 63 
Now, tan a oF EE 
2 a+b 2 
1 5-4 Cc 
= == cot — 
v63 .5.+4 2 
2 9 
1 tan*{ S) 
Also siecle ede 
of C 
1+ tan (<} 
2 
63 
17a 38 1 
jen 144 8 
81 


c? =a’ + b* —2abcosC 
=25 + 16 -25-4.(2) = 36 


Hence c =6 


55. Using cosine rule, we get 


x? =(x +1)? +b? — Ux + I)b cos 


=> O=2x +14 b? ~(x+1)b 
= b? —(x +1)b+2x+1=0 


Since b is real, we have 
=> (x + 1)? — 42x +1)20 
= x’ -6x-320 
=> x23+i2 
The least integral value of x is 7. 
56. Letr =1cm 
a= BC=BD+ DE + EC 
=BD+CC, + BD 
=2BD + CC, 
= 2rcot30° + 2r 
= 2r(V3 +1) 
= 2/3 + 1)cm 
.. Area of triangle 
3243 
4 4 
= /3(4 + 2V3) cm’ 
=(6 + 4V3) cm? 
A 


ABC -4(V3 +1) cm? 


I 
' 
if 
' 


= ig Pd Cc 


57. Wehave,2b=at+c 
2sin B =sinA + sinC 


. B B _ AFC A-C 
4sin—cos— = 2sin cos 
2 2 2 
B A-C 
=2cos—cos 
2 
. B A-C 
2sin— = cos 
2 2 
i.e,. 2cos = cos BAC lt) 
Now, cosA + cosC = 2cos are re: - E 
+C : , 
=2cos nee all 2cos x [using Eq. (i).] 
2\ 2 
= 4cos" Age .. (ii) 


Cc 
4(1 - cos A)(1 — cosC}— a2sin?=-2sin?— 


ii SS 


{ Se ey Axe Axel! 
= 4 2sin—sin—| = 4 cos — COs } 
2 2 2 2 a5 
2 
= feos SS coe 4%} = cost =£ ...(iii) 


From Eqs. (ii) and (iii), we get 
2cosA + cosC = 41 — cos A)(1 — cosC) 


58. We have, c(a + b)cos- B = b(a +c) cos 


“. (a + db), {e—7} = a + c) (| 
| ca | ab | 
or (a+ b).Je(s -b)=(a+ c),J Ws —c) 
Squaring, 
(a + b)’e{s — b) =(a + c)’s -c) 
or s{c(a + b)* — Wa + c)*] — be[(a + b)* -(a + c)*]=0 
or s{ca” + 2abe + cb” — ba* — 2abe — bc”} 
— be(b —c)(2a + b+c)=0 
or s{bc(b — c) — a*(b — c)} — be(b — c)(2a + b+ c)=0 
or(b — c){s(be — a) — be(2a + b + c)} = 0 
or (b —c){s(be — a”) — be(2s + a} =0 
or -(b — c){s(be + a*) + abc} = 0 
Since, a, b, c are all positive and so s(be + a’) + abc #0 
It follows that b —c = 0. 
Hence AABC is isoceles. 
59. Mis the mid point of BC 


“. AOMC 


: 2 
= 72 i eae 


R? 


> R® cos2A =r* 
cosA = = r=RcosA 
cosA + cosB + cosC 
=1+ asin sin sinc =1 + 7 =1+cosA 


cosB + cosC = 1 
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62. 
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AC = d,0A = OB =r,CD = BD=1, ZCOA == 
AC? = OA? + OC? -2A0 OC cos— 
: 3 
or d? 227? 274 = 72 
2 
Also ABOD = A= oR a 
x2 3 
nm BD 1 
or —=—=- 
3 OB r 
=> l=rV3 =dV3 
In pedal ADEF, 
EF =acosA 
DE =ccosC 
DF = bcosB 
If circum radius of ADEF is R, 
Then, R, = (a cosAXO cos B)(c cosC) 


4-5 DF: DEsin(ZEDF) 


(Here, AEDF = 180° ~- 2A) 
abc cos Acos BcosC 


4- -beosB-ecosC-sin(180" —2A) 


acosA a 2RsinAcosA 


2sin2A 4sinAcosA 
R 
ae 
Let CD be the bisector of C, so that AD = x and BD =y 
Men ee Se. = sin _ cD 
sin45° sinA 2x 
Sinitarty in ABGD es COs dupe 
sin45°  sinB vay 
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63. 


sinA-sinB_ y-x 


sinA+sinB~ ytx 
[By Componendo and Dividendo] 


= 
= [As A + B=90°] 
=> ee (given) 
ytx 1 
=> again by Componendo and Dividendo, Y= = 
x a 
=> x:y=(1-t):(1+ 2) 
BD =(s — b), CD =(s —c) =>(s — b)(s —c) =2 
=> s(s — a)(s — b)(s ~c) = 2s(s — a) 
=> A? = 2s(s — a) 
2 — 
= a Hee 1 (radius of incircle of triangle ABC) 
s s 
a 
=> — = constant. 
s 


Now, A= aH, where ‘H,.’ is the distance of ‘A’ from BC. 


Al 
s 25 
2s 
=> H, = — =constant 
a 


=> Locus of ‘A’ will be a straight line parallel to side BC. 


. Let AE is vertical lamp-post. 


Given, AE = 12m 


phen weeks 
V3 
BC = JAC? - AB? =/144- 48 
= 96 = 4V6 
Area = AB x BC = 4V3 x 4V6 = 48/2 sq m. 
65. tanw= = tan2a = sata -= pre b 
a 1-(b/a)° a 
A 
p 
b 
O o—) il 
a 
2ba ptob 
=> = + _ 
a’-b? a 
= 2ba*-a’b+b* _ Wa’ +b) 
a’ —b? P P (a? - b?) 
66. x=hcot3a (i) 
(x+100)= Acot2a .»» (ii) 
(x + 300) = Acota .-{iii) 
h 
a 
F200 —=F= 100 xa 
A B C 


From Eggs. (i) and (ii) 
— 100 = A(cot3a@ — cot 2a) 
From Eqs. (ii) and (iii) 
—200 = A{(cot 2a — cot a) 
sina sind 


( 
\sin3asin2a@ sin2Qsinad 


sin3a 200 sin3a 
or : =—_ > — =2 
sina 100 sing 
=> 3sina — 4sin’ o - 2sina. = 0 
=> 4sin?a -sina=0 = sina=0 
. 1 ; Tl 
or sin? =— = sin? = 
‘ 4 Lo) 
=> qe 
6 


3 


Hence, H = 200sin = ar = 10073 [form Eq. (i)] 
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67. Obviously, from figure | “. cosC = cos(A — B) or cosC = cos(B - A) 
(i) C=A-B or C=B-A 
- nm -(A+ B)=A-Born-(A+B)=B-A 


...(ii) Bs 2A=Nor2B=n, A= - (Rejected) or B = . 
But ZB== [As ZB > ZA] 
i b 4b 4 
But = ~ =-- =— =k (let 
ta (let) 
A/3 => b = 4k,a=3k 
Now, ac =3 Cc 
= 3V7 k? = 
Pot b=4k 3k 
> k ~F 
1 
> == ith 120 = h = 120, 40 => kon s Wk e 
1+ ——_ 
14400 * Reka" 
4 
But h = 40 cannot be taken according to the condition, 7 
therefore h = 120 ft. 72. We have, a =5,b = 4and cos(A — B) = ake 
68. c? =a? + b® - 2ab cosC =(a ~ b)* + 2ab(1 —cosC) 32 
=(a-b)? +2 As tn( 4=2) = oO eae eee 
=(a - 5) +a oe) , 2 FT 2 9° (2 
Hence, for c to be re =b Pe re tan’ A- *) 
Also A=-absinC = @?=——=$' = cos(A ~ B) = ————~-——_+ 
2 sinC } (4 - *) 
1+ tan"| ——— 
69. 2A=absinC ; 
=> a*b* — 4A’ =a’b* cos*C = i see 
ics, gaa 31_ 81 2 
- fa°b? - 4A? + Vb*c?- 4h? + Vc2a?- 4A? ad 32 w, * sett = 
=abcosC + becosA + cacos B 81 2 
70. ccos(A — 6) + acos(C + 8) => 31+ > cot? =32~—c pe 
= cos@(c cosA + acosC) + sin@(c sinA — asinC)= 6 cos02 b 7 2C .c.9 
71. Asac =3 and be = 4 ze aa zee 
b = 4 1- inte J _/ 
1 
eae ee oe ee 
= =" =" [2 B> ZA] 1etant’® 142 16 8 
b+a 4+3 7 2 9 
2 2 2 
~ _ + —_ 
tn( 24) = ; : cot S Also, cosC = = = : 
+a 
2 
" 1-cos(B- A) _ 4-3 aie = Go NG SO ad a eg 
1+cos\B-A) 4+3 2 45)(4) 8 
[3 Now, verify alternatives. 
ee OER: (d) LHS = R(b’sin2C + c?sin2B) 
ad =-cot— ; ; 
42 7 2 = R(2b’ sinC cosC + 2c’sin B cos B) 
. = 2R[4R’ sin” BsinC cosC + 4R’sin* CcosB] 
s ee Cc 
a = ar => ss =7 = 2R(4R*)sin B sinC[sin B cosC + cos BsinC] 
1 = 8R’sin Asin BsinC 
mat ee = (2Rsin A) (2Rsin B) (2RsinC) = abe 
or cos = 4 =__La- == a . ° 
tata 1+: 8 4 (5) (4) (6) = 120 
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73. (a) a* —(c - b)? = 4bc 
=> a* —(c? + b? — 2bc) = 4be 
a? =b* +¢? + 2be 
—2be 7 b? +c? — a? 
2be 2be 


=> cosB =-—1 which is not possible. 
(b) 2b’sinC cosC + 2c’sin B cos B = ab 


(bc cosC + c’b cosB) _ F 


b 
R 
be 

=> ene + ccosB) =ab 
abc ec 1 
=> — =ab,>—=- 
R 2R 2 

=> nese => rod 

2 6 


cosC = = 
2ab 2x35 
eas Se 9 
30 2 
2n 
C=— 


(d) As cos * a <} = co 4 = <} 
2 2 


=> asin sin = 0 which is not possible in triangle. 


74. We have, SA et 
sinA sinB_ sin30° 
So, 2sinA =sinB 


Hence, option (a) is correct. 
Also, c? = 4+ 1 — 4c0s30° 


=5 -2V3 


=> ¢ = 45 —2V3 


Asc>a=ZA < ZC and ZB is obtuse. 
Also, Azi misoste! 
2 2 2 


So, R= ae 
4A 
_1x2xe_ 
4A 


Hence, option (d) is correct. 


c= AB 


75. A=10V3,s =10 


=> em Or. 
. s 


B 
=(s ~ b) tan— 
r=(s yen 


=> s-b=3 => b=7 
> a+c=13 
=> ac = 40 
A 
b 
Cc; 
dee 
B A Co 
From Eq. (ii), a? — 13a + 40 =0 
=> a=5,a=8 
= c=8andc =5. 
Hence, a =8,b =7 andc =5(Asa>b>c) 
A A 
=> = it, =——, = — will gi 
s—a s—b s-—c 
Also, #297 
sin B 
=> oR = => r= 
v3 3 
2 
cugt 
76. ceGana Pes 
2 64 
=> c? = 48 => c= 4v3 
Also, nites ii ian 
sinA  sinC 
- 4 _ 4y3 
sinA ca 
2 
= A=30° 
As ZC =60°, ZA =30° 
=> ZB=90° 
1 
—ac 
Now, a ree 
s at+bt+c at+bt+e 
2 
___ 4(4N3) 
4+ 4/3 +8 
16V3 _ 4v3 


124 4V3 3443 
Now, verify alternatives. 
4v3 
34 V3 


(c)r= 


(d) T the length of internal angle bisector of ZC is 4 
v 


Hence, options a and b are correct. 


0) 
ii) 


77. R= 


b b 
=—cosec a 
a 2 


1 
a == p*sin(\80° ~20) =—b*sin2a 


_ 1 — cosa)sin2a r bsin2a 
21 + cos” a) 2(1 + cosa) 


and = Of = y(R* ~2Rr) = R (3 e 4 


= Ry1 — 4cosa + 4cos’ a = R(2cosa — 1) 


= Raf 2c0s?2 ~ ) - } 
L\ 2 

= R 4cos?— = ) 
iN 2 


A 4cos?& -Scos "| 
et 2 2, 


= 


a 
cos— 
2 
R cod 2%) b cos 2 
L2J 2 
: a 
cos— asinccos © 


78, (a) Since, tan A + tanB + tanC = tanAtanBtanC 


But here, tan A + tanB + tanC = 0, impossible 


(b) 


or 


or 


(c) 


2 3 7 
abc 
2 3 7 
at+b_c 

5 7 
atb 5 

=-<1 
c 7 


a + b <c impossible. 
(a + b)? =c* + ab 
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a’? +b? —¢? =-ab 
eee 
2 


ZC =120° 


and V2(sin A + cos A) = 3 


(d) 


and 


From Eq. (i), 


visi a+) =v 


/ 
sin A+ =) = 22 
4) 2 
Ataes 
4 3 
Az== possible 
12 
V3 +1 
sinA + sinB =- 5 


cosAcosB = 8 =sin Asin B 


cosAcosB —sin Asin B = 0 


cos(A + B)=0 
A+B=~ 
2 
Tt 
B=—-A 
2 
sinA + cosA = Be 
sof a+) 221 asin 
4 22 12 
4 12 
ae 
6 
pee 
3 


Then, C = = possible. 


79. In AABC,b+c-a>0,c+a-b>0,a+b-c>0,so 
(b+c-a)+(c+a-—b)(a+b-c) 


=> ? 


Al 


3 
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-.(i) 


>{(b+c-a)(cta—b)(at+b-c)}? 


227(b+c-—a)(ct+ta-—b)(a+b-c) 


is (at b+c)+(b+c-a)+(cta-b)+(at+b-c) 


4 


>{(a+b+c)(b+c-a)(c+a—b)(a+b-c)}" 


= > (16.4) 


P>4A"* or P* =256A 
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For a given parameter, equilateral triangle has the largest area, A 
so the area of triangle 


ae Sey 


4\3 


(for equilateral triangle,a =b =c = 7) 


B D Cc 
Now, P?=(a+b+c)* 


2 

=a" +b? +c? + Aab + be + ca) => + bt a2 ge oO 

a ee 2, 22, 22 2 
=Xa° + b° +c") -Aa + b° +c" -—ab 

— be — ca SXa? + b? +c?) 


=> 41? + 2b? + 2¢7 —@? 
=b? + ¢? + (b? +c? — a’) 
i i =b= 
(equality holds iff °) Batsbeee? =b? +c? + 2becosA 
a c 
Thus, As oie ceed =(b? + c? =a”) + a? + 2bccosA 
=> a+b +02? 243A =2becosA + a’ + 2becosA 
= 4becosA+ a? 


83. -s A=nr’, A, = mr’, A, = tr¢ and A, = mr, 


80. Let AD be a perpendicular fromA on BC. 


Then, sid =cosB 
c 


(a): 
=> BD is rational, similarly AD is rational. 
, + JA, +A, =V1 ++ 
: i . VA, + JA + VAs = Va (5 + +) 
Now, sinC = cosB = 7 => bis rational (b) : 
1 1 1 
mein Re LO ae ee ee 
Since, cosC =sinB = 7 VA A, VAs 
= DC is rational eS ere oes (| 
Hence, a = BD + DC is rational Tih h w\r 
Hence, both a and b are rational numbers. 1 1 
81. (a) :°" Maximum value of 7 mr? VA 
sin2A + sin2B + sin2C (c) : ° 
and sin A + sinB + sinC is same that is 3. 5? 2 
(b) :*- sin sin sine s- Vint, ge a 
ae (s —a)(s — b)(s —c) 
=> anes = R22r _ 5's —a)(s —b)(s —¢) _ Ss 
3 es 
A 
(ep orem one? an 7: 
(a+b+c) 2s SOFAS ee | 
2 abc rin dese VA 
. ‘Se (¢. B 2 2r) 
(a+b+c) ie i 1 : 1 
(4) VA VA, VAs 
ZB =90° (d) : 
soon 
r=(s~b)tan==s—b 3 VA, + JA, + JA, 
i Ae =Vn(, + 1% +%)=VN(4R + 1) 
~ QsinB 2 84 sees Bee 
> 2R=b 2bc 
: r+2R=s => ce”? —2becosA + b? ~a? =0 
82. -: Dis the mid point aA ¢, + ¢, = 2bcosA, cc, = b? - a” 
AB’ + AC? =2[ AD? + BD?] Giveii i heat ma? 
= (c, + ¢2) = Gc, =a” 


; 
oF + val +(2) 


=> 4b cos? A —(b? — a”) =a’ 
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=> 4cos?A =1 = {a°b? - 4A? + °c? ~ 4A? + yc?a? = 4A? 


> (1 + cos2A) =1 =abcosC + becosA + cacosB 
1 27 2 2 2 
=--~=cos— + b° + . : 
or cos2A = riuee ry id ; (using cosine rule) 
2m 
2A =2nn t s 88, 2a°b’ + 2b°c? =a‘ + b* +4 
- Also, (a? — b? +c”)? =a + bt + c4 — 2a7b? + b%c? - c2a”) 
A=nnt+t—,nel 
3 (a? — b? + ¢*)? = 2¢7a? 
Az nore a’ —b? +c? 1 
3 3 oe ——_——— = t + =cosB 
’ 2ca V2 
i.e. A =60° or 120° 
or B = 45° or 135° 


85. Let D, E and F be the mid points of the sides of AABC E and F 


89. AH =2RcosA, BH =2RcosB, CH =2RcosC 
are mid-points of AC and AB , respectively. oT re eae 
A 


“.P =2R(cosA + cosb + cosC)= 2A 1 + Al =AR +r) 


‘N 


We know that in any triangle, r < - 


90. 


So, EF || BC and EF =~ BC / 


Thus, AD will also divide EF into equal parts. 
Hence, DH is also median of ADEF. 
Similarly BE, median of AABC, is also median of ADEF. 


These two lines meet at G. So, the centroids of both triangles - 
are same. If R is radius of big circle, then si © = |= 


The orthocenter, O of ADEF is the point of intersection of the 


perpendiculars DH and EK drawn from D and E, respectively. sin < al 
A or R= ic + cosec (}} = 
n 


= 


Pn 
F E a aa 
91. From the cosine formula, cos A = a 
4 4 or b? -(2ccosA)b + (c? —a”) =0 
: e e Which is s quadratic equation in b. Therefore, 
Since, EF|| BC, DH is perpendicular to BC also, esinA <a<c 
Similarly, EK is perpendicular to AC. Therefore, two triangles will be obtained. But this is possible 
So, orthocenter of ADEF and circumentre of AABC is the same when two values of the third side are also obtained. Clearly, 
points. two value of sides b will be b, and b,. Let these be the roots of 
86. (a? -2ac +c) + (a? - 4ab + 467) =0 "ile Abovelequabiorns nen, ae 
= = dbb, =c? - 
" (a -c)* + (a—2b)? =0 Sum of roots = b, + b, = 2ccosA and bb, =c" —a 


ee er 92. Wehave, @+b+c°=cat+ec’b+e? 


Therefore, the triangle is isoceles. ' = a’ + b> =c"(a + b) 
2 
Acca ee Oe IP Lg = (a + b) (a? + b? — ab) =c%(a + b) 
2ac 8b? 8 ’ athe? 1 1 
v be +c? -a 1 > ——_—— =~ => cosC =- 
cosA = ————__ = — 2ab 2 2 
2bc 4 ZC =60° 
87. 2A =absinC Hence, A + B=120° 
= a’b? — 4A? = a*b? cos?C .. AABC need not be equilateral. 


Statement I is correct and statement IJ is false. 
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93, 


95. 


96. 


§,  cos(A ~ B)= = 


4 
a A-B) 5 
1+ tan A=?) 
2 
v — B) 
2tan’| <= 
2 j_1 
=> =-— 
2 9 
=> tan( 4? | -2 [asa>b=A>B] 
Zz 97 3 
Using, tan( 47) ae cot —, we get 
a+b 
Le a cot— = cot—=1 
3 6+3 
=> ZC =90° = Statement 1 is false. 
S, : Using sine law in AABC, we get 
ac 
sinA  sinC 
a a? +b? 
=> <2 oie 
nA sin— 
2 
=> ee ee oe 
sinA v5 


=> Statement II is true. 


. Statement II can be proved (by using A + B + C = 7) to be 


true. (conditional identities) From which we get 
3 — Asin? A + sin? B + sin?C)=—1—- 4cosAcosBcosC 
= 3-22) =-1- 4cosAcosBcosC 
= cosAcosBcosC =0 
=> one of the angles A, B, C is equal to 90°. 
* A+ C=180°, B+ D=180° 
. cosA =—cosC, cosB = —cosD 
= cosA + cosB + cosC + cosD 
=(cosA + cosC) + (cosB + cosD) 
=0+0 
=0 
ZXcosA =0 
sin A =sinC 
sin B = sin D 
YsinA=sinA sinB + sinC + sinD 
= XAsinC + sinD) #0 
Area of AABC = Area of AABD + Area of AACD 


=>  esitea = ao: ADsin{ 4) + +.b-ADsin( “) 
2 2 2 2 2 
A 
besinA - ane cos 4) 


oo a ore 
(b+ o)si( 4) 


and 
and 
Then, 


=> AD= 


4b°c? —_s(s —a) 
got a ee 
(b +c)? be 
_ bc2s(2s — 2a) 
(b+? 
(a+ b+c)(b+c-a) 

(b + c)? 

_ be{(b + c)* —a’} 
(b+) 


Also, (AD)? = 


= bc 


.. BICI,, is cyclic 
Quadrilateral BP- PC = IP-1,P 
Hence, (c) is the correct answer. 
98. Statement I is true. 
Statement I tan A = tan B = tanC 
A=B=Cie,a=b=c 
sy as | 


Rt+ht+hm_,h 


3.1 
r r 


I> 


w 


Hence, (a) is the correct answer. 

99. Statement I is False. Because if p = 2, q = 4,r =6, then 
P:qg:r=1:2:3but pi 
For statement J, let tan A = k, tan B = 2k, tanC = 3k, then from 
tan A + tanB + tanC = tanAtanBtanC (in a triangle) we get 
6k = 6k” => k = 0, 1, 1 but k = 0, -1 is not possible. Sok =1> 
tanA =1=> A = 45°. So, statement I is correct. 


Tignt tu ane 


2 | 


- «et, —_— 


100. a? = b? +c”, then, ZA =— 


a=2RsinA =2R 
a? +b? +¢? _ 
RF 


a’ +a? 


01.'° ZAOA, = i 
n 


> 
Oo 


ZA,OM = ZA,OM = — 
A.A, =2MA, 


(n 
= sa |cm 


\ 
“Perimeter =2an nf 


2m 
—icm 
an J 
_ (360° ) 
= 2ans lcm 
an ) 


n=5 
Perimeter is 10asin(36° ) cm 


For, 


102. Since L.H.S of the inequality in statement II is a symmetric 


103 «. 


function of sines of the angles of the triangle, its maximum 
value is attained. When A = B = C = 60° and hence the 
statement II is true. Statement I is true if 

2R(sin AcosA + sinBcosB + sinC cosC) 


< ee +sinB + ae) 


or fin Asin Bain <Aeay > “cof? age <} 


von(So(S (2) 


Which is true by statement I 
So, statement I is correct 


[From conditional identities] 


“cos” “ + cos a4 cos es 6 + cosA + cosB + cosC) 


‘’cosA + cosB + cosC=1+ asin sin sin = (from identity) 


Be ge 
—+ cos — 
2 2 


~{:+a(S)(2)a( 5) 


(ool a(t(S) 


( 2 1) 
=y x°+—>l22y 
\ x’) 


A 
Then, cos’ + cos” 


(.: AM 2 GM) 
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104.:: 


105. 


106.-. 


107. RR, + RyRy + R, Ry =3R" 
108. 
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ysl + sin 4} inf 3s 2) ge 
2 2 2 8 
9 
es 
y 8 
7 . 9 
“. Maximum value of yee 
acosA + bcosB + ccosC Ss 


=>2RsinAcosA + 2Rsin B cosB+ 2RsinC cosC $ ([stb*s) 


= R(sin2A + sin2B + sin2C)< =(Rsin + RsinB + RsinC) 


=>(sin2A + sin2B + sin2C) <(sinA + sinB + sinC) 


semua Sofe)o(S) 
={ue{8) {4 (e42) 42) 


sec) 
~ fh) 


a 
— |co 
2 
s sco 4) {2} cod S) 
2 2 
We know that, in any triangle 
2 


pee | 


ae eo 2 2 
Now, 2 +b’ +c >(2*2**) -(%) 
3 3 3 


di) 


=is" >= 3A [from Eq. (i)] 


2 2 2 
etre oh 


A, C,, G and B, are concyclic then 
BG: BB, = BC,: BA 


= = BB, -BB, = —-C 


2 2 2 

“(BB )? = — 

5 B,) ; 
eee +2¢? —b? 
3h 4 


2s 


2 


2a” + 2c? —b? =3c? of 2a =b? +c" 
c?, a®, b* are in AP. 

[. R, = R, = Ry = R) 
AH=2R cosA 

BH=2R cosB 


ve (AH) (BH) sin(180° - C) 


A =2R’ cosA cosB sinC 
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109.2R? cosA cosB sinC :2R? cos B'cosB cosC sinC 
=cosA:cosB cosC 

110. Let DE = DF then 
BDPE is cyclic with BP as diameter 


=> 


=> 


CP sinB ob 
Hence, locus of P is arcs of 3 circles 


Hence, P will lie on circle (C). 

112. For DE = DF = EF, P isa point(s) where the three arcs 
intersect 

113. ADEF is the pedal triangle of AABC. 


Sides of the Pedal triangle are 
a cosA,b cosB,c cosC ie. R sin2A, R sin2B, R sin2C. 


c aee ~ rs 
2A sin2B sin2 
.”. Required ratio = ft SE ASNEE UE cosA cosB cosC 


8R° sinA sinB sinC 
114. Also, orthocentre of AABC is incentre of DEF. 
175. Circum-radius of pedal triangle is - 


Sol. (Q.Nos. 116 to 118) 


2A-B 
1 — tan” ——— 4 
cos(A- B)=—- => age 
1+ tan? 5 
2 
-B 
2 tan? 1 
=> =- 
2 9 
A-B 1 1 6-3 Cc 
=> tan ——_— = - => -—-=— cot — 
2 3° 3 6+3 2 
cC 
=> ial = C=90° 


1 . 1 
Aremotimangie= Goin pee Oe LS 7 


a ja? +b? oe: _ 2 


sinA 1 - sinA V5 


116. (b) 
117. (b) 
118. (b) 


b? + 2_ 2 
119.°- cosA = sar ae or c? —2becosA 
c 


For real roots , D>0 


+b? a? =0 


= 4b" cos* A — 4-1-(b? —a”) >0 
=> a’? >b’sin? A 

bsinA <0 
Also, ¢, + c, =2bcosA (i) 
and CC, = 8? —a’ wii) 
Then, |c, — c,| = (ec, + C))? — 4c,c, 

= 4b? cos’ A - 4b? — a’) 

= 2,/(a? - b’sin? A) iii) 


Consider smaller root, say c, 
Then, 2c, =(c, + C2) —(G ~ Ca) 


=2bcosA —2,(a? - b’sin’ A) 
c, = bcosA — y(a* — b’sin’ A) > 0 


=> 

=> bcos A > y(a” — b’sin? A) 
=> b? cos’A >a’ - b’sinA 
=> b? >a’ or b>a 


Hence, two different triangle are possible 
b>a 


120. From Eq. (iii), |c, — ¢,| = 2,/(a? — b*sin? A) 


if bsinA <a and 


121.c? —2c,c? cos2A + cs =(c, + cy) — 2¢,¢,(1 + cos2A) 


=(c, + ¢,)” — 4¢,c, cos” A 


=(2bcosA)* — 4b? -— a”) cos? A 


= 4cos” A{b? —(b? —a”)} 


= 4a’ cos’ A 


122. B.D = B,D = (2-2) 


(from Eqs. (i) and (ii)] 


cg 


' pa mee om fil 


Now, in AACD, tan 45° = — =1 
AD 


cp = ap=( +2) 


oN 


-.In AB,CD, tan ne ae Gee 
“tai 2) CD (2+) le +c, 
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2 
=> nee DaccosAe ee u. a? +c? - a? 
("2b =(m + 1)a) 
2 
=> (m + 1)accos A = {(m + 1)? - A +c? 


2 
maccos A + accosA =(m—1)(m+ 3)- +c? 


2 =ma’cos’A+¢” 
1— tan’ °) 1 18] [., (m=1)(m+3) octal 
2 iL, + Cy | 4 
cos® = ————~ = “1 
2 9 ~~ => macos A(c — acosA) ~ c(c — acos A) = 0 
1+ tan eee bed ia: 
\2 ce, + Cy => (c ~ acos.A)(macos A -c) =0 
2c,¢, ; c =acosA andc = macosA 
(c? + c2) If c, =acosA andc, = macosA 
CG 
a +t=m 
123.°- cosA = us “< C2 
aes and if c, = acosA andc, =macosA 
c? —2becosA + b? - a? =0 x. 3 
Then, -—-=— 
=> c? -Am+ 1)AccosA +(m? + 2m—3)d? =0 = Cc. =m 
1 
[: jd = 5 = x cay) ae bad =mor— 
2 mt+i1 Co m 
cq +c, =Am+ ee me 124, ee ea. 4 = = bsinB + csinC + asinA 
2 242 m—1)\(m+ c a 
0 + = $91)" }e—_——— 
r (¢, + ¢,)" = 4(m + 1) dn : hb? ae ag? 


_ (m+ 1)°(m-1)(m + 3) 
7 m 
and (c, —c,)* =(c, + ¢,)* — 4c,c, 
= 4m + 1)°A? cos’ A — 4(m? + 2m - 3)” 


2 (m—1)(m + 3) 


= a(n +1) —(m + 3)(m -1)} 


= 422 dee =a) 
4m 
" 2(m — 1)?(m + 3) 


m 
From Eqs. (iv) and (v), 


2 ¢ 2 
G te} _j|m+1 
(242) ett) 


=> eg ST 
C, C2 m-1 


mt+i m+i1 
—- or 


m-1 l-—m 


At last using componendo and dividendo rule, we get 


Alternate method : 
b?+¢? ~a’ 
2bc 
=> 2becosA = b? + c* ~ a? 


We have, cosA = 


; 2R 
.(iV 
wv) k=2R 
Hence, (c) is the correct answer. 
2 2 2 a FR 2 
+b? + 
ee ea ee — 22 t = = 
x yo z 44° 644° 4A 4A 


cotA + cotB + “ea 
abc 


(b? +c? -a? +c? +a? —b? + a? + b? -c?) 


...(V) = =~ +c? +a’) 


R (ss 4A? 4A? 
a 


k=A 
Hence, (c) is the correct answer. 
126. 505m B + bsinc »x+x _. 


x x 


Hence, (d) is the correct answer. 
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Sol. (Q.Nos 127 to 131) 
Here, AMNL is pedal triangle, then 


MN =acosA 
A 
M 
N 
B 7 Cc 


NL = bcosB 
and ML =ccosC 
and ZMLN = 1 -—2A, ZLMN = -2B 
and ZMNL=7 -—2C 
127. = MN + NL+ 1M 


=acosA + bcosB + ccosC 
= R(sin2A + sin2B + sin2C) 
= 4Rsin Asin BsinC 


rf \2\3) 


\2RA2RA2R) 
_ abc _ 4RA _ 2A 


and 


128. In AABM, 


AM =ccosA similarly AN = bcosA 
A, = Area of AAMN 


=<-AM-AN-sind 


te cos A)(b cos A)(sin A) 


-(2 besin cos? A = Acos’? A 


= Acos’A 
Similarly, 4, = Acos* B and A, = Acos’C 
A, + A, + A, = A(cos’ A + cos*B + cos”C) 
= A(1 -2cosAcos BcosC) 


(from identity) 


129. A’ = Area of ALMN 
= > ML: NL-sin(n —2A) 


me (ce cosC)(b cos B)(sin2A) 


; WI 


= becosB cosC(2sin A cos A) 


= (: besin Aye cos Acos BcosC) 


A’ = A(2cosAcos BcosC) 


=> a eR oRP cose 
130. Let R’ be the circumradius of ALMN, then R’ ee eee 
. Uu. . = 
2sin(Z MLN) 
= agosA 
2sin(m — 2A) 
_2RsinAcosA_ Rsin2A _ 
2sin2A 2sin2A 2 
131.--r’ = an'sio( © sin{ M4 in{ ¥) 
2 2 2 
Here, L=ZMLN = -2A, 
M= ZLMN = -2B 
and N = ZMNL =u —2C 
ai R= : (from Q. 4) 
132. (A) > (1), (B) > (p), (C) > (s), (D) > (q) 
(A) ar + R)=2 (s —c)tan© + £) 
r+ R)=2|(s —c)tan— + — 
Pr oens +s) 
B 
a 
C A 
ds - :) =at+b 
2, 
: I ' 
(B) sinC = — wali) 
b 
sinB =~ »»-{ii) 
a 
sinA = m ... (iii) 
c 


Ste) 


c bl, a cm b an 
sinec sinA a_ sinB b 


From Eqs. (i), (ii), (iii) 
2 ee ees 
c a a, 


onl ot ON pcs nire Pa revichets 
Vike ab) 
bo. i6 
2sinB 2sinC 
Now, Rb?sin2C + Re’sin2B 
= b’cecosC + Re*b cosB 


= be(bcosC + ccosB) | 
abc 
(D) We have, 


if A B\. A-B 
4esi: lsin 
2) 2 


=2i{ asin“ +2 inA—F) 
2 2 


(C)R= 


= 2R(cos B— cos A) = 2-2) E 
Le. <2 


=a-b 


133.(A) > (p,q, );(B) 3 (p, 9. 7);(C) 3 (q,r);(D) 94 


(A) c? + a? —2ac = b* —ac 
ce +a’ —b? 


Zac 


=> 


1 
= 5 = c0sB == B =60° and cosB + sin == 


=>sinC =1=>C =90° and A =30° 
At+C 


(B)A+B+C=180°, B= 
=> B=60°,C + A=120° 
C=3A > A=30°,C =90° 


(C) Length of the bisector of angle B is 
aa cos (B/2) 


+a 
sei 

_ v3ca 
cta 
/ 


B _ 
> cos! 4 = ue = cos30° 
\2 2 


=> B=60°.a=b>A=B=60°=C 

(D) We have, (a + b + c)(a + 2b + c) 
=Xa + b)(b +c) 

> (a +c)* +3b(a +c) + 2b? 

=X ab + be + ca + b*) 

Bice Bg? 

a +e -b i 

ac 


1 
> cosB =- 
2 


> B=60° 
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134. (A) — (p), (B) > (q), (C) (2), (D) > (s) 


(A) (b+ c) -a’? =)be 

or b? + c? -a? =() -2)be 
(bo +c*-a’) A-2 

2be 2 
cosA a We os 
2 

or A-2<2 
A<4 

or A=3 


(B) tanA + tanB + tanC =C =9 in any triangle 
tanA + tanB + tanC = tanA tan BtanC 

tan’ A + tan’B + tan’?C 

3 

k 239)" 

k 29-3" 
(C) Since, the line joining the circumcentre to the incentre is 
parallel to BC 
nA r=RcosA 


> AtanA tan Btanc)”3 


enn da? ae =RcosA 
2 2: 2 


-1+ cosA + cosB + cosC =cosA 
& cosB + cosC =1 
(D)a=5,b=4 


31 
cos(A — B) = — 
( ) Pe 


A-B a-b C 
Oo 


tan 2 t— 

2 a+b 2 
Le 
=-cot— 

9 2 
A-B 
1 ~ tan? —— 
cos(A — B) = as 
1+ tan? —— 
2 
Cc 
f= ent = 
31 2 
a ea 
1 
32, = «AC 
31 4 cot? = 32 -—cot™ 
81 
-cot?— =1 
Pe ee 2C _7 
7 2 9 
7 
iat eg 
"A cosC = 2 => =— 
Ittan?— 1+- 8 
2 
Cc mig? 4 b? -2abcosC 
= /25+ 16-5 =6 
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135.(A) > (p, t);(B) 3 (q,r)3(C) 9 (q, r.2) 


(A) 2a? + b? + c? =2ac + 2ab 
=> (a? + b* —2ab) + (a? + c? - 2ac) = 0 
(a-b)? +(a-c)*?=0 
Which is possible only when 
a-b=0,a-c=0 
a=b=c 
=> A ABD is equilateral 
ZA=ZB= ZC =60° 
(8). a? +b? +c? = b/2(c + a) 


=> a’? + b? +c? — beV2 -— abV2 =0 

= 2a? + 2b? + 2c? — 2beV2 — 2abV2 =0 
b? —2bceV2 + 2c”) + (b? - 2abV2 + 2a) =0 

=> (b -— cv2)? + (b - aV2)? =0 


Which is the possible only when 
b~c2 =0,b -av2 =0 
b= cV2, b= aV2 


ice. b? + b® =(cV2)? + (av2)? 
= eta =p? 
2 292 
epee far =2 =0 
2ac 
ZB =90° also V2 = a2 
=> c=a 
Then, ZA = ZC = 45° 
Hence, LA=Z=45° 
and ZB =90°(Q, S) 
(C) a? +b? 4¢% =be + cav3 
=> a? + b? +c? ~ be —cav3 =0 
— 2 \2 
> [2 -«) me ae -0 
2 \2- J 
Which is possible only when 
oe ae 
2 
i 
ps END Apis 
2 2 
2 2 
Then, pa? Se 
4 4 
2 8 
cosC =< ab aes =0 
2ab 
ZC =90° 
ov 
Also, : =“_ = —2_.£ 
sinA  sinC sinA 1 


sinA = = = sin60° 


= ZA = 60°, ZB =30°, ZC =90° 
‘’ 2C=A+B 


136. Applying cosine rule, 2ab cosC =a? + b* —c? 


a 2v2 2+ V2 cost =2+2+ V2 ~c" 
j2+ 2 


: Tt 
Using C08 = 


2 
> wet) 4 
=> c=2-/2 => c= 2-2 
Applying sine rule, — =e aw 
= 2 - v2 vee _ sin 
2/2 - ajo—-J2 v2 
= sind = = A= 45° 


[ b is the longest side .. ZB will be the greatest. A # 135°)} 
Sum of the digits is=4+5=9 
125 _ 195 c 


137. Using sine law, —— = —— = 
sin x ” sin3x sin 4x 


39 75~39 36 
=> 4sin? x =3 -—- = —_—"_ = 
25 25 25 


22 9 : 3 
sin*x=— = sinx=- 
25 5 


_ 125 sin4x _ 125 20082 2sin x cosx 
sin x sinx 


= (125) (4) (cos x) (1 — 2sin? x) 


= (600) (FIC =I" wo(5] 


= (16) (7) =112 
.. Number of digits in the length of side =3 
138. a? + b? +c? =2R(1 —cos2A + 1- cos2B+1- cos2C) 


= oR’l 3 - (eos + Presid + eee 
L 7 7 7 


owf-(2)) 


a? +b? 4+¢? 3 
ae 
139, D =2tanB tanB tanC {tanA + tanB + tanC)? 
= 2Atan A + tanB + tanC)‘ 
> 2(3V/3)! =1458= —D- > 1.458 
1000 
. Least integer value is 2. 


140. Clear PQ = > OA=R 


and ZAOQ = B 
OA cosB = R cosB 
now ZAOQ =C since PQ || BC 


= |PQ0==—c 
=> Area of AOPQ = ~ PQ-0Qsin| POO 
= “ cos B cosC 


Area of AABC = ; absinc = aRsinB sinC 


Area of AABC . 


aR sinB sinC 
Area of AOPQ 


= cos Bos 


= 4tanB tanC 
(A of AABC 


Jeot B-cotc =4 
Area of AOPS 


“eB. OY 
sin| — + — 
\3 5 


B.. i¢ 
cos— cos— 
2 2 


A 
en -2cos— 
141. > a are = >, 


4Rsin— Base? cos— 
2 2 2 


( tan— + tan— 5) beens =) =2y4 = 


9 itnts 
Ss 


Rt+Ht+h 

ature 

2 4 
ab. € ntntn’ 
=—+—+ =4{ 4 23 
Roh hh \atbec, 


atb+e \(a bc! 
= | ———_|| -+ -—+—]=4 
RthtnJ\y hh K 


142. From the AABC, 


ee eee 
ee Le oe ofl) 
2be 
From the ACAD, 
cosC = AC = <s = 2b ...(ii) 
CD a/2 a . 
From the AABD, 
BD _ AB 
sin(A -90°) sin ZADB 
a/l2 c 
or ae 
-cosA _ sin(90° + C) 
a c 
or .—— 
-2cosA cosC 
eee acosC 
—2c 
i 8 OP [From Eq. (ii)] 
—2c a c 
B Cc 
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2 — 
.. From Eq. (i), peere .2 
2bc c 

or b? +c? —q? =-25? 


or ce? —q? =—3b? ...(iii) 


o 


O 


A 7/8 m4 C 
b? +c? —a’ 2b 
2be “a 
7 b? +c? ~a? 
i ca 
_ 3b° + Xc? - a’) 
i 3ca 
_ a? -c? + 3(c? — a’) 
7 3ca 
_ Ac? - a’) 


3ca 


Now, cosA-cosC = 


[From Eq. (iii)] 


= A=2 


143. Let O be the point of intersection of the medians of triangle 
ABC. Then, the area ofAABC is three times that of AAOC. 


Now, in AAOC, AO = = AD = - Therefore, applying the sine 
rule to AAOC, we get 


{s}-{3 
_ 30 8 (38) 00 25 
9 i | 18 9 
$ — 
4 
25 25 
SArea oPAABC SHES ae 
9 3 b 
=> a=5andb =3 
. a+b=5+3=8 
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oe, See ees o 
; 4Ksin— -sin---sin— B Cl 
i Cc 2 2 2 


4Rsin— -cos—-cos— 
2 2 2 
Now, tan Al ane + ene) 
2\ 2 2 J 


A B A é 
= tan—-tan— + tan—: tan— 
2 2 2 


2 
See | 
=] -tan—-tan—=1--=- 
2 2 
( 
iéian—| ane + tan) min 5016 
rm 2 2 2 
=8 
Cc 
weak + pesstic + ccos’— 
145. 
at+tbt+c 
~ _ a(t + cosA) + 1 + cos B) + c{1 +cosC) 
a+b +c) 
»  (at+b+c)+(acosA + bcosb + ccosC) 
aa +b+c) 
ms (a + b +c) +(acosA + bcosB + ccosC) 
2(a+b+c) 
awl i acosA + bcosB + ccosC 
2 4s 
i. RR. : , 
=— + —(sin2A + sin2B + sin2C) 
2 4s 
pe ee ii cai 
sinA sinB sinC i 
The Re a a cen 
= — + —(4sin Asin BsinC) 
2 4s 


1 4RA 1 r 
aa + intimates — + —_ = 
8R’s 2 8R*s 2 2R 


-Hiet)sifie}) Bay 
2 J) 2 2 R 2) 


A 
acos’— + bcos? + age 3 


Hence, SS SS Sa 
atbt+c 4 


1,8 2.2.5) 
2 4s \ 2R 2R 2R 
1 
2 


(« cos? + bcos? = + ccos” c) 


3 
12 X ale? 


at+b+c 


146. Let AB=n, AC =n+1,BC=n+2 


Further, 
Let A =2C (since AB is the smallest and BC is largest) 
By sine rule, we have 


_—_=- 


n+2 nt+1 n 
A A=2C 
and B =180° —(A + 3C) 


=> B = 180° —3C 


n+2 nt+1 n 


A 
n n+ 
609 
B n+2 C 
2cosC 3-4sin?C 1 
=> —_— COC 
n+2 n+1 n 
+ an—-1 
cosc =" S anddint Om : 
an 
2 
(2?) oe 
+ = 
an 4n 
=> n? -3n-4=0 
n=4n=-1 
=> n=4n#-1 
Then, sides are 4, 5, 6. 
.. Largest side is 6. 
147.A+B+C=n 
Given, C=2A 
=> B= -3A 
As0<C<m=0<2A<m=0A<— 
By shienlae eo 
sinA  sinB 
a 2a 
or = 
sinA  sin(m -—3A) 
a 2a 
or -= aa 
1 3-4sin°A 
or 3 —4sin? A =2 
or ey ee or sinA=-— 
or Kea 
6 
But 0<A<> 
oA 
= As~, ZB=~ and ZC =~ 
6 2 3 
= a? + b* +0? 


= 4R"[sin? A + sin? B + sin?C] 


= 4R’| sin? = 4 sn? + sin? 
"6 2 3 
a : 
= 4R? ae = 8R? 
4 4. 


a’+b’+e’ _, 


or R 


b+? -a’ 


148. We have,cos A = 
2be 


=>c*~2bcosA + 6” — a? =0, where is quadratic in ‘c’ 


2.0, + Cz =2bcos Al 
and ¢,c, = b? - a’ | 


c? + ce — 2¢,c, cos2A 


=> (c, + ¢)” — 2ey¢ — 2¢,¢, cos2A 

=> (c, + cp)? — 2c,¢,(1 + cos2A) 

=> 4b* cos? A — 2b? —a’)-2cos? A 
= 4a cos” A 


c) + c¥ —2c,c,cosA 
= 4a’ cos’ A 
Hence, the value of A = 4 
149, AG = = AA, BG = = BB 


=> AG= = 2b" #20" =¢" 
BG= = a" + 2c? —b? 
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In APRS, PR? =3° + x? + 2-3x--, where 


SP=x=x°4+3x4+9 


Ai) 


[Using Eq, (i)] 


x? +3x4+9=19 
(x + 5)(x -—2)=0 
x+5=0 

x=2 


(not possible) 


153. Since, A and B satisfying the given equation, therefore 
’ V3 cosA + sinA = V3 cosB + sinB 


wa sinA-sinB _ 
= AG = 20, BG =" Jb? + 4c? asa* =b? + ¢” See tes 
3 3 (A+B). (A-B) 
10 2 4 aaa ; jag a 
=> AG = —, BG = ~,/16 + 36 = —V13 - 4-3 
3 3 3 (4 + *) (4 ~ *) 
1 2sin sin 
Als,  § - AB=c=3and Aga = —Agge =2 : 7 
4 (A+B\_ 1 _. 8 
If R, be the circumradius of AGAB, then = | 9 ) oe aa 
p, = AGNBCNAB) . ce 
4Acan i 2 6 
104—-. 1 5413 it 
emowige see + B=— 
3 4:2 3 = A 3 
9 25x13 Tt 20 
—xX =5 =t-—=— 
65 9 Now, C = ar 
150. We have 1 Dic cosC + bcosBJ]=A Hence, triangle is obtuse angled. 
a , i : 154, We have, atan8 + bsecO=c 
= hi te iS 
AD BE CF ee age 
acosA + bcosB + ccosC ig acos® — asin§ = --i) 
7 nN =2 Now, let a and are the other two angles of the triangle, then 
oe according to given condition we get 
iit; Se Seg ¢ cos —asina =c cosB — a sinB 
Spine Ba ssinne => c{cosa@ — cosB) = a(sina — sinB) 
Now, a=2RsinA => £ See TCE 
a=2sinA 2 ~2sin{ SE) sin( $—F) 
Hence, a is maximum when sin A is maximum. \ 
152. From APOR, => Ges! cat( * ; B } 
a 
PR? =2? 4.5? -2.5-2-4=19 a+B a 
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2 ” _ aac 
tan(a + B) = eae * are 
1— tan j= 
2 c? 
2 
= tan(x-C)= — ; 
a“ -c 
3n 2ac 3x 
=> tan] 7 -—|= 2 3 c= 
iP. a SC 4 
=> tan = eae 
4 a@’-c? 
=> a’ —¢? =2ac 
155. Here, the quadratic for third side b is given by 
b? ~2be cosA + (c? — a”) =0 

ds b, + b, =2c cosA ..{i) 
and b, b, =c? -a” ...(ii) 
also, b, = 2b, ...(iii) 
From Eqs. (i) and (iii), 3b, = 2c cos A ...(iv) 
and from Eggs. (ii) and (iv), 

2b? =c? — a” ...(v) 


From Eqs. (iv) and (v), we have 
2-4c7cos7A _ 2 2 


=c"-a 
9 
=> 8c? (1 —sin” A) = 9c? — 9a? 
Spt a42 
= 1—sin?A ees 
8c 
Oe 
= iin 9 
8c 
a sha |= —%c? -a’) 
8c” 
_ os pee oe + 9a? 
' 8c? 
os ae 
sinA’=, ‘ — 
i 8c 
B 2B 
156. ZBPA 90° +(2) cA e— 
c ns ie 


In AABP, —— = ——___—_- = ————_ 
; (#2) sin[90° + B/3)] cos(B/3) 
eo sin 3 


. [by sine rule] 


_ c sin (2B/3) 


or 
cos(B/3) 


157. Using 


2aR cs 4R*sinA 


Ss sin(B + C) sin(B - C) 


2sinA ” ene ~ 2sinC 
b? — ¢? _ 4R° (sin? B — sin?) 


=sin(B -C 
sinA . 
158. We know that, 
or ar (AABC) = ; be sinA 
9V3 1 an 
= —— =- be sin— 
2 2 
=> ee 
=> be =18 -(i) 
Also, b-c=3V3 
= b=c +33 --fii) 
From Eq. (i) and Eq. (ii), we get 
(c + 3V3)c =18 
= c? + 3/3c — 18 =0 
7 _ -3V3 + 27 +72 
2 
_ -3¥3 4/99 _ -3V3 +3V11 
2 2 
_3vi1 -3v3 aaa 
2 
3/11 -3V3 avi + 5 
=> b = ~~ + 3,3 = 
2 
a ae 
Sea Ne Ae. 
2bc 
v3 br c? — a? 
=> —_ 
2 2be 
ws be =a" 
=> > 9 
2x—-(11-3 
ri ) 
= 2/3 =63-a (-: b? + c? =63] 
=> a’ = 63 —2V3 
a = 63 -2V3 
159. We have, A=a’? —(b—c)’ 
=(a+b-c)(a@-b+c) 
==> M=(atb-c)*(a-b +c) 


=(2s —c —c)* (2s —b -b) 


= (2s — 2c)? (2s - 2b)? 
= 16(s —c)*(s — 6)? 


s(s —a)(s —b)(s —c) = 16(s — c)* (s — b)” 


(s-b)(s—c) _ 


s(s — a) 


ns 


16 


Brrr if 


eee eee ee eee ee 


2A 1 
=> tan*— = — 
2 16 
1 
=> tan— =— 
2 4 
A 1 
2tan— oxi (*) 8 
tan A = ee 7 on 
2A * 1S) 15 
1 - tan” — em 1 —_ 
2 4 1 
160. We have, 
A 
D 
B C. 


Z ABC = 90°, ZBDC =90°, AC =h, BD = pandh=4p 
Lett ZC=0 = ZA=90°-0 


Now, in ABDC 
sinC sinD , : 
—— =——- [using sine formula] 
BD BC 
sin® _sin90° 
=> _—_—_ = 
p BC 
=> BC = ats ..(i) 
sin8 
Again, in AABC 
sinB _ sinA sin90° _ sin(90° — 8) 
AC BC h BC 
= BC =h cos ii) 
From Eqs. (i) and (ii), we have 
a hcos8 => pP =sin8 cos8 
sin8 h 
=> ta sin@ cos@ 
4 
. 1 ; 1 
=> sind cos8=— => sin20=- 
4 2 
mA 26 = 30° or 150° 
=> 6 = 15° or 75° 


Hence, ZC = 15°. 
161. We have, sin? A + sin?B + sin?C =3sinA-sinB-sinC 


= ka? + kb? + + kc? =3k abc 
Sat a ne |, | 
a b _¢ 
> a’? +b? +c? =3abe 
> a+b+c=0 
(. ifa +b +c =0,thena® + b* +c’ =3abc] 
abe 
Now, becca 
ca b 
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on apply, C, > C, + C, + C,, we get- 
atbt+c be 
=|b+ct+a ca 
ctatba b 
0 be 
=|0 c a (-atb+c=0] 
0a b 
=0 
162. We have, 
a+b+c=11,ab + be + ca =38 and abc = 40 
| cosA cosB | cosC 
, a b c 
(p? + tq?” hee) a? + b?—¢?' 
2be 2ca ) 2ab 
= 
a b c 
BP +e-a? ct t+a’-b? a? +b?-c? 
2abe 2abe 2abe 
_at+b’+c? (a+b +c) -Aab + be + ca) 
2abe 2abe 
_ (11)? - 238) _ 121-76 
2x40 80 
_5_3 
80 16 
163. We know that, 
tant 2 |S AE -9 
2 | s(s — a) 
aa ee I(s —a)(s - 6) 
2 ¥ s(s—c) 
Cc fs—b[ s-c [s=a | 
tan— + tan— = ./——— | _ |—— + j|-—— | 
2 Vs | sa ys-c | 
_ fs=b[ s-e+s-a | 
Vos | js -a s-c | 
_ =d 2s -a-c 
Ss Js-ays—c 
_ | b 
_ ag eee pas 
Ss yS—-ays—c | 
_b| s(s — b) 
NisaGaa 
b B B | s(s—-b) 
=—cot— * cot— = _|———__—— 
s 2 2 \(s-a)(s~-c) 
A Cc 
tan—+tan— , 
2 2=- (i) 
B s 
cot — 
2 
Again, a, b,c are in AP 
: at+c=2b 


or a+b+c=3b = 2s =3b 
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b 2 
=> —=s— 
s 3 


From Eqs. (i) and (ii), we have 


B 
cot — 
- 2 


164. Let the sides of triangle bea - d, a,a + d. 


Perimeter =a—d+at+at+d=3a 


. Side of equilateral triangle having same perimeter will be a. 


Semi-perimeter of given triangle 
_a-dt+atatd 3a 
2 2 
Now, according to question 


Joye 2 
5 4 
ETE) 2+ 
2/)\2 2/)\2 20 
=> wie a =g? _3N3 42 
2 4 20 
2 
V4 10 
a? 2 9a? 
= Sade aS 
4 100 
=> gat’ 2a Go ey 
100 1 5 
Ze Slcerwill aa came aoa 
3a 7a 
or —,a— 
5 5 
3 Ta 


“. Required ration = mls 


165. Let the sides of AABC are a, b, c. 
aes BC =a,CA=band AB=c 
Again, AD, BE and CF are the medians of AABC 


AD = * fa? + 2c? — a? 
2 
BE = vee" 2a" —b* 
and CF = = 2a? 426° =" 


A 


(ii) 


AD? + BE? + CF? = ~(20? $20? =a? 
+ 2c? + 2a? — b? +.2a? + 2b? ~c’] 
= 1 3? + 3b? + 3c?] 
[a? + b? +.c”] 


[BC? + CA? + AB’] 


BIO R/O op 


AD? + BE? + CF? 


3 
BC? +CA?+ AB? 4 


166. We know that, in AABC length of median from the ZA is 


yeh? + 2c? - q? 


...(ii) 


...(iii) 


[from Eq. (i)] 


= <= m2 + m? - 2m 


Se. Ae 


an( 4) c-a B 
t —_——_- j= cot — 
2 cta 2 


HI ‘ 
So, x =tan{ 2=*)-tan4 
a 2 2 
Gl tage Ore 
b+c 2 Zz PEE 
Similan: Veco geo? 
a+b ct+a 
Now, X+Y¥+Z+ XYZ 


. 


‘ 4 ‘x 
i Ge 
J \atb) \c+a, 


bte a+b 


b+e 


b-c a-b c-a a 
= + + 
cta 


_(b-c)(a + by{c + a) + (a —b)(b + c)(c + a) + (c— a)(b + c)(a + b) 


(b + c)(a + b)(c + a) 
‘¢ (b -—c)(a - b)(c - a) 
(b + c)(a + b)(c + a) 
After multiplication and solving, we get 


a ee, 

(b + c)(b + a)(c + a) 

168. Looking the figure, we see that 2 7,0,R = 60° and it is the 
supplement of 27, AR = 120° {as an exterior angle for AABC} 

ZAOR = 30° 


X+Y¥+Z+XYZ= 


Hence, 


Similarly, we obtain ZBO,S = 30° 


Since tangents drawn to a circle from external points are equal, 


we have 
T,T, = 1,A + AB + BT,=RA+SB+ AB 
i+, 
=r tan30° + a+ 7, tan30° =+—4 +-.4 
1 2 a 
and ya Ag oid OF os 


=CR + CS =(a — RA) + (a ~ SB) 


(3 


Since, common external tangents to two circles are equal, 


TT, = Fg 
Hence, 425 a (7, +») 
V3 J3 
av3 


Hence, we find that 7, + r, = a 


169. Equal chords subtend equal angles at the centre angles at the 
centre of circle; if each of sides of length i subtends an angles 
a, (i =1, 2,3) at the centre of the given circle, then 
20, + 2a, + 2a, = 360° 
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Hence “2 + %2 = 99° ae 
2 2 2 
and cos ( re 4 cos (oo - | = sin 
2 2, 2/ 2 
Next we apply the addition formula for the cosine; 
cos St cos 22 — sin SO . sin hes = sin % 
2 2 2 
ah r r r 
2 \ 
1/2 
a 
A B Cc 
4r? -1 
where, sin a He ,COS il var? =1 [from (A)] 
2 r 2 2r 
2 
-1 
sin “2 = s cos 22 = ye=1 (from (B)] 
r 2 r 
sin = 3/2 [from (C)] 
2 r 
We substitute the expressions into Eq. (i) and obtain, after 
multiplying both sides by 2r?, 
4r? - Jr? -1-1=3r 
Now, write it in the form; 
y(4r? -1)(r? - 1) =(r + 1), 
and square, obtaining. 
(4r? -1)(r? -1) =9r? + 6r +1 
which is equivalent to, 
rar? —7r —3) = 0, since r # 0 we have, 
ar? -7r -3=0. 
170. Let, BP= PQ= QC=x 
Also, let 
sf Fy ec Ye 
ZBAP = @,, ZPAQ = 8,, ZQAC = 8, 
and let ZAQC = 6 
Applying m:n rule in AABC, 
(2x + x)cot®=2xcot(6, + 6,) — xcot®, 
=> 3cot 8 =2cot(6, + 8,) — cot 6, (i) 
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Applying m:n rule in AAPC, 
(x + x)cot@= xcot 8, - xcot 8, 
2cot 6 = cot 8, — cot 6, (ii) 
/ 


On dividing Eq. (i) by Eq. (ii), and on solving we, get 
3 _ 2cot(8, + 8,) — cot 6, 


2 cot 8, — cot 0, 
=> 4(1 + cot’ 6,) =(cot 6, + cot 8,)(cot 0, + cot 6,) 
= 4 cosec’ 8, =(cot @ + cot @,)(cot 8, + cot 6,) 
3a 9a 
171. Let the sides be a, —, —. 
2 4 
a 3a # 9a 
> a9 
Semi-perimeter = 4 “a 
19a lla 7 : = 
Area of A = eee eae ee 
8 8 8 8 64 
duct of sid 
Now, circumradius == Penducvonsides 
4x area ofA 
ax 3a 5% 9a 
54 9° 4 
i 1463 a : 
4X — XV1463 
64 
=> a=l1, 


Therefore, the sides of the triangles are 1, ; & =. 


172. Givena + b+ c=2 


=> 1-at+1-b+1-c=1 
or xty+z=1 
where x =1-—a,y=1-),z=1-c 
Since, atb>c 

=> 0<c<1, 
similarly 0<a,b<1 
hence O<x,y,z<1. 


Now, a’ + b? +c’ + 2abe =(1- x)? +(1-y)? +(1-z)? + 
a1 — x}(1 - y)(1 -z) 
=3-Axty+z) +(x? +y’? +2") + 2[1 —(x+ y +z) 

+ (xy + yz + zx) — xyz] 
=1t x+y? +27 +2 (xy + yz + 2x) -2xyz 
=1+(x+y+2z) —2xyz 
=2-2xyz <2as0<x,y,z <1 

173. Let s be the semi-perimeter and A be the area of AABC. Then 


See 
s s-a 
r s-a@ 
=> —_—_—= 
P Ss 
Also, tan— a 
2 2 s 
r B (C3 
= — = tan—- tan— 
P 2 2 
Let ZARB =a,, ZAP,P =a,, ZAP,P, = Q,,..., 
ZAP Pins =, , 


B a, 
=> — = tan—:tan— 
B 2 2 
t— 
1 = tan %) tan 
P, 2 
s Tt 
Lee Ss. hes 
RN 
iF m-O,-, Cc 
—-=ta tan— 
rE 2 2 
nib ot Be oe 
=> —:—.,.> =tan—-tan— =— 
i a i a ae 


174, Let rbe the radius of the circle. 


The sides of the polygon, which subtends angle 2a at centre, 
has length 2rsina 


Hence, the area of this polygon, 


ae ae 
= qeeain Q) .(rcosa) + gor ene Mnces2is) Han 


1 : 
+ as na)(r cosna) 


2 
oe : : 
= = lsin2a. + sin do. + ... + sin2na] 


3 : 
[(cos & — cos3&) + (cos3 — cos5@) + ... 


= 
4sing 
+ (cos(2n —1)at — cos(2n + 1)a) 
2 
F 
=> A, = ——[cosa—cos(2n + 1)a] 
4sing 
r’ 
=— [sina.sin(n + 1)a] 
4sin(n)a 
Also, 20+ 40+...42na=2n >O(I1+24+3...¢n)=0 
Qni(n + 1 : on 
or Gar es) pes ie.(n + 1)a = — 
2 n 
Also, A, =area of the regular polygon of n sides. 
1 
= s{zrsin® -reos™ 
2 n) 
raf an\ re, 
= —| sin— | =—n-sin(n + 1)a 
2\ ws 2 
Hence, By = lad 
A,  nsina 


175. Let M,, M,,..., M,, are the foot of the altitudes drawn from 


the centre O to the sides of the polygon and L,, L,,...,L, that 
of P. 


PL, = OM, — OP cos8 
PL} = OM? + OP? cos’ 6 ~ 20M,OP cos 


= OM? + oP" + oP" cos26 — 20M,OP -cos@ 
ZPL’ = LOM? + tor? + OPE cos20 — 20M,OP Zcos8 


1 
=na’ + 7c + 50 (0) — 2ac{0) 


Gi + | 


f \ 
Here, Zcos@=cos8+ cog 0+ =| + cos 0+ =| + 
n 


\ n 


weet col 0+ er 


n 


w | % 


a at 
° = x “od 6+ — |= real art of x j(O+ ama) 
r=0 \ n ) P fin 


acl 
= real part ofe° z en" = 0 


Similarly 2 cos26 = 0. 
176. Let c= a* cos3B + 3a7bcos(2B — A) + 3ab” cos(B — 2A) 
+ b> cos3A ands = a’sin3B + 3a’bsin(2B — A) 
+ 3ab’ sin(B - 2A) + b’sin(-3A) 
Now, c + is = {a* cos3B + 3abcos(2B — A) + 3ab’sin(B — 2A) 
+ bcos3A} + i{a’sin3B + 3a*bsin(2B — A) 

+ 3ab’ sin(B — 2A) + b’sin(-3A)} 
= gel? se 3a7be!(28- 4) ie 3ab7e'(?- 24) + be 4 -(ae® af; be“ iy 
=(acosB + aisinB + bcosA — bisin A)’ 
= {(acosB + bcos A) + i(asinB — bsin A)}* =c’ 
= {a’cos3B + 3a’bcos(2B — A) + 3ab? cos(B - 2A) + 

b’ cos3A} =c° [by equating real parts] 


177. A=<ah, 


=> f= oe rsinillarlysk we Rime 
a b c 


So, Aer bar har 


h-r h-r hor 
2h, A 2A, A 2A, A 
Re ee bss G38 
2A A 2A A 2A A 
aos bs cs 
_at+a  ast+b  aste 
“%-a %-b wc 
4s 4s 4s 
= + + -3 
@-a 2-b 2ds-c 
= 1f 4s 4, 4s or 
3|2s -a 2s —b 2s —c| | 
/ 
: ~3[since AM. 2H.M.] 
a-a 2%-b 2-c 
4s 4s c 
26 
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178. The given equation can be written as; 
acosA + bcosB + ccosC _ asinB + bsinC + csinA 


at+b+c OR 
28 24, 20 
_, sinAcosA+sinBcosB+sinCcosC _ ¢ a fs 
sinA + sinB + sinC 9R 
an sin2A + sin2B+sin2C _2A(ab + bc + ca) 
AsinA + sinB + sinC) SabcR 
- 2sinC{cos(A — B)—cos(A + B)} _ 2A(ab + bc + ca) 
C {(4+4) {427} SabcR 
4cos—j co. + cos —— -- 
2 2 2 II 
4sin Asin BsinC joa. BB, 
=> a Oe oe = 4sin—sin—sin— 
8 cos — cos— cos— 2 2 2 
2 2 2 
_ 2A(ab + be + ca) 
SabcR 
9r ab+bc+ca 
=> —= i. 
2A abc 
9abc =(a + b +c) (ab + bc + ca) 
= a(b —c)’ + Kc - a)’ + ca-b) =0 > a=b=c 


Hence the result. 
179. Area of AABC, 


A= Bat = Windia 
2 2 


= h= Pe er 
a 
2°? 
= h? = — cos” A) 


2.2 
= Pe + cos A)(1 — cos A) 
a 


Be? {  b? +c? —a? e+e -a 
=——| 14 2 1 - 
a 2be 2bc 


4 


: = +c) + (a)*)(a? -(b -c}) 


= 4h? = —(a"((b +)! + (b- 0") —a* - (6? -c?)*) 
a 
=a payee es 
a 
(b° ~-C sg 


=> 4h’? +a’ =%b?+0c’)- 


2 


=> 4h? +a'<b* +c’) 
Clearly equality holds if b = (i.e., isosceles A) 
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180. Let, 


=> BC, =Aa, AC, =Ab, AB =Ac 


_ Area of AABC, _ 2? 
Area of DABC 


ZBC,B=6= ZBBC, =n —(68 + B) 
ZACC =n -(6+C) 

LZOAC=n -(C+n-86-C)=0 
using Sine rule in ABB,C,, we get : 


BG ___—«iBG, 


sinB sin(@+ B) 


Let 


Aa.sin(6 + B) 
sin B 
Similarly using Sine rule in AC, AC, we get 
AC _ CG = CC _ Ab-sin6 


= BC, 


sinC sin® sinC 
Now, a=BC,+CC, = o{ som * B) bsin®\ 
sin B sinC 
sin A-sin B-sinC 
=> 


sa sin A-sinC-sin(8 + B) + sin@-sin? B 
- sin Asin BsinC 
~ (sinA-sinC « cosB + sin? B)sin@ + sin A -sinC «sin B - cos® 
se tins sin A-sin B-sinC 
(sin A-sinC-cosB + sin’ B)’ + (sin A-sin B-sin B)’ 
sin’? A -sin’ B-sin?C 
sin’ A -sin’C + sin‘ B + 2sinA-sinC - cosB. sin’ B 


> sin? A-sin? B-sin’?C 
‘ sin’ A-sin’ B-sin?C 
sin’ A-sin?C + sin’ B{1 — cos’ A + sin’ C} 


sin? A-sin’ B-sin?C 


ae 


mn “sin? A -sin?C + sin? B-sin? A + sin? B-sin?C 
Be haar e e t SS 
== cosec’ A + cosec’ B + cosec’? C 
Thus, 22 4BC), 1 


ar(AABC) cosec’ A + cosec’ B + cosec’ C 


181. Let ABC be the triangle with D as the mid-point of AC. 
BD = I (given) 


4 
Area of AABC = Dts 
c 


sin* A-sin’C + sin’ B{sin? B+ cos(A — C)- cos B- cos(A + C)- cos B} 


Applying cosine rule to AABD, we get 


pb? 
b? + = a i? 4[? 
4 =cosA => >? = ———__ 
b 5-—4cosA 
Hence, A=z2l’ ane 
5-—4cosA 
at 
=> A=2?’ l=t : 
agli) 
(1 + t?) 
4I°t 4[’ 
=> =— = i 
a ae 
2 { \U2 
=> Age or+t2]4-ot| =6 
3 PORE 
2 
Hence, maximum area = = 
Equality holds when, 9t = - =t =; [since t > 0} 
t 


4 
=> cosA = — 
5 


182, Let ZBAA, = 2B, AC = @and Mand Nbe the points where 
incircles of A’s BAA, and B, AC touch the side BC. 


B M A, BNC 
If R, andr, be the circum-radius and inradius of ABAA,, then 
r= 4R sing-sin--sn{ 2—O* P)) 
2 2 \ 2 
wD a Ee nce Oh 
or Ls Sekai ren sine 


where a = 1 —(6+ B) 
BM =}, cos? = 4R, sie sine nos 
2 2 2 2 
a 8 B oo 
=r cot— =4R sin—-sin—-cos— 
peu 2 x a ae 2 

1 1 1 


——— 
4R sin 8/2 


1 
ny + ———————— 
a sin B/2-cosa/2, 
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ee Bl Also, AO’ = OD’ cosec oe , COSEC 2 

nae eer enemas at 7 q : 
4R sin@/2 sind/2-cosB/2-sinB/2-cosa/2 aad AS Ominbset Scone 
cos(8/2) —_2cot 0/2 


~ RsinO/2sinasinB  c-sinB 


1 1 2cot 6/2 
+ -_ 


Similarly, —— + —— = 
BN WNC bsincC 
Hence, oe + sass cite + =. [as bsinC = csin B] 
BM MA BN _ NC 


183, Let the angle between PR and AC be 8 
In AAPC, from the sine rule 


sot pee 
3 
& ae B 
Hence, OO’=r+r, =AO- AO’ 


€ A A 
% wv =r cosec — — Fr, cosec— 
% / va Z 2 


& 
NYY A 
cosec — —1 
R = es 
r  cosec— +1 
Poa! sn - AY 
sint/3 \ 3 ss ronan ® ) 
In ABCR, from the sine rule. : ; 
np = asin(c + 9-7/3) Similarly, wevtnt| a pean s-C) 
sint /3 \ 4) \ 4 
=> PR=PC+CR= 4a oso # + + asin +6- a} BICHCE hare, Viste ¥ viele 
Bl \3 3, 


“i 

4 | 
r f \ f - 
{east + acos, c— 2) isin 8 + bsin— + asin - *)). cose 
3 Sa RS 3 f 


Si Gace bic Gm) hes Ga Gr 
a *5) a 54) 


r 


na aaa eee . {#-A) {n-8) n-C) 
2 Tt f g\Y (x a 7\Y co |-co 17cO | 
PR= — {ocos! + acos| c - — ) +|bsin— + asin| c-— *)) \ J Le og 4) 
v3 3 Ls 3 KS, {sn( #4) of $=) suf £5) | 
SSS 4 4 4 mn 
Le b? + a? + 2abcos| aad 
afi ( 3 . Se ee ee ee ee 
V3 coy #4) cof #2) cof * =<) 
a e aa ae A 
Max. area of APOR = aan PR} 4 ) 4) 4 . 
no . {{ $4) nf EA Vos aS eA 
3 . “ ‘ . 
reel +a’ —abcosC + V3absinC] 4) HK } 
m-A 
2b? + 2a* - 2abcosC . rco ) 
= ——_——__.———_ + absinC 4 
2 es pe nat (n-B eS 
*co "CO. 
a a — DA [: 2abcosC =a’ + b® -c’] 4 ‘| 4 a 4 
bs : . : rco i Seal [ac 
184, Let the circle of radius 7, touch the sides AB and AC at D and 4 ) 4 ) r\ 4 
E, where as the incircle touches their sides at D and E. Let O = n-A n-B n-C 
and O’ be centres of the inscribed and that the circle with co ) co ; } cos - 


radius r,. O and O’ lie on the bisector of angle A. 
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185. If a,b,c are the lengths of the sides of the A and x,y,z are the 
lengths of perpendicular from the points on the sides BC, CA, 
AB respectively, we have to minimise, 


VIN 


: aT eT 4S 

A=x*+y? +z’ ...{i) 
We have, 

Lee Spy inte min 

2 2 2 
=> ax + by + cz =2A ...(ii) 


where, A is the area of the AABC 

we have the identity; 

=> (x? + y? +27)(a’ + b? +c’) -(ax + by + cz)’ 
= (ax — by)’ + (by — cz)’ + (cz — ax)’ 


= (x? + y? +2z7)(a’ + b? +c”) 2(ax + by + cz)’ 
=> (x? +y? +z)’ +b? +c7)24A? [using (ii)] 
4A’ 
=> x? +y? +z? >————_ and equality holds only when 
, a+b? +c’ ven a 
X_y_Z_axt+by+cz_ 2A 
a bo cg @t+bh+ a+ hte? 
= : 4h 
The minimum value of A is =e 
a+b’ +c 
4s —a)(s — b)(s —c)s 
hg ae 
a+b tec 


186. In the adjacent figure AA, and BB are altitudes drawn from A 


and Bon the sides BC and AC, respectively. Let P, O be the 
orthocentre and circum-centre of the A. 


B A, 0, ° 
We have been given that PA, = OO,. 
In AOO,C, ZOOC =A 
and OC = R=>OO, =RcosA 
Also, BA, = ABcosB =ccosB 
and PA, = BA, cotC 
PA, =ccosB: cotC = SDSS CORE 
sinC 
=2RcosBcosC 
Thus, RcosA =2RcosBcosC 
=> 2cosBcosC + cos(B + C)=0 
=> sin BsinC =3cosBcosC 


or tan BtanC =3 


Now inany A;ZtanA =3tanA 


= tanA + tanB + tanC =3tanA 
=> tanB + tanC =2tanA 
Now, 


(tanB -tanC)’ >0as ZB# ZC 


=> (tanB + tanC)* > 4tanBtanC 
as 4tan’ A > 12 
> tan A > V3 [as ZA is acute] 
ai A (2. =) 

3 2 

187. BD = ABcosB=ccosB 
also Zarb =% - cepc=% -(%-cl=c 
=> ie ad echse =2RcosB 
sinC_ sinC 


Now, points H, D, B and F are concyclic and BH is the 
diameter of the circle passing through these four points. In fact 
this circle is also the circum-circle of ABFD. 


A 
F E 

F 
= — = BH =2RcosB 

sin B 
=> FD=2RsinBcosB = bcosB 
= aD = sep 
Similarly, ae =cosA and ne =cosC 

a c 
Thus, nae + = + pe =cosA + cosB + cosC 
a c 


wath nce (Be SE 
=1+ 4sin—-sin—-sin— 
2 2 2 


a b c R 
188. Let the centres of circle be O, and O,, and their radii be 7, and 
r, respectively. 
We have, 


4 +r, =aand OO, =2a 


Let, ZOOP =8 = ZP,00, =8 
Now, 00, =0,0 + OO, = rcosec 6 + r,cosec 0 
0,0, =(%, + 7,) cosec 8 


T 
= cosec@=2 => ak? 


Now, P.O =r, cot @and OP, =r, cot8 
= PP, =(7 + r,)cot @ = av3 


Central angle, ZQ.0,P -{% - 6 =n —20 


and ZP,0,0, = ZQ,0,P =n -20 
= Total length of string = 2PP, + (7, + r,)(2n —(n — 28)) 


= f 
= 203 + al + *) 
3 
( 4n ) 
=| — + 23 la 
3 ) 
189. Let A,B. and C, be the points of contact of the ex-circle 


opposite to vertex A, with the side AC, BC and AB, 
respectively. 


A 


ad LA, =1,B, = hCG =F 
ZBILA, =" —- ZBCA =nx-(n-C)=C 
Similarly, ZAC =B 


> ZC LB, =(B+C) 

Now, ’ A, = AATB, - AA LC, — AB LC, 
=F ysinc ‘eirih Sain) 
a1 hs Foo. 4) 
~ 2(s ~ ay aR” 2R 2R 


_1 & — (s-2a) A“ or A 


ae eS hii! te 
2(s-a)’ 2R 2R(s—a) 2R 
A 2R 
Sint, at PN a ge 4 
A 2R A 2R A 2R 
Thus, Bij Bi Bi Boe Be ae 4 wai) 
K& £2 A A 2 


1 
= —(4R) =2 
ope) 
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190. Since, Z APB = ZBPC = ZCPA 


=> each of these angles is equal to > 


A 


B Cc 
In AAPC we have, 


PA? + PC? ~2PA,PCcos—= =? 


= b? = PA? + PC? + PA-PC 
Similarly, in ABPC; 
a’ = PB’ + PC? + PB-PC 

and in AAPB; c? = AP’ + PB’ + PA-PB 

Adding these results, we get 

a’ + b? +c? =2(PA* + PB’ + PC’) + PA-PB+ PB- PC + PC: PA 
=> a’ +b? +c? =2((PA+ PB+ PC)’ —-22PA- PB) + XPA- PB 
Now, A =AAPC + ABPC + AAPB 


1. 2n 3 


Putting the value of ZPA- PB, we get 
4A 
a’? +b? +c? =APA + PB + PC)’ Bes 


2 2 2 
= (PA + PB+ PCY =2 777 4 20 
2 2 2 
~~ Pas B+ pcm JPET son 


191. In right angled A’s A’BD and CA’D 


ZA’ BD = ZCA’D 
ZBDA’ = ZCDA’ =90° 
*. The A’s are equiangular and hence similar 


BD A’D 
So, —s— 
A’'D De 
So that A’D? = BD. DC 
A 
B NY, Cc 
WV, 
A’ 


Since, BD = ADcot B, DC = ADcotC 
A’D’ = AD‘ cot BcotC 


or {ar (BCA’)}? -( ‘BC-AD 
\ 
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=< BC*- AD? -cot B-cotC 


= {ar(ABC)*}- cot B- cotC 

Similarly, 

{ar(CAB’)}’ = {ar(ABC)}’ -cotC- cot A 

{ar(ABC’)}’ = {ar(ABC)}’ -cot A- cot B 
On adding Eqs. (i), (ii) and (iii), we get the desired result 
because in any A; 

cot Acot B + cot BcotC + cotC:-cot A =1 
=> {ar(BCA’)}’ + {ar(CAB’)}’ + {ar(ABC’)}’ = {ar (ABC)}’ 

192. Given a AXYZ, where 2s =x+y+z 


(i) 


...(ii) 
...(iii) 


gay S288 s2 
4 3 2 
s-x s-y s-z_3s—(xt+ytz)_ s 
4 3 2 4+3+2 9 
X 
z y 
y- - Z 
SE we os as 
= 4 3 2 9 sai 
=> s=9A,s=4A+ x5 =3A+ yands =2A+z 
. s=9A, x=5A, y=6A, z=7A 
Now, A =./s(s — x)(s — y)(s — z) [heron’s formula] 
= /91- 41-30-20 =6V6N i) 
Also, eee => pee ...(ii) 
xyz (SA)(6A)(7A) | 35A sa 
and R=—— = .. (iii 
4A 4-6V6  4v6 = 
8 A 216K 8 8 e 
Now, a as Bin? = aan [from Eq. (ii)] 
= A=1 


(a) AXYZ =6V62? =6V6 
. Option (a) is correct. 


35 35 
Radius of circum-circle, R = a 


*. Option (b) is incorrect. 


; ro. ca Ga A 
(c) Since, r= 4Rsin —-sin —-sin — 
2 2 2 
am ee. ee ane 3 
= = 4-—=sin a Gs 
46 2 
: o>, de ; 
— =sin —-sin —-sin — 
35 2 2 2 


*, Option (c) is correct. 
(d) sin X*) = cos! 2) , as es = 90° — Zz 


_ S(s =z) _ 9x2 3 


*, Option (d) is correct. 


2 2 
193. @oress + b° =c 
2ab 
abc A 
i R=—, =—_— 
(ii) mi r 


where, R, r, A denote the circum-radius, in-radius and area of 
triangle, respectively. 
Let the sides of triangle be a, b and c. 


Given, x=at+b 
y =ab 
x-cay 
=> a’?+b?+2ab—-c’ =ab 
=> a’? +b? ~c? =—ab 
2 a 
OD Pe oi 
2ab 2 
2n 
= ZC=— 
3 
abc A 
=-——,r=—- 
4A Ss 
2 
? «| ab sin) 
r 4A 2 3 
= R- ye 
R_ s(abc) x Lyre 
2 
a) 
R_ 2c(x + c) 


194, We know A = = absinC => 15/3 = ; x6 X10 xsinC 
sinC = ae and C is given to be obtuse. 


C= eh, = = fa? + b* —2ab cosC 
3 
ee aie a 
c= i +10’ SE OO ERS =14 
P 225 x3 
r=— = 


r= = 
s ces) 
2 


195. Whenever cosine of angle and sides are given or to find out, 
we should always use cosine law. 


2 2_ 2 
i.e. Py ee als oa 
2bc 
+c? -—b? 2457 -¢' 
cos B Be ve and cosC = 
2ac 2ab 


~(n+2) (n+) 
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a eee | Roe. 2 
cosP = ies 198. Using, cosC = i Se 
2bc 2ab 
= 1_ (n+ 4)? + (2n + 2)? —(2n + 6)" 
3 2(2n + 4) (2n + 2) 
ue eehae, given 
, 3 P 
2 2 oe 
ee oe ce odes Sele 
n+1)(m+2) 3 n+1)(n+ 
V3 (x?4+041)? +(x? -1)* -(2x 41)? 
= (n -2) aa => Se 
An+1) 3 2 2(x? + x-+1)(x?=1) 
> 3n-6=2n+2 = n=8 => (x+2)(x+1)(x—1)x +(x? -1)? = V3 (x? + x+1)(x? 1) 
. Sides are (2n + 2), (2n + 4), (2n + 6), i.e. 18, 20, 22. => x? 42x4(x?=1) = V3(x? + x41) 
196. If AABC has sides a, b, c. => (2 - V3) x? + (2-3) x-(v3 +1) =0 
A > x =~(2+ 3) and x=14+43 
c b But x =—(2+ 3) 
B C = cis negative. 
q .. x =14+43 is the only solution. 
Then, tan (A/2) = [= 4) =a) . 199. Given, cosbveor@eean 
y s(s—a) 2 
A 
pela 
where, gg te 224 


, 2sinP-sin2 P . 2sin P(1—cos P) 
2sinP+sin2P 2sin P(1+ cos P) 


6 ge 


= a = tan? (P/2) Fixed base 
cos 
. => 200s ( <) cos(7=") = 4s 2A 
c= 5/2 b=7/2 ->tsin4]cos(2=2) -2sin’ =o 
2 2 2 
QW. RB 
aise = cos -2 oo 2*£) -0 
(s — 5) (s ~c) fs — 6) (s ~¢) A 
s(s —a) (s — b)(s —c) As Ac 
2 2 
7 5 B¢ Be. € 
4-—} |4-— —cos—cos— + 3sin—sin— = 
omnes 4 ( ) eS ee 
2 2 
-(3} 2° 2 3 
(4A _,  f=a)(s—e) (-b)s-a) _1 
197. Since, A, B, Care in AP. Pabey Bee 8 
=>  2B=A+C ie. ZB=60° ion La 
a Cc $ 3 
* —(2sinC — (2si 
aon cost) ananeos A) om Rice ee Wate 
= 2k(acosC +c cosA) . Locus of A is an ellipse. 
200. In AABC, by sine rule, —— = ve isin 
a b e > 23) sinA  sin30° sinC 
USNS) Se ae ee 
sinA sinB sinC k. => C = 45°, C’ =135° 
= 2k(b) =2sinB [using b = acosC + ccos A} When, C=45° = A=180°—(45°+30°) = 105° 


= 3 When, C’ =135° = A=180°—(135°+ 30°) = 15° 
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Area of AABC = SABXACSINA = =x axa sin (105°) 
= fix St a2 + 1) sq units 
Area of AABC’= = AB x AC sin A 


= - x 4x22 sin (15°) = 2(v3 -1) sq units 
Difference of areas of triangle 
=|2(/3 + 1)-2(V3 -1)|= 4 sq units 


Alternate Method 
C' 


22 


Here, AD =2, DC =2 
Difference of areas of AABC and AABC’ 
= Area of ia 


= ADxCC => = xexde fae units 


201. Let a straight line through the vertex P of a given A POR 


intersects the side QR at the point S and the circum-circle of 
A PQR at the point T. 


Points P, QO, R, T are concyclic, then PS-ST = QS-SR 
Pp 


© 


R 

: 
Yn : ST, /PS-ST [AM > GM] 
and ahs + it > cs = ci 


1 2 2 4 
=> > 2 SD 
JSQ-SR QR SQ-SR 
pie Miia ia = 2 eg, SU 
PS ST QS:SR QR 
202. Radius of in-circle is, r = — 
s 
Since, A= 16/2 
Sau —— 
_ 16v2 _ 
8v2 


203. Equation of circum-circle of APRS is 


(x+1)(x-9) +y?+Ay =0 


It will pass through (1,22), then -16+8+A -2V2 =0 


=> 


8 
= 575 = 2v2 


-, Equation of circum-circle is x’ + y? -8x+ 2V/2y -9 =0 
Hence, its radius is 33. 


Alternate Solution 


Let ZPSR=8 => duos 
2V3 
piel” 
2R 
=> PR =6J2 =2R-sin® 


=> 


R=3V3 


204. Coordinates of Pand Q are (1, 2V2) and (1, -22). 


Now, PQ= v 4/2)? +0? = 4/2 


Area of APQR = 5 ‘8 = 16/2 sq units 


Area of A PQS =o 22 = 4,/2 sq units 


Ratio of areas of APQS and APQR is 1: 4. 
205. Since, AABC = AABD + AACD 


=> 


Lin Wat canoe pape 
2 2 2 2 2 
2bc A 
cos 
b+ec 2 


o 


F 


Again, AE = ADsec <= 


= AEis HM of bandc. 


EF = ED + DF =2DE =2AD tan — 


Since, AD . EF and DE = DF and AD is bisector. 
= AAEFF is isosceles. 
Hence, (a), (b), (c), (d) are correct answers. 


206, Let AB = AC =aand ZA =120°. 


. Area of triangle = a’ sin 120° 


where, a= AD+ BD 
= /3 tan 30° + V3 cot 15° 
V3 


tan (45° — 15°) 


1 + tan 45° tan 30° 
tan 45° — tan 30° 


ld 
> a=1+8| 
\ 


V3 +1) 
m1 (4) 


=4+42V3 ; 
Area of a triangle = ; (4 + 2V3)" > 


4 


= (12+ 73) sq units 
207. Let a, b, care the sides of AABC. 
b+c_ k(sinB + sinC) 


Now, 
a ksinA 
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2 sin — cos — 
Pa 
cos 
b+e 2 
=> = ri 
2 sin — 
2 
_(B- 
eee ina 5 
Also, = 


208. Let AB =, then AD =2hand AC = BC == 


Again, let ZCPA =a 


hf2 
it 
hf2 
DSN 
TA P 
OT 
AB_A 1 
Now, in AABP, tan(a + B) = — =— =- 
AP 2h 2 
Aine iy So Se 
AP 2h 4 


Now, tanB = tan [(@ + B) -a] 


1 

tan(a+B)-tana _ 2 4 _ 42 
9 9 
8 


+=x- 
2 4 


209. Let AB = x 


In ADAM, tan(x -9 -a) = —— 
x 


=> tan@+a)=—-— 
q-x 
=> q-x = pcot(8+a) 
=> x=q-pcot(0+a) 
=q-p{ See) lee wed _4/ 
cota + cot6 | P| 
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g 


~cot@-1 

p qcot8 — p 
oe fg 

14 cote oe 
Bi ( qcos® — psin@ | 
me P| gsind + pcos® ) 


= q’sin®@ + pqcos@ — pqcos® + p*sin® 
pcos® + qsin® 


AB = (p? + q”)sin® 
pcos® + gsin® 


=> 


Alternate Solution 
-Applying sine rule in AABD, 


oF et 6 


AB [p+ q? 


sind sin{n—(0+a)} 


AB 7 p+q 
sin sin(@+@) 
Vp? + q° sin8 [ q 


=> AB = — - *" cosa = 
sin@ cosa + cosO@sina 


(p? + q’)sin® ; 
= ——__*——__ and sina = -————— 
pcos® + qsin® [p? +¢q 


r 
— = cos— 
R n 
3 gives ae 
n= —_=- 
S R 2 
n= 4 gives Es 
& R 42 
r 3 
n=6 gives ~— =— 
c R 2 


211. We know that, ee =2R 
sin C 


=> c=2R ...{i) 


=> a+b-c=2r 
On adding Eqs. (i) and (ii), we get 
ar+R)=a+b 


212. In ABAD, cos (90° — B) = AD 
c 


=> AD =c sin B 
Similarly, BE =asinC 
and CF=bsinA 


Since, AD, BE and CF are in HP. 
So, csin B, asin C and b sin A are in HP. 


1 1 1 
—— AED an ———— 
sinC sin B sin AsinC sin Bsin A 
are in AP. 
Hence, sin A, sin B and sin C are in AP. 
Alternate Method 
ar (ABC) = - x BC x AD 
1 
=> A= 3 xax AD 
2A 
=> =-— 
a 
Similarly, BE = “ 
and CF = ae 
c 


Since, AD, BE and CF are in HP. 
6. ua ae in HP. 
ab c 


Hence, a, b and care in AP. 
*, sin A, sin B and sin C are in AP. 


[- C =90°] 


..{ii) 
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Session 1 


an ee eT er re 1. ene geen aor Darter oterw ener 


SE A ST TEST TS ER Oe 


Inverse Trigonometric Functions, Inverse Function, 
Domain and Range of Inverse Trigonometric Functions 


Inverse Trigonometric 
Functions 


om 1 


_ 1 F 
sin — =-, sin — =-, sin —-=-, 


sak lin) 1. 7m) 1 
sin| -—— |=-, sin} -—- |=-, ... 
\ 6) 2 4 2 


Now, if the question is ‘‘which is that angle or real 


Consider; 


rae | 
number whose sine is —?” 
2 


Then there are infinite answers i.e. there is no unique 
answeI. 


Thus, the problem is, if the trigonometrical equation is 


sin y=x, then for the given value of x = we have 


7m 11m © ST 13% 


Le. 
for given value of x, we get infinite value of y. 
.. Correspondence from the set 
{x|xe R;-1Sx $1} to the set 
{y|ye R;sin y=x} is one to many correspondence 
.. It cannot be a function. 
{. one-many and many-many are not function.} 


However, if the question is “which is the numerically 


« . 1 » 
smallest angle or real number whose sine is = 
. 7 
Then the answer is —. 
6 


— ras 3 F 
This is one and only one answer i.e. — is the unique 
6 
answer. 


: , . wm dl, : 
In this case, the relation sin — =—- is also written as; 
6 2 


ae | ae we ee ody 1 
—=sin™'| —|orarcsin| —| {read as sine inverse -} 
6 2 2 2 


It must therefore, be noted that sin™’ x is an angle and 
denotes the smallest numerical angle, whose sine is x. 


Similarly, cos” x and tan™ x , denotes an angle or real 
number; ‘whose cosine is x’ and ‘whose tangent is x’, 
respectively, provided that the answer given are 
numerically smallest available. 


Note 
(i) sine =! put &% ¢ sin (1/2) 
6 2 6 


(ii) If there are two angles, one positive and the other negative 
having same numerical value. Then, we shall take the positive 
value, 


e.g. 


and 


Inverse Function 


Definition Ifa function, say f is one to one and onto 
from A to B, then function g which associates each 
element y€ B to one and only one element x € A, such that 
y=f (x), then g is called the inverse function of f, 
denoted by x=g(y). 


Usually we denote g= f~' (Read as f inverse) 


x= f(y) 


Remark 


If y=f(x) and x=g(y) are two functions such that f{g(y)}=y and 
9 {f(x)} =x then f and g are said to be inverse functions of each 
other. Before we start with the definitions of sin” x.cos™'x, 
tan”'x, etc., let us study the following discussion which will help 
us to define these inverse functions. 


Domain and Range of Inverse 


Trigonometric Functions 


1. Ifsin y=x, then y=sin™' x, under certain conditions. 
y, 
+ (1, 22) 
\ 
} Principal 
/Nalue branch 
of y=sin"1x 
x 


—1Ssin y $1; but siny =x. 


-1sxsl 
Also, siny=-1 > y=-72/2 
and siny=1 => y=n/2 


Keeping in mind numerically smallest angles or real 
numbers, we have -1/2Sysn/2 


These restrictions on the values of x and y make the 
function sin y = x, one-one and onto so that the 
inverse function exists, i.e. y =sin™’ x is meaningful. 
Thus, Domain: x €[-1,1] 

Range: ye[-72/2,1/2] 


Note 


(i) We can restrict the values of y in any of the intervals 
{-3n/2, — 2/2], [-2./ 2, 2/2], (2/2, 3nt/2] etc. 
Corresponding to each such interval, we get a branch of 
the function y = sin" x. The branch with range [-7/2, n/2] 


is called the principal value branch, whereas other 
intervals as range give different branches of sin”. 


(ii) The numerically least angle is called the principal value 
of the function. 


2. Letcos y=x then y =cos! x, under certain 
conditions 
—1ScosyS1 
-1S$xS1 
Also, cosy=-1=>y=" 
and cosy=1> y=0 


y, 
(-1 , n) 


y=cos"'x 
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Osys7 
These restrictions on the values of x and y make the 
function cos y = x one-one and onto so that the 
inverse function exists i.e. y=cos"' x is meaningful. 
Thus, Domain: xé[-11] 


Range : y € [0,7] 


. Iftany=x then y= tan”! x, under certain conditions. 


y=-w2 


tanyeR 
xER 
Also, —o<tany<eo => -0/2<y<m/2 


These restrictions on x and y make the function, 
tan y = x one-one and onto so that the inverse 


function exists, i.e. y= tan™' x is meaningful. 
Thus, Domain : xe R, Range: y€(—"/2,1 /2) 


. Ifcot y=x, then y=cot™! x, under certain conditions. 


cotyEeR .«. xER; 


Also, -~<coty<o=0<y<n 


These restrictions on x and y make the function, 
cot y =x one-one and onto so that the inverse 


function exists. i.e. y=cot™' x is meaningful. 
Thus, Domain: xe R 
Range : y €(0,7) 


. Ifsec y=x, then y=sec™' x, where |x|21 and0SySn, 


yFr/2 y 


(-1 ’ n) 


meee ce neces ese enemas er eeeeseeeeee seen eenes 


; (1, 0) 
y=sec'x 


Here, Domain : x € R—- (—1,1) 
Range : y €[0,]—{1 /2} 
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6. If cosecy =x then y=cosec ‘x, 


where |x|{21and -m/2Sy<m/2, y#0 
Y 


(-1 . -n) 


y = cosec"'x 
Here, Domain : x € R-(-1,1) 
Range: ye€[—1/2,2/2]—{0} 


Principal Values and Domains of Inverse 
Trigonometric/Circular Functions 


Function Domain Range (Principal Value Branch) 
2 2 
(ii) y=cos'x —-ISxSl Osysn 
(iii) y=tan'x xeER ie ige = 
2 2 
(iv) y= cosec!x xs-] ee ee 
orx 21 2 2 
(v) y=sec’x xs-l pte coe 
orx21 ie ae 
(vi) y=cot'x xeER O<y<n 


Note 


(i) 1st quadrant is common to the range of all the inverse 
trigonometric functions. 


(ii) 8rd quadrant is not used in inverse trigonometric functions. 


(iii) 4th quadrant is used in the clockwise direction i.e. - 5 sys0. 


(iv) No inverse function is periodic. 


(v) If no branch of an inverse trigonometric function is mentioned, 


then it means the principal value branch of the function. 
} Example 1 Find the value of 
rile “wrt 
tan| cos (5) tan -=) 
2 L v3). 
Sol. Let y = tan cos(5) + tan” (- +) 
2 V3) 


af—/3) 1 
| Example 2 Find the value of cos| cos le 


\ 


4 
Sol. ol cos” 
\ 


4 


= cor + 4 = cos(m)=-1 


| Example 3 Find domain of sin“! (2x? —1) 
Sol. Let y =sin™'(2x? - 1) 
For y to be defined —1< (2x? -1)<1 

=> 0S$2x7<2 >0sx’<1 


= xeé([-1,1] 


Exercise for Session 1 


on: SS ae wee ere 


Find the value of the following 
1. sn = -sin(3)| 
3 2 
2. cosec[sec (-/2) + cot™'(- 1] 


Find the domain of the following 


3. y =sec'(x? +3x + 1) 


{ y2 
\4+ x?) 


4. y=cos"'| 
5. y =tan“'(,/x? - 1) 


ee 


Session 2 


TR RRS See 9 AEST DE ED, cme RS KEE ame FE 


A ERT 


Property | of Inverse Trigonometric Functions 


Property | 
(i) sin™'(sin@) =0; for all6 €[-—1/2,2/2] 
(ii) cos”! (cos @) =; for all 8€[0, 7] 
(iii) tan™’ (tan) =6; for all 0 € (- = /2,7/2) 
(iv) cosec™'(cosec@) =; for all 8 €[-1/2,n/2],0#0 
(v) sec™*(sec0) =6; for all 0 €[0,7],0#7/2 
(vi) cot” (cot 6) =8; for all 6 € (0,7) 
Proof We know that, if f:A— B is a bijection, then 
f7!:B— Aexists such that 
f 7 of (x)=f7' (f(x) =x for all xe A 
Clearly, all these results are direct consequences of this 
property. 
Aliter For any @E[-7 /2,1/2), let sin6 =x. Then, 
G=sin! x 
) =sin” (sin8) 
Hence, sin ‘(sin@)=0 for all@ €[-1 /2,n/2] 


Similarly, we can prove other results. 


Graphically they can be Shown As 


(i) y=sin™ (sinx),xe€ Rye - . + is periodic with | 


period 27. 


(ii) y=cos' (cos x), x € R, y €[0, 1], is periodic with 
period 27. 


(iii) y = tan” (tan x), x € R- fen) * ne i 


~ 
ye (- - . is periodic with period 7. 


ay 


(iv) y =sec” ‘(sec x), x € R-|(n - ) Enel}, 


ye [> ay (=, x is periodic with period 27. 
) ’ 


\ 


(v) y =cot”' (cot x), x€ R—-{nt,né I}, y€ (0,7), is 


periodic with period 7. 
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. - \ - 
(vi) y =cosec (cosec x), s Now, sin“ sin i=sin” (sin (%—1/3)) te, liar ee 
€ R—{nn,ne 1}, ye|-%,= | -(0}, is periodic with 3) a3 
x (nt, n , ——,—| — {0}, is periodic wi 
: 2 2. : = sin” (sin 1/3) {-. sin(7—8)=sin9} 


period 27. 


18 
Y =-, 
3 


(v) cos™{ cs 7) 478, because + does not lie between 0 


and 7. 
f \ 
Now, cos"{ cos 7) cos" cos! an-*)| 
6 (6 
Pa 7h on} 
6 6 
= cos"{cos = = = [-." cos(27 -8) = cos8] 
Remark hs : 
It should be noted that, (vi) tan tan =} ale because an does not lie between 
sin”'(sin@) #8, if ¢[-7/2,1/2)]. Infact, we have 3 3 3 
—n-6, if6e[- 3n/2,-n/ 2] pttneaee 
sigs 6, if8e [-n/2, 0/2] 2 2 
sin” (sin) = J ; on \ 
n— 8 if6E[n/2, an / 2] Now, tan{ tan |=tan~'(tan(—70/3)) 
-2n + ©, if 6e (3x / 2, 5x / 2] and so on 3) 
ee Ge[-7,0] {..2m_, 
Similarly, cos~'(cos 6) = - a Se[0) 3 3] 
2n — 6,if OE[z, 27] i I : 
27+ Gif @€[2x,3n] and so on = tan meal { tan(m—@)=— tan8} 


6+ 1,if6E(—I3n/2,-—2/2) (-n 
Gif Be(-n/2,7 /2) = tn“ tan{ =) [-.. tan(-8) = -tan8] 


tan’'(tan@) = J 


@—n,if @—e(n/2,3n/2) 
|8—-2r,if 8€(3n/2,572/2) and so on = es 
| Example 4. Evaluate the following | Example 5. Evaluate the following 
(i) sin“ (sinze / 4) (ii) cos™'| cos =) (i) sir.' (sin?) (ii) sin“ (sin(-5)) 
i igs : sat (iii) cos~'(cos10) (iv) tan”! (tan(-6)) 
(iii) tan (tanZ (iv) sin (sin? Sol. (i) Let y = sin“ (sin7) 
r eee 1 1 | 
(v) cos" cos“) (vi) tan” | tan) Boren ete eae - a 7D. 
\ 
51 
Sol. Recall that sin“'(sin@)=6, if —2/2<@<7/2 . nei 
cos” '(cos8)=6, ifOsO<7 
and tan” "(tan0)=0, if —1/2<0<2/2 


(i) sin (sin /4)== (ii) cos™{cos =) .% 


(iii) tan "(tan nz /3)=1/3 


ee” fe ee 
(iv) sin (sin a ~ as a does not lie between — 7/2 


and 1/2. 


From the graph, we can see that if2m <x < =, then 


y =sin™' (sin x) can be written as 
yrx-27n 
sin™' (sin7) = 7 —2n 
Alternate Method 
We know that, sin” (sin@)=0, if—1/2<@<7/2 
Here, 8@=7 radians which does not lie between — 7/2 and 
n/2. 


But, 2-7 and 7-27 both lie between = and 7 


Also, sin(7 -27)=sin(-(2n -7)) = -sin(22 -7) = sin7 
. sin” (sin7)= sin” (sin (7-2m)) = 7-27 
(ii) Here, @=-5 radians. Clearly, it does not lie between 


1 Tl , T 1 
=F and a But 2m —5 lie between —— and Se 


Exercise for Session 2 


-af 2n \ 
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Also, sin(2 -5)=—sin5=sin(-5) 
sin™(sin(-5))=sin~'(sin(27 -5))= 2-5 
(iii) We know that, cos~'(cos0)=0, if0<0 S17. 


Here, 8 =10 radians which does not lie between 0 and 
1. However, (477-10) lies between 0 and such that 


cos(4m—10)=cos10 
cos ‘(cos 10)=cos™'(cos(4—10))=42—10 
(iv) We know that, 
tan~'(tan@)=0, if —2/2<@<1n/2. 
Here, 8 =—6 radians which does not lie between — 11/2 


and x/2 But we find that 2x—6 lies between —71/2 and 
1/2 such that 


tan(2n—6) =—tan6 =tan(—6) 
tan™'(tan(—6)) = tan~'(tan(2m —6)) = 2n-6 


1. Find the value of cos~"! cos — |+ sin-{sin 2n\ 
3) 3) 


2. Write the value of sin“ sin =| 


33n | 


\. 


/ 
3. Find the value of sin” cos 


4, Find the value of cos” ‘(cos 13). 


5. - Find sin“ (sin 6), cos~'(cos @), tan” ‘(tan 8), cot™' (cot 8) for @ € (> an 


‘Session 3 


Property II of Inverse Trigonometric Functions 


Property II 

(i) sin(sin™! x) =x, for all x €(-1,1] 
for all x €[-1,1] 
forallxER 


for all x €(—-,- 1]U[1, ~) 


(ii) cos(cos™* x)=x 


(iii) tan(tan™' x) =x 


1 


(iv) cosec(cosec™* x) =x 


(v) sec(sec™’ x) =x, for all x €(—-9,-1] U[1,-) 


(vi) cot(cot™’ x) =x, for allxeER 


Proof We know that, if f:A— B is a bijection, then 
f7):B— Aexists such that fof~'(y)=f(f~'(y)) =y for all 
yeB. 

Clearly, all these results are direct consequences of this 
property. 

Aliter Let 8€[-—1 /2,2/2] and x €[—-1,1] such that 

sin® = x. 


Then, 0=sin™' x *-. x =sin@ =sin(sin™ x) 
Hence, sin(sin™’ x) =x for all x €[-1,1] 


Similarly, we can prove other results. 
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Graphically they can be Shown As 
(i) y =sin(sin™’ x) =cos(cos”' x) = x, 


x €[-1,1], y€[-1,1} y is aperiodic 


(ii) y =tan(tan™ x) = cot(cot'x)=x,xE R,ye Ryis 
aperiodic 


(iii) y =cosec (cosec”'x) =sec(sec' x) = x, 
[x|2L]y]21; y is aperiodic 


Exercise for Session 3 


Evaluate the following : 


sin ( sin7’ n\ 
i ak 


6) 


2. sin co (cos at 
4) 
3. sin’{ 05" 3) + cos? sin~' a 
2 \ 3 


tan?(sec"' 2) + cot?(cosec”'3). 


1. cos. 


(__, 3n) 
| Example 6. Find the value of cosec | con cat =I 


| 


Sol. Let y = cosec| cat cot *n | 


cot(cotx)=x,VxER 
cot ( cot"! *) = 2 
\ 4 4 


rf 
Now, from Eq. (i), we get y = cased =) = v2 


| Example 7. Prove that 
sec 2(tan7' 2)+cosec?(cot™! 3) =15 
Sol. sec?(tan~'2) + cosec”(cot~'3) 
= {1+ tan”(tan~'2)} + {1+ cot?(cot™'3)} 
= 1+(tan(tan™'2))? +1+(cot(cot™?3))? 
=2+2> +37 =15 


Find the solutions of the equation cos(cos~' x) = cosec (cosec™ ‘x ). 


(i) 


Session 4 — 


Property Ill, IV and V of Inverse Trigonometric Functions 


Property lI kA y=n- cos '(sin5) 


(i) sin“! (—x) =—sin7'(x), for all x €[-1,1] = —- cos”: cos! ™ sH suni() 


\2 J] 


(ii) cos"! (— x) = —cos~'(x), for all x €[-1,1] 
Here, - 27 Pa ee 
\2 J 


(iii) tan™'(-x)=—tan™ x, for allxER 
(iv) cosec”'(—x) =—cosec' x, for all x €(-~,-1]U[1,~) and the graph of cos” '(cos x) is as 


(v) sec™'(—x) =n —-sec™ x, for all x €(—-9,-1] U[L,~) 


cos'(cos x)| 


(vi) cot’ (-x) =n -cot™ x forallxeR 


Proof (i) Clearly, — x €[-1,1] for all x €{[-1,1] 


Let sin™'(~x) =0 si) 
Then, —x=sin8 
> x =-sin® 
7 = aus From the graph, we can see that if-2n sx S- 1, 
= —O=sin x then y = cos ‘(cos x) can be written as y = x + 2n. 
{x €[-1,1] and -6 €[-1/2, 2/2] ..From the graph 
for all 8e(—m/2,n/2] estas ® - J} = (F = 5 +2n = eu = ) 
a Q@=-sin™' x ..{ii) hae 2) \2 
From Eqs. (i) and (ii), we get Now, from Eq. (i), we re 


sin’ (- x) =-sin™'(x) 


(ii) Clearly, - x €[-1,1]for all x E€[-1,1 : 
yo eel LA ELSE | Example 9. Evaluate the following 


Let cos’ (- x) =6 ..(i) 3n)) 
ere | (eee = es =| 
Then, -x=cos (i) sin (sin 3) (ii) cot™ (cot(-4)) 
Fe a ee Ge x) ee Ge aah... Ot 
° paces 0) salad Yea ual C7 Ca? 
= cos’ x=n-6 - i 
= -sin™ sn n-%)}-sin {sin )=-# 

{.:xé[-1,1Jand x -6€[0,7 ]for all 6 € (0, 2}} = 4) 4 

> @=n-cos! x .«. (ii) (ii) cot” (cot(-4)) = cot™(-cot 4) = nm-cot ‘(cot 4) 


From Eqs. (i) and (ii), we get = n-cot”'(cot(n+(4—2))) 


cos"}(—x) =m —cos™! Pe = m~cot (cot(4—1))=2n-4 
Similarly, we can prove other results. | Example 10. Evaluate the following 
| Example 8. Find the value of cos™' {sin (-5)} (i) sir S-sin(S 
N 2 44 


Sol. Let y = cos”' {sin(— 5)} 
= cos '(—sin5) (ii) af ain 
2 2 


“' cos '(— x) =m —cos™'x,|x| <1 * 


Ne 
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Sol. (i) sin Fin" {- ;] arr | ua +sin(2) from Ege (i/iand a Nia 
2 2})  \2 2 -{ 1) 
; cos e a "(x) 
™ 2n +3 
=sin| —+— | =sin—=— -_ a ’ 
(2 6) 3° 9 (iii) Letcot™” x =6. Clearly, xE R, x #0 and8€ (0,7) ...(i) 
ee eae “| V3) ; 42) Now, two cases arises 
(ii) sin] ——sin™ "| -— | |= sin] — +sin™ | -—— 
2 be [ L 2 )) Case I When x >0 
(xn n)\ 5m In this case, 0 (0, 7 /2) 
=sin| —+ — ;=sin—=- 
2 3) 6 2 Zz cot) x =0 
=> x =cotO 
Property IV a cross 
~f 1) & x 
(i) sin™"/ — |=cosec™' x, for all x €(—-,- 1] U[1, 09) , 
(x) Q tan 2) ..(ii) 
x 
(ii) cos™ [=}=see" x, for all x €(—°3,- 1] U[1, 2°) {GE (0,1/2)} 
¥ 
pe we ; From Eggs. (i) and (ii), we get 
(ii) tan” (2}- |eot x, for x > (1 
x |-n +cot™’ x, for x <0 fan =} co x, for all x >0. 
Proof Case II When x <0 
(i) Let cosec™' x =6 ...(i) In this case, 6 €(1/2,7) {. x =cot@ <0} 
Then, x =cosec 6 Now, ue 
: ee 2 
= —=sin8 . 
sa = <0-1 <0 
1 
“2 xE(-0,-1U[Le) = —e[-1,1]-{0 
xeE( JU[Lec) = : [—1,1]— {0} en sRECanIDO) 
cosec x =0 = 0€[~—2/2,n/2]—{0} .. cot | x=6 
-—— } = 
s g=sin( =) (ii) : ae 
. _> —=tan@ 
From Egg. (i) and (ii), we get x 
1 
sin Be pads = —=-tan(n-8) —_{- tan(n-8) =~tanQ} 
x 
1 
(ii) Let sec"! x =6 ...(i) wad qn) 
Then, x €(—»,- 1]U[1,%) and 6 €[0, 2] — {a /2} \ 
A = 6-n=tn |S (6 —ne(—1/2,0)} 
Now, sec x=0 x 
; \ 
"> x=sec@ => + =cos@ => tan"(2)a—n +6 ..-(iii) 
x x 
- @=cos™ (=) fii) From Eqs. (i) and (iii), we get 
x 


ait 2 - ‘ 
tan (= ]=-nte0 I x, if x <0 


2 x =(—09,-1]U[1, 0%) x 


|= el-4a-t0} and@e[0, Pel 
x Z 


— 
es 


-1 
-1{ 1 [cot x,for x >0 
Hence, tan (2) =; 
|-n +cot! x,for x <0 


(i) si cose a 4 
3 


Sol. (i) sin cosec™! = 


5 ee 3 

=sin| sin’ —|=- 

3 4 5 

cof tan” 2 =cot{ cot” =] bs 
4 37 3 


| Example 12. Find tte value of tan] 


\ 


Sol. Let y = tan foot (2) 


I Example 11. Evaluate the following 


. 13 
(ii) cat tan ;) 


2\| 
3 JI 


cot” cm m—-cot'x,xeER 


Eq. (i) can be written as 


(ii) tan™! 


(iii) sec 


Proof 
. (i) Let, 


Then, 


-1 
X +cosec 


yotan{s 


-cot 2] 


y=- tan{ cot” 4 
3 


és a ae 
scot” x = tan™! — if x >0 
x 


\ 
y=- tan{tan"!2) 9 y=—3 


Property V 
(i) sin“ x +cos™! x 


x+cot7) x= 


-1 


sin™! x 


3 
2 


= /2, for all x €[-1,1] 


1/2,forallxeER 


x=5 for all x € (—-,—1]U[1,-9) 


=§ ..(i) 
Be[-1n/2,1/2] {. xeE[-1,1]} 
-0/2S0S1/2 
-1m/2S5-O0s7/2 


0S" -OSn = +86 (0,1) 


sin") x=0 = x=sin0 


cos 


x =cos( £0] 
2) 
het 26 
2 


(: x €[-1,1] and (w/2—6) €[0,2}} 
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= O@+cos x=n/2 
From Eqs. (i) and (ii), we get 


1 


sie -1 a3 
sin x+cos <x =o 


(ii) Let, tan™’ x =@ 


Then, 6 E(-—n/2,7n/2) 
= aH cp2 

2 Z 
=> henge! 
=> 0<-9<n 

2 
=> (R_» € (0,7) 
(2, 


Now, tan™ x =0 


=> x =tan@ 

=> x =cot(m/2-@) 

=> cot x= -9 
2 

= O+cot™ x=— 


From Eqs. (i) and (ii), we get 
tan! x+cot™' x=2/2 


(iii) Let, sec 1y=0 


Then, 

=> 0s0s27,042/2 

= —m S-8<50,047/2 

=> see He 620 
2 2 2 2 


Now, sec! x=0 
=> x =sec8 
= x =cosec (1 / 2-6) 


= cosec x =n /2-0 
r [E-e}e|-.2 Z _oxol 
ie pk eer | 
= @+cosec'x=1/2 ...(ii) 


From Eqs. (i) and (ii), we get 
sec’ x tcosec 1x =1/2 


325 


.. (ii) 


{. xe R} 


{71 /2-8E(0,7)} 


(ii) 


ht) 


GE[0,n]-{x/2} [0 xE(--,- 1JU[L, ~)} 
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| Example 13. Find the value of of 
: =] a) | 1 
sin(2cos~ x+sin™ x) when x= e 
Sol. Let y =sin[2cos™' x + sin” x] 
sin’ x + cos” x = > |x| <1 


1 


, “ Tt -1 
y = sn 200 x+ > — cos s| 


mm le: 2 
= sin + cos 's|- cos(cos~' x) 


1 
x=- 
5 


1) 
y= cos{ cos" zai(i) 
cos(cos"'x) = x if x € [— 1,1] 


= [-1,1] 


Exercise for Session 4 


Evaluate the following 


= 
— 
» 
S 
a 
eo 
4 
ie) 
| 
I 
™~ 
a 
a 
. 


NO 
aa 
pe) 
| 
AK 
—__ 
8 
I 
>| 
Ticaennestl, 
ae 


6. Ifsin™'x = x for some x € (—1, 1), then find cos™ 


n/2,if x >0 


1 
8. Prove that tan“' x + tant — = 
rove that tan™ x + tan x |-2/2 if x<0 


Solve the following 


9. Stan“'x + 3cot'x =2n 


10. 4sin-'x =n -cos7'x 


Sol. We have, sin™! x —cos™ 


ifsec”' x =cosec”'y, then find the value of cos 


Now, from Eq. (i), we get y 


- : 4N3 
[| Example 14. Solve sin” x-cos™ x =cos"' —. 
1 -1 V3 


pd _ ™ 
sin! x - cos ca (i) 


=> 


a ai T 
Also, sin™' x + cos i es 


On solving Eqs. (i) and (ii), we get sin” x = ; 


and cos x= sd 
6 
V3. 
=> =e is the only solution. 
Ty, 
at +cos™' a 
Ye y 


Session 5 


Property VI, VII and VIII of Inverse Trigonometric Functions 


Property VI 
(i) tan x+tan7! y 


tan“! 27Y 
\1l-xy 


jist 


\ 
=. n+tan"| ti pifx>.y>0 and xy>1 
xy 


—T | id 


}itx<ay <oandsy>t 
1-xy 


(ii) tan™! x - tan! y 


ww 5 » | it xy>- -1 
+ xy, 


=!n+tan7!| ~~ 
1+xy 


)iteroy <dand xy<-1 


vr tan( 22 it x<ay>oand sy <-1 
~ Vi txy 
Proof > 
(i) Let tan™* x =A and tan™' y=B. Then, 
x=tan A and y=tan Band A, Be(—1/2,2/2) 
tanA+tanB x+y 
I-tanAtanB 1-xy 


tan(A+B)= ..{i) 


Now, the following cases arises. 
Case I When x >0, y>0 and xy <1 


In this case, x>0,y>Oand xy<1 > x*Y 59 
_ in-xy 
=> tan(A+B)>0 
= A+B lies in I quadrant or in II quadrant. 
=> 0<A+B<n/2 
“x >0 ‘ 
= UAE soe ade 
y>0>0<B<n/2 | / 
tan(A+B) =~» {from Eq. (i)} 
| I-xy 
= A+Betan-'( 2+) 
Lin xy, 


f ‘N 
= tan”! x+tan™ y=tan”| aa 8 
Vl xy, 
Case IT When x <0, y <0 and xy <1 
In this case; : 
x <0, y<Oand xy <1 
=> a <0 
1—xy 
= tan(A+B)<0 {from Eq. (i)} 
= A+B lies in I quadrant or in IV quadrant. 
= A+B lies in IV quadrant. 
x <0=>-1/2<A<0| saat al 
y<0=-2/2<B<0| 
= van 
tan(A+B)= {from Eq. (i)} 
: a) 
=> tan” x +tan™ ‘y= tan ie 2 | 
1 
Case II] When x >0 and y <0 or x <0 and y>0 
Consider, 
x >Oandy <0=>Aeé(0,7/2) 
and Be(-1/2,0) 
=> A+Be(-21/2,1/2) 
5 ‘ 
tan(A + B)=— y {from Eq. (i)} 
1- xy 
: + 
= A+B=tan" | » | 
L1- xy) 
Ox + \ 
= tan”! x +tan™' y=tan™ us 
\l- xy, 


Similarly, if x <0 and y>0, we have 


\ 
a = a=3{ X+ 
tan” x +tan ' y=tan (=2} 
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It follows from above three cases that 


‘ 
tan x+tan” y=tan™ (72=| if xy <1 
Case IV x>0,y>0and xy>L 
In this case, we have 
x >0,y>0and xy>1 


= ald IT 
1—xy 
=> tan(A+B)<0 


bee he (i), tan(A+B)=2 221 
| 1-xy| 


= A+B lies in II quadrant or in IV quadrant. 
= A+B lies in 0 quadrant. 
|< x>0y>0= A, Be (0,0 /2) 


| =>A+BeE(0,7) 
= 1m/2<A+B<n 
=> FTE S(AtB)-<0 
=> —1m/2<(A+B)-n <0 
“tan(A+B) = zai 4 
= —tan{n-(A+B)}=2_ 
1—xy 
{.. tan(m —(A+B))=—tan(A+B)} 
= tan((A+B)-— -n)=a*¥ 
=> AeB—motan 222 
1-xy, 
x+y ) 
=> AsBanstan( 242) 
1=xy, 
=> tan? x+tan” y=n+tan™ 249) 
\l=xy, 


Case V When x <0, y<0 and xy >1 
In this case, we have 
x <0, y<Oand xy>1 


am xt+¥ J 
1~xy 
=> tan(A+B)>0 


! from Eq. (i), tan (A+B)= i + | 


—xy| 


=> tan(A+B) lies either in I quadrant or II quadrant. 
{.. x <0, y<0=> A, BE(-1/2,0) > A+ BE(-7,0)} 
= A+B lies in III quadrant. 


=> —-M<A+B<-1/2 
= NM-N<N+(A+B)<n-71/2 
= 0<m+(A+B)<1/2 
Now, tan(A+B)= eae {from Eq. (i)} 
1-xy 
= tan(m-+(A+B)) => ae 
=> conesen'( 22) 
lnm xy 
(xt 
=> A+B=-n+tan "| sey 
\l-xy 
x+y 
= tan”) x+tan™ yannetan( 222) 
1— xy 


(ii) This property can be proved by replacing y by -y in 
above results. 


Remark 
If X1, Xo, Xq)-eX,_ ER, then 
tan’ x,+tan'x,+...+ tan'x, stan Boies a 
1-SptS, —Sg:-+ J 
where, S, denotes the sum of the product of x,, X5,....%, taking k 
at a time. 
| Example 15. Prove that 
(i) tan J tant etant2 
7 B 9 
8 ‘a eis. 2S 
(ii) tan7'2+tan = 
(iii) tan Fo tant tetant 1% 
2 5 8 4 
(iv) tan7! 24tan7! 2—tan? 2...” 
4 5 19 4 
(v) tan7 tytan? ly tan@ le tanct 12% 
5 7 8 4 
ae: | 
1 1 | at ae | 
Sol. (i) LHS = tan™’ ~+tan™? — =tan7?, =F 13 
7 13 ae | 
ie 
7 13 


Jct SeaPipae {= a Jin 


\ 
= tan( = tan (2) = RHS. 
90 9 


ed 


(ii) tan”'2+tan7'3= 2+ tan™! ane 
1-2x3 


| acting tan x+tan'y=n+tan7| 27» |i || 
| \I-xy, | 
= m+ tan7'(-1) 
=1-1/4=30/4 
(iii) ante tan Patan te 
vy) F) 
ef 
=| tan” t etan” ;} tant 
\ 8 
1 * 
-+- 1 
= tan” a +tan“(2) 
i= . 
\ 5 
| xty ) 
using; tan ttn yatan{ 282 if xy<1 
aie Ay, 
(7 
= tn} etan(=) 
9 8 
ae 
ain’ an oF {2} “(4)= 
ie 65) 
. 9 8 
(iv) tan™ oan oe tan7! — 
4 5 
=(tan"*2 tan” \—tan a 
4 19 
3.3 
—-+- 
=tan™) 49 |-tan7) — 
3 3 
jaa 
4 5 
; ( 27_8 
=tan(22)-tan{ 5) = tan” 11_=#19 
11) 19 427, 8 
11 19 
Stan) 22 tian et 
7 moran 
/ 
1 ate = 
(0) [tan 1+ tan is +| tan7’-+tan ‘2 
5 7) \ 8 
t4.4 tt 
=4- — $= 
=> tan’) 27 |+ tan) 38 
Pod ae 
jeer ass 2 
a 2 3 8 
=> tan"( £ tan) 
17) 2) 
6 11 ) 
—+— . 
> tan” 17_23 |. =I dl Berg 
6 il 25) 
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| Example 16. Prove that 


_ V2 1x aX on 
tanm 4 tan? + tan Jef, where 
xr yr zr 


x ty74272 =r? 
Sol. We know that, 
tan™'x,+tan"'x,+tan"'x,+...+tan x, 
( $,-S3 4... 
1-S,+5S,...) 


=tan7! 


XN 


where, S, denotes the sum of the product of x,, X,... X, 
taking k at a time. Therefore, 


LHS = tan" (2s tn”( =} +tas{2) 
xr yr zr 


4 


Bac oD Ma? de 


| xr yr zr fr? 


(x? +y? +27)-(x7 +y? +27) 


where r2=x?+y" +z" 


= tan”(==)=7 = LHS 


| Example 17. Show that (tan~' 1+ tan7'2+ tan“! 3)=1 


\ 


{243 
1-2x3, 


{as (2) (3) >1} 


Sol. tan"'24tan""3=n+ tan" 


= 1+tan7'(-1)= n—-tan“(1) Ai) 
tan7(1)+ tan (2)+ tan '(3)=tan“'(1)+2—-tan7"(1) 
{using Eq. (i)} 
= Tt 


| Example 18. Solve for x; 
tan“ (x+1)+tan7! x+tan“'(x-1)=tan™ 3 


Sol. tan” (x +1) + tan7! (x - 1) = tan™'3-tan7'x 


7 \ 
=> tan” ea cae =tan™ =* | when x?-1<1 
1-(x+1)(x-1)) 1+3x | 
and 3x <1 
E 2x \ 3-x 
=> tan"| =tan™ when - V2<x<¥2 
L2-x? J 1+3x, 
1 
and x<- 
3 
- 1 
=> ad a *~ when —V2<x<- 
Q—-x? 1+3x 3 
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> 2x(1+3x)=(2—x°)(3—x), when —V2<x<- 
= 2x+6x*=6—-2x-3x°+x° 

=> x? -9x7?~4x+6=0 

= (x+1)(x? -10x +6)=0, when ~V2<x<- 

= x=-Jand neglecting x? -10x+6=0as its roots does 
note{ -V2.2 


x=-1 


b Example 19, Find the sum of the series 


y i {a 


am mi +m? +2 


= of 2m : 
Sol. We have, 9 tan”! ————— 
py eee 


7 Yen ~ ((m? aa al ~m+1) 
1+{(m? +1)? —m?} 


_;| (m°+m+1)-(m —m+1) 
atsmen-tn me) 


= yt tan (m2 +m-+1)—tan(m? —m+1) 


= {tan™’(3) - tan”'(1)}+ {tan”'(7) - tan” (3)} 
+ {tan71(13)—tan7'(7)}+... +00 


I Example 20. if tan@' 2, tan™' 3 are two angles of a 
triangle. Then, find the third angle. 
Sol. Let the angle of A be, 
A=tan'2, B=tan7'3 and angle C 
C=n-(tan™'2+ tan7'3) 
| { 2+3 \| 
=t-12N+tan~ 


| 1-23)| 


= 1-m—-tan~'(-1) = —tan~'(-1) or cet 


”. third angle is 1/4 


| Example 21. Solve the following equations 


‘ | X-1 1 X+1 
() tan? 24+ tan7? —_ =” 


y 


=> 


=} x-1) est if xt1 
tan’ | —— !=tan (1)-tan "| —— 
x-2) (x2 | 


{where, tan™'(1)=1/4} 


xt+i1 
. eA ed 
x -1 - + 
tan ’ 2 tan xx 
-_ x 
\* 1+—— 
x+2 } 
ees : Ie e= 1 | 
eet lea | 2 =e 
x- xt+24+x+1 
{x-1 x | 
tan” = tan™ 
x-2 2x +3 
x= 1. 1 
x-2 2x+3 


(2x + 3)(x-1)=(x -2) 
2x? ~2x +3x-3=(x 2) 


ax-+x-3=x-2 = 2x7 =1 


1 
x=t— 
J2 
(ii) tan"! 2x + tan 3x =1/4 
tan™? [ax+3x|_2 if6x° <1 
|1-6x? | 
5 
x a4 
1-6x 


1 
6x" +5x-1=0,if x <— 


ee en eT ae ee 
V6 6 


1 
x=1/6-land-—<x<— 
V6 v6 


x = 1/6, neglecting 


Property VII 


(1) sin™ x +sin™ y 


sin”! {xJ1-y? +yy1—x"},if -1<5x,ySland 


x? +y? <1or if xy <Oand x’ +y’>l 


Za) m—sin™ {xJ1-y’ tyy1-x? },if 0<x,yS1 


and x? +y’>1 


-n -sin {x J1-y? +yy1—x? \,if -1$x,y<0 


and x’ +y’ >1 


(2) sin™! x —sin™ y 
aie liao? Syl oe eee et 
and x’ +y’ Slorif xy>O0and x? +y’>1 
ra m-sin“{xJ1-y? ~y 1-x*},if0<x<1, 
~1Sy<Oand x? +y’ >1 
~n-sin {xy 1-y? -y1—x? | if -1$x<0, 
O<y<land x’? +y*>1 
Proof Let, sin™’ x =A andsin™' y=B. Then, 
x=sin A, y=sin Band A, Be(-1/2,n/2] 


=> cos A= 1-x?, cos B=y1~y’ 


{." cos A,cos B20 for A, BE[-2/2,2/2]} 


sin(A+B)=sin Acos B+cos Asin B 


=> sin(A+B)=x1—y? +yV1~x? ...(i) 
sin(A-B)=x1-y’ ~y 1~x’ .»,(ii) 
cos(A+B)=1-x? y1-y’ — xy .. (iii) 


cos(A-B)=1-x’ l-y’ +xy ...(iv) 


Case I When -1S x, y Sland x? +y’ $1 
In this case, we have 


x? ty? <1 1-x?2y’ and1—y? >x’ 


= (1-x?)(1—y?) 2x’y’ 
=> yi-x?Ji-y? -xy20 
=> cos(A + B) >0 {using Eq. (iii)} 


= A+ B lies either in I quadrant or in IV quadrant. 
>A+BeE die ua 
; 2 2 


| 
sin(A + B) = xJ1-y’ +yy1 -x? 


{from Eq. (i)} 


> A+Bessin {x J1-y’ +yy1-x’} 


{--12/2S5A+Bsn/2} 


=> sin” x +sin! y =sin {xJ1-y? +yy1-x?} 
Case IT When xy <0 and x? + y? >1 


In this case, we have 
xy <0 = (x >0 and y <0) or (x <0 and y >0) 


pAse|-2,2)-2-n SA+BSnb 
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=> hate 0 and Be Eo} or Ac|-£, 
Lh 2 re | 2 
co 
and Be(£|| = - gaepe” * oie 
2 II 2 2 
and x+y? >1 


=>1-x’ <y? and1-y? <x’ 

=> (1—x*)(1-y?) <x’y? 

=> (i= x?Ji-y?)? <dayl)? fe xy <0} 
-|xyl<Vi- x? yi-y? day 

=> xy <i-x? y1-y? <-2y {. xy <0} 

= \i-x?Ji-y? -xy>0 &|xy|=-9} 


—— cos(A + B) >0 
=> A + Blies either in ] quadrant or in IV quadrant. 
= A+Be 2.5] fusing Eq. (v)} 


sin(A+ B)=xy1-y? +yy1—-x? 
= A+B=sin™'{xy1-y’ + yy1—x?} 
trasBe|-=,5} 
22 


=> sin! x+sin' y=sin™' {xJ1-y? +yy1-x?} 
Case III When0 <x, yS1and x? +y? >L 


In this case, we have 


O<xySiniAe(0,2| and Be(0.=| 


\ 


= A+Bé(0,2] avi) 
and, x? +y? >1=91-x? <y? and1-y* <x’ 
= (1-x?)(1-y*) <x?y? 


=> yi-x? J1-y? <xy 
=> yl-x? VJ1- 7 —xy <0 


=> cos(A + B) <0 {using Eq. (iii)} 
= (A + B) lies either in I quadrant or in I quadrant. 


{." xy > 0} 


= cm <casBsn {. A+ Be (0, 2} from Eq. (vi)} 


= “RS-(A+B)S-" =30Sm—(A+B) 


sin(A + B) = xyl -y’ +yy1 — x? {from Eq. (i)} 


~w|aA 
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=> sinfx -(A+ B)}=xyi—y? +y 1- x? 

{. sin( — 6) =sin 6} 
=> nm —(A+B)=sin{xy1-y? +yV1—x?} 
= A+Ben-sin"{xj1—y? +yy1—x?} 
= sin") x +sin | y=n-sin™ {x1—y? + yy -x?} 
Case IV When -1$ x,y <Oand x? +y* >1 


In this case, we have 


-1<$x,y<0=>AE _® o)and Be 4,0) 
oe 2 | 2 
= A+Beé[-n,0) .. {vii) 
and x+y? >1 > 1-x? <y’ 
and 1-y? <x? => (1-x’)(1-y”) <x’y’ 


Ji-x? J1-y’ <xy 
yi-x?V1- ? —xy <0 


= {." xy > 0} 
= 

= cos(A + B) <0 

=> 

= 


{using Eq. (iii)} 
A+ Blies either in I quadrant or in I quadrant. 


-1<SA+B<- . fusing Eq. (vii)} 


l 


SST (AtB)Sn 


y 


-2 S-m—-(A+B)S0 


sin(A +B) =xV1-y? +y 1-x? 
= ~sin{n +(A + B)}=xV1—y? +yy1- x? 
= sin{- 1 -(A+B)} =x 1-y? + yyi- x? 
=> ~m—(A+B) =sin{xJ1—y? +yy1—x?} 
=> A+B=+a—sta (ed -y? + yJ1—x"} 


| - —] Pa | 2 es 
=sin x+sin =-N-sin {xVJ1- 
y { m | Y + yV-x?} 


(2) Do yourself. 


Property VIII 


(1) cos"! x +cos™ y 


cos {xy -J1— x? J1-y?}, if -15x, 
ysilandx+y20 


2n —cos' {xy — y1- x? V1-y?}, if-1$x, 


y Siand x+y<s0 


=< 


(2) cos™’ x —cos y 


cos {xy + f1- x? J1-y?}, if -1<x, 
ySlandxsy | 


~cos”! {xy +J1—- x? VJ1-y?}, if -1<y $0, 


O0<xSilandx2y 


Proof (1) Let cos’ x = Aandcos” y = B, Then, 
x =cos A, y =cos Band A, Be (0, r] 


= sin A=1-x? andsinB=y1-y’ 

{sin A, sin B 20 for A, Be [0, 7]} 
cos(A + B) = xy - Ji-x? yi -y? ..(i) 
cos(A — B) = xy + J1- x? J1-y? Ai 

Case IWhen -1S x,ySlandx+y20 
In this case, 
~1Sx,yS1>A,BeE[0,7] 
=> 0S<A+BS2n .. (iii) 
and x+y20 
=> cos A+cos B20 
= cosA2-cosB 
=> cos A 2cos(m — B) 
=> ASn-B {.cos6@ is decreasing on (0, 7]} 
— A+Bsn .. (iv) 
From Eqs. (iii) and (iv), we get 
OSA+BST. 
cos(A + B) = xy —Ji— x? J1-y? 
= A+ B=cos7 {xy -y1-x? J1-y?} 


=> cos x +cos! y =cos" {xy - J1-x? y1-y"} 


Case IT When-1Sx,ySlandx+ys0 


In this case, 
-1Sx,yS1>A,Be[0,7] 
=> 0SA+BS2n 
and x+y S0=cos A+cos BS0 {V) 
= cos AS-—cos B 
=> cos A Scos(x — B) 
=> A2n-B 
{.:cos@ is decreasing on (0, =]} 
= A+B2n .(vi) 
From Eqs. (v) and (vi), we getm SA+BS2n 
=> -nm2-(A+B)2-22 


> ™22n -(A+B)20 
> 0s2n-(A+B)su 


cos(A +B) =xy-1- x? Ji-y’ 


> cos(2m -(A + B)}=xy—y1—x?V1-y’ 
= 2n -(A+B) =cos {xy —y1—x? J1-y"} 


> A+B=2n-cos”'{xy ~J1-x? y1-y"} 
= cos’ x+cos' y=2n —cos” (xy —y1—x? y1-y?} 


(2) Do yourself. 


| Example 22. If cos “+ cos™! ‘ =a, then show 


2: ya 
x" LY oxy 3 
— += —-— cosa =sin’ a 
a b? ab 
Sol. Wehave, cos {=} +0087(2) =a 
a 


] 
=> cwrf 2-2 fF 
ab a b 


2 
xy _ = Pe. gy 
=> & £056 | =] eae es 
2.2 2 2 2.2 
=> coe ge es EE oe cl 
2,2 ab a” b? ab? 
2 2 
x 2 
= ~ 47 - Yoosa = sin? 


a’ =f? ab 


[Example 23. If cos“! A+cos™' + cos”! y = 3m, then 
find the value of Ay + py + yA. 
Sol. We know, 0< cos 'x <n 
Hence, from the question, 
cos 'A=1,cos ‘p=, cosy = 
A=pey=-1 
{cos A + cos'p + cosy = 32 only when 
each value attains its maximum} 
=> Aptpy+yA=3 


¥ | 
| Example 24. if 2 cos” x; =0, then find the value 
j= 
2h 
of £ x;. 
i=] 


Sol. We know, 0< cos"! x $ 2. 


a | pa = al 
“COS X}, COS X4, COS X3, ..., COS X>, are +ve 
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and hence their sum is zero only when each value is zero. 


i.e. cos"! x, =0 for alli. 
=> x, =1for alli ..(i) 
2a 
Now, 2 kp Hey ks Hy PF a, 
t=1 
={1+14+1...41}=2n {using Eq. (i)} 
Senate yt neem 
2n times 
2n 
=> 2 x, =2n 


2n 
| Example 25. If = sin™' x; =n, then find the value 
1 


2n 
of x x;. 
i=] 


ae Tt 
Sol. We know, ~— <sin™'x s — 
2 2 
. = a | 
Hence, from the question, each value sin : X,, SiN” Xp, 
oo Sema - T 
sin™' x,,...,Sin”’x,, is equal to "i 


3 T 
ie. sin x, = > for all i => x, =1for alli 


2n 


Now, 2x, =x, +x, +...+xX,, ={1 +14... +1} =2n 
= a ene! 
net 2n times 
2n 

=> x x; =2n 


i=1 


| Example 26. If sin! x+sin™ y +sin“z -= then 
(x'0! $ y)(x7? + y 207) 


find the value of = (x2 4 y 35)( HOH yy 804 


- = i 3% 
Sol. We have, sin™'x +sin™'y + sin oars 


As we know that, sin™’ x $ . for all x € [-1, 1] 


Hence, above result is possible only when 


1 1 


P| See | : | ar T 
x=7,sin y= > sin” z= 


2 
x=ly=1z=1 (i) 
ea ax: yl)? af ye) 
2 (x! + yx? +y") P (y' + 2191)( 7? + 20?) 
(x33 *: ye + vo) (v3 er zs yy™ + aa | 
(z'*! i ama) Ca - x) 
(ie ea ie rs as 
~@+)0+) , G+yaty) G++) 
(++) (141141) (141041) 
{using Eq. (i)} 


sin” 


{expanding summation} 


=1+1+1=3 
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ae ce 7 
| Example 27, cas x+cos”' y+cos~' z=, prove Sol. Let, T, = sin” ‘Vn - fn -1 nave 
that x° + y“+2° + 2xyz =1. . n(n +1) 
——) 
Sol. Here, ns f= is —j/1 . 
cos x +cos'y+cos z= vn n+1 jn+1 t 
-1 ~ re 
=> cos x+cos y=NM-cos Zz =n T, =sin™ (z)-# ( 1 
=> cos’ x + cos: 'y = cos ‘(—z) vn yn +1 
fe cos™'(-x) =m - cos” x} 6S sn. +Tp tly tT, +... 
=> cos {xy — y1 - x1 - y’} = cos”'(-z) ‘ 
ea F xy - I; ~ x41 =" ay ; = sin (3 =| i ($ - |-sin“{ =] 
= (xy +z)’ =(1- x’)(1- y’) ih: 1 “{ 1 
+4sin™ | —— |-'sin 
=> xy? +2? +2xyz=1-x? -y’ + xy? [ 3 4), 
ane 
=> x? ty? +2" + 2xyz = 1. + fain $-)-sinn(5]] + 
4 « 
| Example 28. Find the sum of infinite series 
\ es | ee 
s =sin" J Jen = 2 ean (V3 - 2 fe (3) 
| /2 J | v6 a mn 
4 =Z-=>— 
Vn -.Jn-1 4 2 
+...+sin7'| ———— | +... 00 
: n(n+1) 


Exercise for Session 5 


4. Show that sin-?2.4 sin? !S =n -en 4 
5 17 85 
2. Evaluate sin-’4 + sin-! >. + sin 18 
5 13 65 


3. Iftan-'4 + tan-'5 =cot™'A, then find ‘2’. 


4. Prove that cos" (1+ cos 2x)+ (sin? x —48cos? x)sin x) = x —cos~'(7cos x), where x € (0. 


Solve the following 
5. sina sin-?2 =sinx 
3 3 


6. sin-’x +sin™'2x = = 


'onwrmie 
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Property IX of Inverse Trigonometric Functions 


Property IX 
(i) ForO<x <1, 


1 Vi-x?* =tan 


cor nt =sec al : 


\ 


Pe 
=cosec _ 
0 


(ii) For0< x <1, 


cos” x = sin“ fi - x? x Faia | 


 é 


not i = 
f 2 
yi-x' | 


( 
- 1 
= COSEC 
fed 


if N 
(iii) For x >0, tan? x = = 2 -"| 


yi +x? y 
=cot™ (=) =sec (1 +x?) 
x 


| 2 \ 
a 1+x 


sin”! x =cos 


x 


Proof 
(i) Let, sin’ x =. Then x =sin®@ 


Now, cos8 =1-sin’ ) 
> cos@ = J1- x? 
= 8 =cos” J1-x? 


=> sin x=cos” 1 -x? 


Again, tan8 = 


{tan x =cot 


od 


‘, 1 tor x >0} 
x 


Hence, 


— 


sin 


t <=¢08 Ji-x’ al 


2 
=cot” aii 
x 
= | 
=cosec (2) 
4 


Similarly, the other results can be proved. 
| Example 29. Evaluate the following 
Be 13 eee eae =| 
i) sin tan’ — ii) sin cos” ' = 
raf’) wer’ 


at 5 
(iii) cox tan >) 


(iv) sin(cot™' x) 
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Sol. (i) Let y= sin{ tan) 


Note 
To find y we use sin(sin"' x) = x,-1,< x $1 


For this we convert tan x insin™! x 


( 
-1{ 3 - 3/4 gf 3 
Here, tan (2)=sn ; tsi (2) 
: 1 +(3/4)? 5 

Now, from Eq. (i), we get 


or y =sin [sn 3} 
5) 


sa 
3 


= -1{ 1 suse 1/x 

(iv) Let, cot™ x = tan (2) =sin , tk 
x + i/x ) 

* 

=n" : 
x’ +1) 
‘\ 

+1 1 1 


| Example 30. Find the value of tan 3 cos7! —— 


8 0 


Sol. Let y = tan : cos > — 
2 3 


/ 


' 
Let cos” 5 4 = 0¢(05) and eet 
3 2 3 


.”. Eq. (i) becomes 


5 

tn? 9 A=ees8 |g 
2 1+-cos8 

+= 


On 


...(i) 


(ii) 


So, from Eq. (iii), we get 


6 2 - sl 
tan— = 
2 a 
Now, from Eq. (ii), we get 
2 — v5) 
y = 


2 


4 


| Example 31. Find the value of 


- af ] 
cos (2cos~' x + sin~' x) when ca 


1 


Sol. Let y = cos[2cos”' x + sin™' x] 


ile T 
sin 'x + cos'x = —,|x| $1 


y = cos 


af 7 =F 
2cos ee ROE x 


Tt -] 2 -] 
= cos " + cos x |=-—sin(cos x) 


x=- 
5 


‘ -;1 
y=—sin{ co 1) 


é 


x2 \ 
ee (2) 
=> y =-sin| sin ©,/1-| - 
5) 


va (iii) 


| Example 32. If sin“ x+sin™ y+sin™ z =1, prove 


Lo Pe. 


that x4 4+ y* 477 44x2y2z? =2(x2y2 + y2z7 427%") 


Sol. We have 
=>  sin'x+sin'y+sin'z=n7 
sin"'x + sin" y = -sin™'z 


= 
=> cos(sin™ x + sin“ y) = cos(m ~ sin~’z) 
=> 


cos(sin”! x).cos(sin™' y) — sin(sin™ x).sin(sin”'y) 


= —cos(sin™'z) 


Ji-x?.J1-y? -xy=-y1-2’ 


y 


{. cos(sin”! x) = cos{ cos"! yi - x’ J= 1 -x'} 


= fl-x?.fi-y? =xy-vi-2? 


(I1-x?)(i-y’)=x’y? 41-27 - axyy1 - 2? 
{squaring both sides} 


=> Lax? —y? + xy? = x*y? 41-2? - 2xyvi-2" 
=> x? +y? —2? =2xy 1-2? 
Exercise for Session 6 


Evaluate the following : 


1. tan (cosee' | 
4 
2. sec( cot =) 
63 
3. sin?|tan-*2 
4 
(1 -3 
4, sin| Zeot"( 


[4a = 
5. Show that cot! sin’ [3 |=sif en? 
17 | 3_ 
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=> 


=> 


=> 


(x? +y" _ 27)? = 4x?y*(1 ~ z’) 


xi ty! +z*- 2x?z? — 2y*z? + ax?y? 


= 4x*y? - 4x 


x‘ + y' +z + 4x?y?z? 


2,,2,2 


yz 


Property X, XI, XII and XIll of Inverse Trigonometric Functions 


Property X 
1 


: 1 
if-——<xs 
sin”! (2x1— x’ ), v2 V2 


(i) asin"! x =/ m -sin™!(2x,J1- x”), fp sxsi 
V2 
oe ee: 
—™@—-sin (2xv1-x"), 
; : if-1sx<--L 
V2 
aes | ae 1 
sin (3x-4x"), if--Sxs- 
2: 2 
(i) 3sin* x =} ~sin”"@x 4x"), if <x SI 
—n —sin*(8x ~ 4x) if -1Sx <~= 
Proof 


(i) Let sin’ x =0. Then, x =sin@ 


Case When --. $x $—& 


Kies e 


=> 


1 


BS 


sin29 =2sin8cos8 


sin26 =2xy1-x? 


V2 


xs 


1 
V2 V2 


1 
v2 


<sin 


—-1S2x {i= x? 


$1 


) 


1 


= 


v2 


=>- 


Tt 


4 


=> cos8=y1- x? [-cos8 >0 for OE -5.3 


= 2(x7y* + yz? + zx?) 
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sin20 =2xJ1- x? {from Eq. (i)} __ (ii) Let, sin™* x =. Then, x =sin® 
= 20 =sin7(2xy1- x?) ; sin3 0 =3sin@ — 4sin’ 0 
e . => sin3@ =3x —4x° 
= 2sin”' x =sin Maxaf1- x?) ; 
1 ; Case When -1.<x <1 
Case IT When — Sx $1 2 2 
v2 . 
, ; Sgyel =] wanes Beg e™ 
2 2 
= =" <30<" 
=> *sost : 
‘ e Also, ~5 $x S—=9-1S3x-4x° $1 
= * s20<n 2 : 
2 sin30 =3x — 4x 
= -n<S-20S-~ = 0<n-20<5" = 30 =sin"'(3x —4x°) 
; = 3sin x =sin”'(3x — 4x°) 


Also, = Sx S1 => 0$2xJ1-x? <1 
v2 


sin20 =2x1- x? {from Eq. (i)} 
sin( — 20) = 2x1 x? 


Case When ~<x <1 


ee <1 
2 2 


=> 
=> = <0<e 
= m -20 =sin™!(2x4/1- x?) | 6 2 
= i Tt 31 
= nm —-2sin™ x =sin™(2xJ1— x?) = riers 
a Ce = ee 
= 2sin™ x=n-sin™'(2xJ1-x’) a -s-30<-= 
Case IIT When -1< x $-— , 1 T 
V2 > -—<7-380<— 
1 1 : : 
-1< aa = j a 
Ls i Meat os 055 Also, < <x S1=9-153x—4x? $1 
=> -7 05-4 =-ns20<-5 . oe sin3@ =(3x — 4x?) 
7 = sin(n -30) =(3x — 4x°) 
™ 
= Sa eRe = m -30 =sin '(3x —4x°) 
. ol - al 3 
1 ; = 1 —3sin” x =sin” (3x —4x°) 
Also, -1s$xsS-—>-182 y —-x° s = a 
‘a i a oe => 3sin™ x =n—-sin (3x — 4x3) 
2 
sin 20 =2xy1 —x? {from Eq. (i)} Case III When -1S x <-> 
‘ ee 2 
=> sin(m +20) =2xJ1—x “1Sx<~2 
= sin(—m — 20) =2x/1 —x? 1 
=> —1Ssin0 <--— 
=> -m™-20=sin™ (2xJ1- x”) 2 
T ™ 
=> —nm —2sin™ x =sin™'(2x.J1- x”) = ar <6 ar 
= 


2sin™ x =—n —sin™' (2xV1- x’) -" ~$30<-5 


| 
| 


= ~2 ge a0e" 
2 2 


Also, 1S.x <~==9-153x- 4x7 <1 


sin30 =3x —4x° 
= -sin(n +30) =3x —4x°? 
{sin(7t +36) =— sin36} 
sin(-1 - 30) =3x —4x° 
~m —30=sin '(3x — 4x’) 
1 


> 

=> 

> —We=3Sin- 
es 1 


3sin"' x =—n —sin”'!(3x —4x°) 


Property XI 


(i) 2cos™! x | 


cos | (2x? —1); if 0 


2m —cos (2x? —1); if - 


x =sin | (3x - 


4x°) 


S$xS1 
1sxs0 


cos '(4x° —3x), if. Sxl 


1 


Proof 


(ii) 3cos) x =! 2n —cos'(4x° ~3x),if 2 <x s- 
2 


2 


2n+cos'(4x° -3x), if-1<x s-- 


(1) Letcos™' x =0. Then x =cos0 


cos20 =2cos? 0 —1=2x? -1 


Case I When0 <x <1 


=> 


— 


0<cosO<1 > 0<50<— 


ta] 


0<20<n 


Also,0<$ x $1=-1S2x? -181 


=> 


= 


cos20 =2x7 -1 


20 =cos~' (2x? ~1) 


2cos' x =cos~'(2x” -1) 


Case IT When -1< x <0 


= 


=> 
=> 


-1<$x<0>-1Scos0 <0 


7 SON =m S20 San 


-2ns-20<-n 


0<2n-20<2 


Also, -1<$ x <0 = -1<2x? -1<1 


cos 20 =(2x? —1) 
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=> cos(2m - 20) =2x” -1 
> 2m —20 =cos'(2x? —1) 
=> 2m —2cos~' x =cos !(2x” —1) 
=> 2cos x =2n-cos | (2x” 1) 
(ii) Let cos’ x =@. Then, x =cos@ 

cos3@ = 4cos* @ —3cos@ 


= cos30=4x? -3x 


Case I When =x $1 


Ney a ~ Scos8 $1 


= 0<0<~ 
3 
= 0S30S7 
Also, 5$xs1 = -1<$4x? -3xS1 
cos30 =4x°? —3x 
=> 30 =cos '(4x* —3x) 
= 3cos! x =cos'(4x* -3x) 
1 
Case Whenssx <- 
(4 2 
ak aug? 
2 


{ uo ud 


1 
Asad s- 
2 2 


Eeae™ 
3 3 


™S30S2t0 
—2nS~-30S-T% 
0s2n-30S0 
cos30 =4x* —3x 
cos(2m -30) =4x°? —3x 
2n -30=cos'(4x* —3x) 
30 =2n —cos (4x? —3x) 


3cos"' x =2n —cos '(4x° -3x) 


Case II When -15 x $~= 


Se ae ee ee 
2 2 
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ans 30532 
—3n $-36S-2n 
—™ $2n —38 50 
0<5380-2n<s7 
cos30 =4x° —3x 
cos(27 — 30) =4x° -3x 
cos(30 — 2m) =4x° —3x 
30 —27 =cos '(4x* —3x) 
30 =2n +cos '(4x° —3x) 


3cos' x =2n +cos '(4x* —3x) 


Property XI 


Proof 


or 


tan™ =* | if-1l<x <1 
1-x? | 
(i)2tan7? x =in +tan™’ | if x >1 
1-x 
( 2x 
—-n +tan™ =e ifx<-1 
[ Ll x J 
4 3 
tan™ = . if - 
ie as } V3 
(ii) 3tan™ x= nm+tan™ oa - - if x > — 
Loe y 3 
—~n+tan™ Sxox* | ifx<-— 
1-3x2 , v3 
(i) Let tan™’ x =@. Then, x = tan® 
moe 
1 — tan“6 
tan20 = 
a 


Case IWhen -1< x <1 


-1<x<1=— -1<tan@<1 


‘14 
-t<a<t= -—<20<— 
tan26 = ; 
1-x 
Ss 2x ’ 
20 =tan™ ) 
b=xy 


= = 2x 
2tan™) x = tan” 5 
1-x 


Case IT When x > 1 
x>1-= tan@>1 
=> Tie car soos = 
2 4 ; 2 
=> Se 
2 
=> o<n-20<% 
2 
=> ~5 <7 m+20 <0 
2 
tan26 = =. 
1-<x 
2x 
=> —tan(7 - 26) = ; 
1-x 
2 
=> tan(-7 + 26) = ~ 
1-<x 
es 2 
=> —n +20 = tan] —— 
1-x 
_{ 2x ) 
= 20=n+tan’ ~— 
1-x 
-1 -1 2x 
=> 2tan x=7+ tan = 
ie 


Case IIT When x < —1 
x<-1=>tan8 <-1 


=> ue eee = 
2 4 
= -n<20<-~ 
2 
=> O<n+20<— 
2 
tan20 = ; 
1-x 
2x 
= tan(m + 20) = 
1-x 
N 
= m+20=tan™ — 
1-x 
=> 2 =—-n+ tan” ; 
1-<x 
= 2tan x =-n+tan™ ; 
1-<x 
(ii) Let tan™’ x = 0. Then x = tan® 
3tan@ — tan°0 
tan3@ == 
1-—3tan*@ 
ge 
=> eisoae a 
1-3x 


{. tan(m + a) = tang} 


} 


. 


| 


Chap 04 Inverse Trigonometric Functions 341 


f 3% 
Case I When -—= <x <— = n+ 3% = tan” ams 
v3 l= 3x . 
1 1 1 1 / 
-—<x<—>--= < tan§ < a8 
3° 33 V3 => tan x =-n+ tan SO 
nr * |. L=3% 
=> -—-<@8<—>-~-—<38<— 
6 2 
= Pinte ath 
wngese * = 30 = tan™ as =] Property Xill 
1-3x Loki Sx : f / 
z. 2x 
3x — x sin” >> if-1<xS1 
= 3tan7)x = tan™ 5 1+x 
1-3x 9 
~ re x , 
i) 2tan-' x =/ n-sin™ -ifx>tl 
Case I When x > —L 0) [2 
v3 N / 
2x \ 
es S tans 3s ~t —sin™ 2 sifx<-1 
V3 V3 1+x° | 
= 70> i[ 1—x? ; 
2 6 cos if0<x <0 
= La gee | (ii) 2tan™ x =. kd ‘ 
2 2 -! 1-x? . 
an a —cos - if-w<x<0 
> =a oe ea 4x? 
=> ena) SE Proof ‘ 
2 2 (i) Let tan™” x =@. Then, x = tan® 
Tt T 
ee = = . 2tan8 . 2x 
se ele NS Ee sin 20 = ———— >sin20 = : 
: 4 1+ tan“ 6 l+x 
tan39 = 2% 
pr ta ee Case IWhen -1$ x $1 
3 3 -1S$xs1 => -l1Stan0<1 
X= XF 
=> —tan(m - 38)= * tan(m — 36) =—tan36 Tt 
ae ee) ~ ~Lzje” = ~Lepe™ 
4 4 Z 2 
(3x- x3 ‘ 
=> 38 -a=tan : 2x oe 2x 
fe .1-3x? sin 20 = : = 20=sin ( 7 
e ke 1+x Lar 
-1 3) 3X — X 
= 3tan”'x =7 + tan er 2 
2 -1 - =1 x 
. b= 3x => 2tan x=sin ; 
1 Litx y, 
Case III When x < — 
3 Case IT When x >1 
1 x>1 = tanO>1 
x<-—= => tanO@<-— - ss : 
v3 => —<@<— => —<20<72 
=> =F e0<=2 5 2 
18 Tt 
= —2<-20<-— => 0<2-20<— 
= -— <30<-— 2 2 
; 2x 
Tt Tt —s sin 20 = 
=> -—<n+30<— 1+ x? 
2 2 
: 2x 
ages = sin(m — 20) = 


3 3" 
= tan(m + 36) = a2 = {. tan(m + x) = tan x} ace n-20 =sin| 2x 
1-3x 
\ 


1+ x’ 


4 
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\ 
-1 ix ol 2x 
=> m—2tan x=sin ; 
1+x 
¢ 9 \ 
6 = x 
= 2tan) x=n-sin™ : 
Dex 


Case III When x <-1 
x<-1 => tan@<-1 


; => ane met ae -n <20<-= 
2 4 2 
Tt 
=> 0<27+20<— 
2 
= vp e_n-20<0 
Z 
; 2 
sin 28 = = 
1+x 
; 2x 
=> ~sin(m +20) = : 
1+x 
2 
= sin(—7 — 26) = = 
1+x 
2 
= —nt —20 =sin — | a 
vey 
= —m —2tan™ x =sin™ { os 
ure 
‘ 
= 2tan i x=—n-sin” 
eh ae 
(ii) Let tan™? x =0 
Then x = tan@8 
1—tan? 6 1-x? 
cos20 = ———— = cos20= _ 
1+tan* 6 1+x 
Case IWhen0< x <0 | 
0S x <0 
: Tl 
= 0<86<— 
2 
— 0<20<n 
A %, 
1-x’ -1{1-x’? 
cos268 = *. = 20=cos a 
ae LL x 
2‘ 
& -)}{1-x 
= 2tan! x =cos i ; 
ree 


Case II When -- < x $0 
—-o<x <0 


=> -* <@s0 => 0<5-20<7 
2 
cos20 =2 ~ 
1+x 
x? 
=> cos(— Nee 
1+ x? 
2 
> 20 =cos"'( == 
\ltx 
2 
= -—2tan™ x =cos~ (5 = ) 
+x? 


=> 2tan)x=-cos™ (5 


1+" 4 


| Example 33. Define y = cos~' (4x* — 3x) in terms of 
cos~' x and also draw its graph. 


= | 
cos” '(4x° -3x), if 5 Sxl 
1 1 
Sol. We know, 3cos™' x = 2n- cos” (4x3 ~3x), i Sx "S 
1 
2n + cos (4x? -3x), if -1<x< 5 


y = cos (4x? — 3x) 


3cos x . -~-<xl 
2x-3cos x ; ~oSx<5 
—2n+3cos'x ; -1Sx<-2 
Graph 
For y =cos~' (4x? —3x) 
Domain: [-1, 1] 
Range : [0, 7] 
(i) If <x Ly =3c0s" x 
=> ) a ww (i) 
dx My-x? 
ig 
=> YY coitxe -,1 
dx eZ 


=> Decreasing if x € =a) 


Again if we differentiate Eq. (i) w.r.t ‘x’, we get 
“yt 


dx? (1—x7)5? 


Eel Bi teee | ee) 
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= concavity downwards if x € | 
2) 


1 
f ‘ —_—_ 
- 5/12 - 
=ian ear 70 99 


(1 (5/12) 
(ii) I= <x <y =2n -3cos x 


1 1 
ee ee 
70 99 
[ante =a = = | if|x] <1 and 
| \ l-x | 
| a ar = Qootre tan x — tan” =tan"{ 2-2 
x J1-x? dx 2 2, y Fesey) 
p, 2 -}/ 120 -|{ 29 
=> Increasing if x € sae an dy, 3x = tan (2)-= (2 
2 2) dx? (1-x)?? 119 | 6931 
Si iy wan!) — taf 1) 
(a) Ifxe 1.0] then —— <0 \119 ‘(239 J 
) dx m0 1 
= Concavity downwards if x € |-3.0) ee, eee eee 
| i Fe ls) 
." 2 
(relat) then 2 >0 
2) dx? 


= tan“(1) =~ 
an” (1) 7 
=>C i ds if 0 4 
Oncavity UDWarasIE x S| ie [ Example 35. if sin“ x+sin™ y + sin™'z =1, prove 
2 that x,/1- x? + y1-y? +z 1-2? =2xyz. 
(iii) Similarly, iMigea* then <0 eae, V 
: ‘g dx” 1 1 -1 
“. the graph ofy =cos~'(4x° -3x) is as Seb ieet nT a Atal Sie ene ee 
Then, x = sin A, y = sin B,z = sinC 
We have, 


sin x +sin“'y+sin'z=n 
= 


A+B+C=n 
=> sin2A + sin2B + sin2C = 4sin Asin BsinC 
= 2sin A-cosA + 2sin B-cos B + 2sinC -cosC 
= 4sin Asin BsinC 
=> 


xyi- x? +y 1-y’ +zyl-2" = 2xyz 
[Example 34. Prove that 


| Example 36. Solve sin[2cos~'{cot(2tan™' x)}]=0 
1 ee 1 1 
4tan- — — tan“! —+ tan7! — == Sol. We have, 
‘ he 4 sin(2cos~'{cot(2tan™' x)}] = 0 
Sol, 4tan7!— - tan™! — eeu ; _ 
an : tan oR + tan roe | _{ 2x 
=> sin| 2cos cot} tan ee =0 
=2{2tan"*2) — tan" + tan? 2 oe pai 
5 70 99 | / . 
; . . sie = -1 2x 
Be cones 20S). | yh ee or x = tan ae. 
1-(1/5)° | 70 99 \ /, 


x? 


, ' 
‘a -| 2 . 
fs at 2! }itixter 
1- 
\ . 


¢ 2») 
. ix -{1- 
=> sin| 2cos~'/ cot] cot™ oe 
2x }) 
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a as) . | Example 37. Find the value of 
=> sin} 2cos =0 \ 
2x ics -f 2x \ 1 fy \| 
fan)-sin “| ——; |+—cos” 
; Ee ane |2 1+ x 2 I+ y? | 
‘ “1 f 1-x oes 1-x ety R \ 4 P 
a al (aa | Lee 2x = Sol. Let x = tan A and y = tan B. Then, 


inci 2H Vc eal THM) 
{-: 2cos? x =sin _ Fics 2) angen {2 5+ Boo (E45) 


2 . . 
2 2 ¥ ; 
- 1- #2 
i E x 1-( x ) =p eps nf 2tanA + Zoos" tan’ 8 
be ae [2 \it+tan?A} 2 \1+tan’B| 
peer, ; ig eee : is (1 a Ye 1 -1 
= 1-x eo we 1-[7 s) -, = tany sin Sina oss (cos 2B) 
x x 
2 
fy - ? : = tan{ 24 + 2B) tan(A + B) 
= 1- x? =Oor =1 \2 2) 
ye ae 
=> x=tlor (1— x’)? =4x? 1-tanAtanB 1 - xy 
Now, (1—x?)? = 4x’ Aliter 
f \ 2\1 
= (1- x)’ -(2x)’ =0 an | 2x - |+ 1 eog(} = *) 
= (1-x? -2x)(1- x? +2x)=0 2 1+x?) 2 la+y 
=> x? +2x —1=Oorx’ —2x-1=0 | = tan -2tan- le + -2tan7 "y 
is 2 2 
> x=-1+ 2 —_ - 
=tan(tan x+ tan 
or x=14 2 ( ¥) 
= 2 { + 
Hence, x = +1, -1 + V2, 1+ V2 are the roots of the given = tan] tan (F2))- eu 
equation. \ ae 1— xy 


Exercise for Session 7 : 


1. Define y =sin™'(3x —4x*) in terms of sin“ x and also draw its graph. 


2. Detne y =tan-| - 


7) in terms of tan~' x and also draw its graph. 


Draw the graph of the following 
3. y =cos~'(2x? -1) 


4, y=sin'(2x J1- x?) 


2x 


5: tan’ 
a 1-x? 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


@ Ex. 1. Let f(x) =sinx +cosx + tanx +arc 


sinx +arccosx + arctan x. IfM and m are maximum and 
minimum values of f(x), then their arithmetic mean is 
equal to 


Tt T 
a)-— + cos1 b) — + sin] 
es os 


T T 
hole tania cos' Geant sar 


Sol. (a) Domain of f is [-1,1]; f(x) =sinx + cosx+ tanx+sin™' x 
+cos x4 tan" x 


(x) =cosx —sinx + sec? x + 0+ 
Ft) =a 1+ x’ 
——/ 
[1/2,1) 
Hence, f’(x) > 0 => f is increasing 
= Range is [ f(-1), f(1)] 
F(X)imin = f(-1) =—sin1 + cos1—tan1 


T ut : 
<a g cos] -sini —tan1 


2 
and f(x)|max = f(1) =sin] + cost + tani 
pg eats cosi +sin1+ tanl 
2 4 4 
M+ 
Now, ne +cosl 
2 2 


/ 


5 
@ Ex. 2. The value of 5-cot Rs cot '(k? +k +) is equal 
=1 


to 
5 
(a) 5 (b)7 
(c)-7 
Sol. (b) Consider 


2 an (k+1)—k> 


k=l 1+ k(k +1) 


7 
(d) 3 


XN 


5 
= tan '(k+1)—tan'k 
=1 


4/ 


Now, T, =tan”'(2) - tan™'(1); 


T, = tan™'(3) - tan”'(2) and so on 


5 
Hence, cot” '(k? +k+1)=tan™"(6)-tan“\(1) 
=] 


scot{ cot” 4 =7 


© Ex. 3. If the equation 5 arc tan(x? +x +k) +3 
arccot(x? +x +k) = 2m, has two distinct solutions, then the 
range of k, is 


5 5 5 5 
(a) (0, ;| (b) (- ~, ;) (c) (2 ~| (d) (- oo, ;] 
Sol. (b) We have 2n = = + 2tan'(x? + x+k) 
(As, tan“ a+ cot” a="y ae r) 


Be eo tt 
=> tan (x? +xtk)=o oxi +xtk=l 


=> x? +x+(k-1)=0 
. For required condition, put D>0 


= 1-4{k-1)>0 9 5-4k>0 = k<= 


© Ex. 4. if f(x) =x" +x? —x’ +x? +1and 
f(sin~'(sin8)) = (1, & is constant, then f (tan7'(tan8)) is 


equal to 
(a) a (b)a -—2 
(c)a +2 (d)2-a 


Sol. (d) f(x) + f(- x) =2 


Now, (sin™'(sin8)) =31 —8 = y (say) 
and (tan™'(tan8)) =(8 -3m)=-y 
Hence fly) + f(-y) =2 
Given f(y)=a = f(-y)=2-a 
4 6 
© Ex, 5. ifsin™'| x? ee a sass +cos”' 
yg T - 
x4 —-—- 4+ —....... =—, where0S|x| < V3, then number of 
9 Z 
values of ‘x’ is equal to 
(a) 1 (b) 2 (c) 3 (d) 4 
4 6 CT 8 2 
Sol. (anf -E 4% bikes vost H 4 Beak \-3 
a 3 9 2 
) Y 
2 4 2 
=> X=Y=> i ie 
fc eo 3+x° 3+x 
3 3 
= 94+3x* =9x7+3x4 => x? =1 
Thus, x=0,lor-1 


Hence, number of values is equal to 3. 
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@ Ex. 6. Suppose 3 sin” '(log , x) + cos” (log, y) = 2/2 and 
sin” (log, x) + 2cos’ (log, y) =117/6, then the value of 
x? + y™ equals 
(a) 6 (b)7 
7 
5 d) - 
(c) ( Me 


Sol. (a) Let sin” (log, x)=a and cos ‘(log, y)=b 


Tt 11% 
StS and ar 


1 
Hence, x=—=andy= 
a. 


@ Ex. 7. Range of f(x) = sin™'log[x] +log(sin™'[x]), 


where [ ] denotes GIF is 
(a) 1 (b) 2 
(c) 0 (d) {og | 


Sol. (d) Domain of f(x) is [1, 2). 


) 
.. Range is log a 


5 
© Ex. 8. % sin“ \(sin(2n -1)) is 


(a) 1 (b) 2 
(c)3 (d) 4 


Sol. (a) E sin sin(an -1)) 


=sin”'(sin1) + sin” *(sin3) + sin’ (sin5) 
+ sin™'(sin7) + sin” (sin9) 


=1+7-34+5-2n+7-2n7 +32 -9=1 


@ Ex. 9. Ifo. andB(a >) are roots of the equation 


x? -J2x +3- 2V2 =0, then the value of 


(cos-'a + tan7'a + tan” 'B) is equal to 
3 51 
ide Pada 
(a) ; (b) 5 
71 T 
ee ae 
(c) ; (d) 3 


Sol. (a) x? -J2x+ y3-2V2 =0 => x? -J2x+J2-1=0 


=> x?-1-J2(x-1)=0 = (x-1)(x+1-V2)=0 


x=1,V2-1 

a =1andB=2 -1 

e £ m™ 1m 32 
Hence, cos” a+ tan™’ a+ tan prea t = 


@ Ex.10. if the mapping f(x) =mx +c,m>0 maps[-1,]] 


\ 
onto[0, 2], then tan( tan” : +cot~'8 +cot™! iB) is equal to 


2 1 -1 2 
@ (2) ws(2) © =") (s( 2 
Sol. (d) Clearly, f(x)=x+1(As,-1$xS1,0<5x+12) and 


f(x)=mx+c 


(jee rl al 
Now, tan| tan —t+tan -+tan — 
7 8 18 


@ Ex.11. if(sin~'a)? +(cos~'b)? +(sec™'c)? 
2 
+(cosec™'¢)? = = ene valieoy 
(sin™'a)* —(cos~'b)? +(sec”'c)? —(cosec™'d)? 
2 
- 7 b Lg 
(a)-1 (b) : 


2 
™ 
c)0 a 
(c) (d) 
2 
Sol. (0) As 0 (sina)? sx 0<(cos'b)? <n?, 

x? n? 
0<(sec™'c)* < nee =| and 0 <(cosec™!d)? s-- 


5 2 
So, 0<(sin™! a)? + (cos! b)? + (sec! c)? +(cosec'd)? < 


a7 2% 
(sina)? + (cos! b)* + (sec”'c)? + (cosec'd)? = = (Given) 


2 
2 1 
=> (sin™' a)? "5 


(cos b)? =n? 


(sec™'c)? =x? 
and (cosec”'d)? = ~ 


Hence, (sin™! a)* ~ (cos 'b)* + (sec™' b)? —(cosec”'d)* =0 
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ae 1 ‘ (a) xe (tan2, tan3) 
© Ex. 12. Iff(x)= Z tan { ere aes a} (b) x€ (cot3, cot 2) 
cose (c) x €(- ©, tan2)U (tan3, ©) 
then| lim f’(0)| is (d) xE (— ~, cot3)U (cot 2, &) 
sg Sol. (b) Given, oe 
a) 1 (b) 2 _t es 
(93 (d) 4 (cot™* x)(tan™ ay? cot *x-3tan'x- {2-2 = 0 
Y, 


Sol. (a) f(x) = Ditan\(x + r)—tan™'(x+r-1)) 


= f(x) =tan™ (x +n) —tan7'(x) — y=3 
= fet = ae 
= fO=— 1 PNT ae 0) (0,0) y=0 

Now, lim f(O)=-1] tim f(o|=t = cot” | tan*x+2 -5) “a sf 2~*) >0 


t™' x—3)(2-cot™ x)>0 
© Ex. 13. The range of the function iy. feat o) cor ae 


f(x) =sec™! (x) + tan7'(x), is (As tan tx-E = cots] 


(a) (0, 2) (b) (=. ** => (cot™! x —3)(cot™' x -2)<0 
2 = 2<cot 'x<3 
(c) (0, an (d) None of these => cot3<x<cot2 (As cot” x is a decreasing function) 
‘i Hence, x €(cot3,cot2) 


Sol. (a) ; =(— 2, - 1] U[1, 2) -1 -1 
Also, f is an increasing function. eee ire fx) salen 2a) ieee Soe “eet 


-1 : . 
Pe, gel-e-AS e( 0 3n 0 + tan(tan™ 2x), then which one of the following statement 
“4 is/are incorrect? 
and for x €[1, ©), f(x)e ary iii) (a) f(x) is odd function 
ag (b) f(x) is injective 
.. For range of f(x),(i)U(ii) = (0, 7) (c) Range of f(x) contains only two integers. 


(1), 
® Ex.14. The solution set of inequality (eo x) (tan x) + Came walersney 3] iis laa 


N 
(2-8) cot” x—3tan™'x -{2-2}>0 is Sol. (d) Clearly f(x) =6x and domain =: bes 4 


\ cx 


JEE Type Solved Examples: 
More than One Correct Option Type Questions 


© Ex. 16. If f(x) =cos”'(cos(x +1)) and - g(1)=sin™'(sin3) =(x -3) 
g(x) =sin7'(sin(x + 2)), then f(1)+ g(1)=(% -1) 

(a) f(1) + g(t)=(n-1)  (D)F(1) > g(1) and, 07 an) 

(c) (2) > g( g(2) (d) f(2) < g(2) f(2)=cos'(cos3) =3 


Sol. (a, b, c) f(1)=cos”(cos2) =2 g(3) =sin'(sin 4) =( — 4) 
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/ ‘ 


Rigs 2)? Je 


(a) m —(tan7'2 + tan7'3) (b) : 


@ Ex. 17. r tan”! 


r=1 


(c) = (d) = + (tan7"2 + tan73) 


( (r+3)-(r +1) | 
L1+(r+3)(r +1), 


2 
(r? + 4r+3)+1, 


Sol. (a, b) T, =tan™ 


T. =tan™'(r+3)—tan”(r +1) 
Sum = 7 —(tan7'(2) + an™"(3)) 
t 


— oe ra 
=m-(m%+tan (—1)) , 


@ Ex. 18. If sides AB, BC and CA of a triangle ABC are 
represented by x +2 =0,3x +y =O andx+3y +2=0 
respectively, then identify the correct statement. 


(a) ZtanA = 2 
3 
4 
(b) Il tanA = — S 
(c) LtanAtanB = -> 


(d) sin?(A + B) + cos?C = 7 


Sol. (6, c) 


Tt = 
2B=—— tan '3 


ZC =n ~-(A+B) 


=tan!3-tan™ i 


~ Tt 
=2tan73-— 
2 


ia 


1 
1 ag 
=- cot{ tan) + cot(tan™'3) + tan| tan” 2 
: Be aes 
XM 3 
=s4—-¢—ene 
3 3 3 


BtanA=IItanA=-= 


4 41 
VisnAtnsS 3.242 hoes 
3.33 3 9 9 


sin? (A + B) + cos’C =sin*(n —C) + cos?C =1 


@ Ex. 19. Which of the following is/are correct? 
(a) 


cos(cos(cos~'1)) <sin(sin™'(sin( —1))) <sin(cos”‘(cos(2n -2))) 
(b) cos(cos(cos™'1)) <sin(cos”'(cos(27 —2))) <sin(sin™ 
(sin(m -1)))< tan(cot™'(cot !)) 


5000 2500 
(c) 2 cos '(cos(2tm —1)) = pS cot! (cot(t + 2)), where t €] 
t= t=1 


(d) cot cot cosec'cosec sec” sec tan tan™'cos 


cos sin ‘sin4=4-1 


Sol. (a,b,c,d) For (a) and (b) 
cos(cos !1)=1 = cos(cos(cos~'1)) =cos1 
sin™'(sin(n -1))=" -(" -1)=1 
= sin(sin™(sin(7 —1))) =sin1 
cos \(cos(2m —2)) =cos”'(cos2) =2 
=> sin(cos”'(cos(2m —2))) =sin2 
tan(cot”'(cot 1)) =tan1 
It is easy to compare cos],sin1,sin2, tan1 
cos1 <sin1 <sin2 < tani = (a) is correct 
For (c) 
‘: cos ‘cosx is periodic with period2m 
cos ‘cos(2tt —1)=cos '(cos1)=1 (t€/) 
5000 
2 cos ‘cos(2tm - 1) =5000 
t=1 ; 


Now, cot™’ cot (tt + 2) =2 [cot~'cot x is periodic with period 7] 
2500 
ct p>» cot~'cot (tt + 2) =5000 => (c) is correct 
(d) sin™'sin4 = -4 
coscos '(%-4)=4-7 
tantan”"(4—n)="—4 
sec 'sec(m —4)=4-—1 
cosec”'cosec(4-1)=4-—17 
cot” 'cot(4—n)=4—" 


=> (d) is correct 


@ Ex. 20. Let x, and x, (x, >x,) be roots of the equation 


sin~'(cos(tan~'(cosec(cot' x)))) = =, then 


-1 1 -) 1 
'_ + cos'—=n 


x Xo 


\ v4 ‘ 
-4 1 

+ cos — 

X92 , 


(a) sin 


(4 
(b) sin“'| — =0 
sin ( 


ly 


(c) sin” a sin” {=]-9 


x2 


(d) (2) + cor"( 4] = 
x; %2 


JEE Type Solved Examples : 
Passage Based Questions - 


Passage I 
(Ex. Nos. 21 to 22) 


Suppose f, g and h be three real valued function defined 


onR 


Letf(x) = 2x + |x], g(x) = (2x ~[x)) and h(x) = flat) 


© Ex. 21. The range of the function k(x) =1+ = 
1 


(cos~'(h(x)) + cot™'(h(x))) is equal to 
ie Al aad 
fit m5. 
15. 711 
ote ol} "] 


@ Ex. 22. The domain of definition of the function 
(x) = sin“'( f(x) — g(x)) is equal to 


(a) 2. 7 (b)(— 29,1 
(c) [41] (a) (- c, | 
Sol. (Ex. Nos. 21 to 22) 
We have f(x) = eee 20 nd g(x)1 3 fe x20 
ee 


Clearly, f and g are inverse of each other. 


Naw, MES flee) (2) | x20 


ae 
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Sol. (a,c,d) Given, sin™ (cos(tan™(cosec(cot™ x))))= “ 


=> sin”'(cos(tan™' jit x’)) a = 

leah 
{+2} 6 

=> fx2+2=2 

=> x? =2 

=> x=t 2 

So, x, = 42 and x, =-2 


Now, verify alternatives. 


21, (b) Ash(x)=x,V xER 


=> k(x) =1+ a cast x + cot” x) 
1 


Domain of k(x) =[—1,1] and k(x) is decreasing function on [—1,1]. 


As k(x) is continuous function on [-1,1} 


Now, Kain (X=1)=1+ © cos + cot '1) 
Tt 
1f } LS 
=1+—| 0+—j=1+—=— 
a\ 4) 4 


=> Range of k(x) = Fe 


22. (d) We have, f(x) - g(x)=(2x+|x1) ~3x aie) 


0 ; x<0 
.. For domain of function 


pgm et= eae 

3 8 
f 3 
=> Domain of I(x) =| -=2] 
ug 


(Note Range of function I(x) -|a 
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Passage II 
(Ex. Nos. 23 to 24) 


+cosec”'5, 


In AABC, if ZB= sec( 


7 


f 
ZC =cosec™' (=) cot?) andc=3 


(All symbols used have their usual meaning in a triangle.) 
On the basis of above information, answer the following 
questions. 


@ Ex. 23. tanA, tanB, tanC are in 
(a) AP (b) GP 
(c) HP (d) neither AP, GP nor HP 


@ Ex. 24. The distance between orthocentre and centroid of 
4 


triangle with sides a*, b3 andc is equal to 


5 5 
(a> We 

10 7 
es Sa 


Sol. (Ex. Nos. 23 to 24) 
ZB= sec") + cosec V5 


JEE Type Solved Examples : 
Integer Answer Type Questions 


wor 9° ere SNe 


@ Ex. 25. Let f(x) =x? -2ax+a—-2and 


2x 


g(x) =| 2+ sin”! 
1+x? 


| If the set of real values of ‘a’ for 


which f(g(x)) <0,V xER is(k,, k,), then find the value of 
(1 Ok, aa 3k, j 
[Note : [k] denotes greatest integer less than or equal to k.] 


Sol. (8) We have g(x) -| +sin™ 2] 
+ 


x? 
a | 2x 
=2+]| sin ———> 
bx 
As, sin' 7 _¢ =.5| 
itx’? L2 2] 


tan B =2 and tanC =3=> tanA=!1 
Dy ZtanA=IItanA 


ab _c¢ 
sinA sinB sinC 


Hence, a=¥5 and b =2V2,¢ =3 
23. (a) tanA=1, tan B=2, tanC =3 are in AP 


4 
24, (b) The triangle sides a’, b3 and c will have side-length 


5, 4 and 3 respectively. 
.. Distance between orthocentre and centroid 
hypotenuse 


2 5 
=—(circumradius) =—— = - 
3 3 2 


Range of g(x) = {0,1,2,3} for f(g(x))<OVxER 


=> f(0)<0 and(3)<0 
Now, f(0)<0>a-2<0>4a<2 
and f@)<0=9-6a+a—2<0 
as! 
b) 


f(x) =x*-2ax-a-2 


fe ae Oe ee 
NT is 


ae, 
ae( 2.2] 
5 


Hence, k= - k, =2 


(10k, ~3k,)=14-6 =8 


@ Ex. 26. Let x,, x.,x3 be the solution of 


af 2x+1 -1{ 2x -1) 3 
tan i ) +tan ) SX" | = 2tan "(x +1)where 
eT R x-1) 


X)<X_ <X;, then 2x,+ x, +x} is equal to 


Sol. (1) Let a+B=2y wei) 
where nee ange e and 
x1 bate 
tany=x+1 


Taking tan in Eq. (i), we get 
tana+tanB  2tany 
1-tanatanB 1-tan’y 


ax+1 , 2xnl 
SS x+1  x-1 . 2(x +1) 
jeteeed 1-(x+1)? 
b aa) | 
= 2x =x Sete EWS aAx+1) 
x? -1-4x7 +1 —x?-2x 
= 2(2x°—1) _ 2(x +1) 
—3x? —(x? + 2x) 
x=0 
or 2x? + 4x? —x-2=3x7 43x 
= 2x? +x? -4x-2=0 
=> x? (2x + 1)-2(2x+1)=0 
= (x? -2)(2x+1)=0 
=> 


x=/2,-V2 or x=-2 


x=-—-+2 is rejected -. it does not satisfy (i) 
1 
> x =75)%)=0 and x = 02 


=> 2xtx,+x7=1 


® Ex. 27. If the range of function 
f(x) =(nv2 +cos 'a) x? +2(cos™'B) x + nV2-cos~'a is 
[0, «) then find the value of|\a-B|+2aB +1 
Sol. (3) Given, f(x) =(n-V2 + cos”! a) x? + 
2(cos'B)x + tV2 - cos a 
Clearly, graph of f(x) is parabola opening upward. 
As, range of f(x) is [0, ©), so discriminant =0 


=> b? — 4ac=0 
= 4(cos"'B)* — 4(n-¥2 + cos”! a) 

(V2 - cosa) =0 
> 4(cos"*B)? - 4(2n? -(cos"' a)*) =0 
= (cos! a)? + (cos B)? =2n7 

% Jt 


> x-axis 
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=> cos 'a=n=cos'B 
= a=B=-1 
Hence, |a-B|+20B+1=0+2+1=3 


® Ex. 28. Consider f(x) = sin~'[2x] + cos” '([x] —1) 

(where [.] denotes greatest integer function.) If domain of 

f(x) is[a,b) and the range of f(x) is {c,d}, thena+b+ 2d is 
c 


equal to (wherec <d) 

Sol. (4) f(x) =sin™ [2x] + cos”! ([x]-1) 
-1s$[2x]S1and—-1<S[x]-191 
-1$2x <2 and 0S{x]<2 


~5<x<land0Sx<3 


[x]=0 
02x <2 
(2x]=0or 1 
f(x) =sin™ [2x] + cos (-1) 


= 

=> 

=> 0<x<1 Domain 
=> 

=> 

=> 


( n \ 3n 
=! Q0or—|+n=nor — 
2/ 2 


\ 


2d 
=> at+b+—=1+3=4 
c 


@ Ex. 29. Let f(x) =min(tan“' x,cot’' x) and 

h(x) = f(x +2) — 1/3. Let x,, x, (where x, < x) be the 
integers in the range of h(x), then the value of 
(cos~'(cosx,) + sin™'(sinx, )) is equal to 

| tan™ x, xSil 

| cot™ x; x>I 


Sol. (1) f(x)= 


[tan“'(x+2) ; xS-l 


a PT ch cd) > x>-1 
_( Sx | 
. Range of) is( ra. 12. 


cos ‘cos(—2) + sin” sin(—1) =1 


e@ Ex. 30. If the area enclosed by the curves 


f(x) =cos”'(cosx) and g(x) = sin™'(cosx) in xe =) 


2 
is a (where, a and b coprime), then find(a- b). 


Sol. (1) We have g(x) =sin™'(cos x) = = —cos'(cos x) 


Both the curves bound the regions of same area in 
tm 7 || 9m 157 
—,— || —,— } and so on 
A 4 [la ee 
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I(x 
/ ) 


a> 
O Uj in en 


r 
2 g(x) 


a 


.. Required area = area of shaded square 


* a=9andb=8 
Hence, a-b=1 


@ Ex. 31. Consider the curve y = tan™' x and a point 


+ 


Ai ; | on it. If the variable point P,(x;, y;) moves on the 


4 
x 


r 
curve for i =1,2,3,...n(nEN) such thaty, = Z tan 
m=! 2m? 


and B(x,y) be the limiting position of variable point P, as 
n— ©, then the value of reciprocal of the slope of AB will be 


ia a 


xz tan 4) = 
m=1 2m 


Lim > tan™ | eee 
remsl \1 + (2m + 1)(2m—-1)| 


tigen E {tan"(¢m+1)-tan\(@m-1)} 


Ai—> oo 


=Lim {(tan™'3 — tan™'1) + (tan7'5 — tan7'3) 
n—> © 


+(tan717 —tan™'5)....+ tan” 
(2n + 1)—tan™'(2n —1)} 


= = v4 
=Lim {tan™'(2n + 1)- tan71} 9 — 
n> 00 4 


*B a1 *) i.e. coordinates of B approach, towards those 


of ‘A’. 
. Chord AB approches to be the tangent to y = f(x) at A 
| ee be 
..(slope of AB)’ =| —tan™ | 
(slope of AB) [4 an x 


atx=1 


=(1+x’)..,=2 


Pog? 
® Ex. 32. (peat pepe Ds aoe 
y 3 
ff XN 1 
—. = x Tl 5sin x. 
sin y-cos | —————— | =-—, then ———— is 
2 6 ee 
L yl+x sin y 


2 7 z i Tt 
Sol. (6) tan” x + cos 'y=T and sin 1y—cot ae 


-1 -1 wet a1. ,% 
> tan “x+cos y+sin y-cot ee | 


or tan’ x=cot x = x=1 
-1 -1 Pa 1% 
Also, tan™ x+cos  y—sin™ y+cot x a 


aswel Tt a 5m 
=> n—2sin'y=—=> sin y=— 
6 12 


5sin™' x 
| =6 
sin” y 


© Ex. 33. If A =teot"(t) 
1 L, 


‘ 2 (4 _ 
+ 4 cot -1 1 + ee 1 4 and 
2 3 ae 


B=1cot '(1) + 2cot7'(2) +3 cot” '(3) then|B— A| is equal to 
tls « cot™"(3) 

b od 

where a,b,c,dé N are in their lowest form, find(b-a-c-d) 


aft 
Sol. (8) B- A =(2cot™(2) + 3cot”"(3)) -(3 cot(3) i sect 6) 
=2(cot™'2 + cot™'3) + cot™’3 


seth. 1. cox 
2{ cot 3+ cot 2) Leo i] 
3 2 3 6 2 


4 


Tt mn 1 a 
=—+cot'3+-—tan'3 

8 6 

T = 1( 7 2 
=—+cot tg 2 © _ cop '] 

8 6\2 


weg tee cot“ te cols 
12 6 
aos Sears 
24 6 
a=5;b=24;c=5;d =6 
b-a-c-d=8 


Hence, 


1 


JEE Type Solved Examples : 
Statement | and II Type Questions 


i se re ee — 
~-- a —_——— 


® This section contains 2 questions. Each question contains 
Statement I (Assertion) and Statement II (Reason). Each 
question has 4 choices (a), (b), (c) and (d) out of which only one 
is correct. The choice are 


(a) Both Statement | and Statement II are correct and 
Statement II is the correct explanation of Statement | 


(b) Both Statement | and Statement II are correct but 
Statement II is not the correct explanation of 
Statement I. 


(c) Statement | is correct but Statement II is incorrect. 
(d) Statement II is correct but Statement I is incorrect. 


© Ex. 34. Statement I /fo,B are roots of 6x’ +11x +3 =0, 
thencos”'o exists but notcos~'B(a >). 


Statement II Domain of cos™' x is[-1,1]. 


Sol. (a) Given, 6x? +11x+3=0 => 6x°+9x+2x+3=0 


=> 3x(2x +3) + 1(2x+3)=0 
-3 
=> (2x+3)Gx+1)=0 => as > 
-3 -1 -1_ -3 
ine (1533) 
2 3 3 32:4 


-if 71 “fy 4 
cos (2) exists {." Domain of cos”' x is [-1,1} 


JEE Type Solved Examples : 
Matching Type Questions 


oT eS ne Oe 9 ne me mere — Sees ee Se, 


| ® Ex. 36. Match the principal values of cos~'(8x* - 8x? +1) 


given in column | with the corresponding intervals of x given 
incolumn Il, for which it holds. 


a _ Column I Column Il 
A. 4cos x p Gee’. 
CRT ea v2 
| B  4cos'x—2n q | <x<l 
a eat ee 
C 2n- 4 cos” r. I 
-lsxs--—= 
ee eee 
D 4n-4cos'x s. _| <p <p 


Sol. Aq, Bos, Cop, Dor 
(A) 0Scos”'(8x4 -8x*+1)S% 
=> 0<4cos xs 


mm jScene” Steers 
, 4 V2 


LLL TT 
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© Ex. 35. Statement I /ftan"'x+tan "y= 7 tan” ie 


and x+y +z =1, then arithmetic mean of odd powers of 
x,y, Z is equal to 1/3. 

Statement II For any x,y, z we have 

XyZ—Xy ~yz— +x ey t+Z=14(x-I(y-1(zZ- 1) 


Sol. (b) We have, tan! x+ tan” ly + tan”! z=— 


Let x =tan A, y =tan B and z =tanC. 


Then A+B+C=™ 

Now, tan(A + pees ee. 
1-(xy + yz + zx) 

- a xt y+z—-xyz 
1-(xy + yz + zx) 

=> 1-(xy tyzt+zx)=x+yt+z-xyz 

=> (x-1)(y-1)(z-1)=0 

= One of x,y,z is equal to 1 

If z=1,x+y=0 


 (x)“4 + (-x)4 +14 = 1 


1 
Thus, AM of odd powers of x,y,z is equal to (=) 


(B) 0<cos 48x‘ -8x°+1)S7 


=> 0<4cos'x-2n<2 
=> an <4cos 'x<3n 
= 1 
=> Bie vee® ey | one 
2 4 V2 
(C) 0<2n-4cos' xs 
=> -2n $-4cos"'xS-n 
=> an>4cos 'x2n 
Tl 2 T 1 
= —2>cos'x>— = OS<xS—= 
2 4 v2 
(D) 0S4n-4cos' xs 
=> -4n S-4cos'' x<-3n 
= 4n>4cos 'x23n 
A 1 
=> ™ 2 cos x2 
=> -1sxs- : 
v2 
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Subjective Type Examples 


a a ee 


@ Ex. 37. IfA = 2tan7(2V2 —1) and 


B= asin" 


Sol. We have, 


=> 


= 


5 


\ 
+ sin“(2 ; then show A > B. 


4 


A=2tan”(2¥2 -1) =2tan7"(1.828) 
A>2tan7(V3) 


A>— (i) 


Also we have, 


™ 
=> <— 
2 
(1\3" 
Also, 3sin (Z)=sir{2-2-<(2)) 
3 3 3/ 
=sin (2) sin (0.852) 
2 
= ssin() <ein'{ 2) 
3 2 
=> 3sin™ 1\<2 
3 3 
\ (_f 
Also, sin{2}=sin(06) <sin” 43 
5) 2 | 
*2) tt 
= sin™’| — |}<— 
5 3 
Hence, B=3sin" (2 )sin “G2 )<@ .-.(ii) 
From (i) and (ii), we have 7 
A>B. 
517 
@ Ex. 38. Solve for x :(tan™' x)? +(cot™'x)? = 
8 


2 
Sol. We have (tan™' x)’ + (cot™! x)’ = a0 


8 


2 


= 2 a 3 T 
=> (tan™! x + cot™! x)? —2tan™’ x.cot Caw 


ee -1._=% 1. =%% rw 
tan x+cot ar => cot a aa x 


mn? 


ai aa ST 
Bo. 2 tan x + Atan™ x)? = 
4 2 8 


=> 2(tan™’ x)? —n tan”! x -——=0 
‘s TN 3% 
> tan 'y=--,— 
4 4 
-i Tt 
=> tan x=-— 
4 
=> x=-1 


24... £37 ee 
{neglecting tan” x aes as tan" x€ | =, 


Tt 
2 


4 


© Ex. 39. Solve for x : If[sin™'cos~'sin™'tan™! x] =1, where 


[.] denotes the greatest integer function. 
Sol. We have, [sin™’cos”'sin™'tan™ x] =1 


ae Pi vst - 14 
=> 1Ssin™.cos7’.sin™'. tan 'xS> 
= — sinlScos”’.sin™.tan™ x $1 
=> cossin] 2sin™.tan™! x>cos1 
= sincossin1 >tan' x 2sincos!1 
=> tan sin cossin1 2 x 2 tansin cosl 


Hence, x €[tansin cos], tansin cossin1] 


~ at 
© Ex. 40. iftan”'y = 4tan™' | x | < tan findy as an 


z 3 Tw. 
algebraic function of x and hence prove that an is a root 


of the equation x* —6x? +1=0. 
Sol. We have, 


tan y=4tan x 


= tan y=2tan™ 7 
-x 
4x 
=tan™ bem 
4x? 
ia)" 
an 4x{i - x“) 
x! -6x7 +1 
= 4x{i -— x“) 
4 2 
x -6x°+1 
T 
If x=tan— 
8 
= = Tt 
> tan 'y =4tan hae 
=> y=o => x! ~6x7+1=0 


(as| x] <1) 


© Ex. 41. If x,, x2, X3, X4 are the roots of the equation 
x* — x? sin2B + x? cos2B — xcosf — sinB =0 
Then show : 


“ “ = - 1 
tan "x, + tan "x, +tan "x, + tan "x, =—--B 
2 


Sol. We have, Xx, =sin2, 


2 x,x, =cos2B, 2 x,x,x, =cosB 
and X,X_X4x, =—sinB. 
using; ax* + bx* + cx? + dx + e=0 has four root x,, Xp, XqXq 


Riese _ b 
c 
XjXq + X_Xq + XyXy + XyXy + XQXy + XX = LAX, = — 
a 
5 ” d 
e 
and X,XQX3Xq =~ 
a 


Let, @, =tan™' x,, a, =tan™'x,, a, =tan! x, and a, =tan™' x, 
=> tang, =x, tana, =x, tana, =x, and tana, =x, 


$,—s Lx, — Lx, Xox. 
tan(ot, + 01, + Oly + o1,) = $3) a) 
l—Sy+5q  1-2.x,X_ + X1X2X5%q 


‘ sin2B -—cosB a cosB (2sinB — 1) 
1-cos28—sinB  sin{(2sinB -1) 


4 
=cotB =tar( = -6 | 
2 
Tt 
> et Gee 


zs 3 es = Tt 
or tan "x, + tan "x, + tan "x, + tan aon B 


© Ex. 42. Find the number of positive integral solutions of 
the equation : 


= i eo ae: 
tan7'x +cos 1_Y _=sin Ties 
Sol. Here, 

és 3 
tan x + cos? 2 =sin! 
| 1 -y? V10 

1 \ 
| > tan x+ tan] — |= tan™'(3) 
| vA 
| 1 
or wn"(2) = tan™'3 -tan™ (x) 

y 

(2) Ase 1+3x 
or tan | —|=tan =>y= 

| As x,y are positive integers, x =1,2 and correspondingly 


y =2,7. 
. Solutions are (x, y) =(1,2), (2,7) i.e. two solution. 
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© Ex. 43. ifcot™' aS = né€N, then find the maximum 
Tt 


value of n. 


nt 
Sol. Here, cot ?—>— 
n 


ad 


=>. cot| cot” *) < cot {as cot x is decreasing in [0,1/2]} 
\ 


nt 
= 2 <3 
Tt 
| n<3n =55 (approximately) 


So, the maximum value of nis 5, asn € N. 


2 —_— . 
sEyae ycot"| siatiestts > ne N, then find 
vis 


\ 


the minimum value of n. 


f 


Sol. We have, cot"| 


‘ 


n?-10n+21-6| 1 
—_—_——__—- J > — 
nt 6 


n’ -10n+21-6 tt 
—————K< 


=> cot — 
14 6 


{as cot x is decreasing for 0< x <7} 


n? -10n +216 <nV3 


(n—-5)? <nvV3 +3-4 


~/V3n +3-4<n-5<yv3n+34 ..{i) 


Since, ¥3n =55 nearly 


\V3n +3-4~8-9 ~2-9 


=> 2-1<n<7-9 
n=3,4,5,6,7 


or minimum value of n=3. 


s 
=> n?-10n+25+21-6-25 <nv3 
=> 
=> 


{as n € N} 


@ Ex. 45. Find the set of values of k for which 
x? ~kx + sin7'(sin4) >0 for all real x. 


Sol. We know, 


sin” (sin 4) =sin”'(sin(m —4))= -4 


{v-Z<n-4<3| 
2 2, 


. We have x? -kx+m—-4>0forallxER 
D<0,ie.k?-4n -4)<0 
or k? + 44-1) <0 


which is not true for any real k. {as k? + 4(4—1) > 0} 
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@ Ex. 46. Find the greatest and least value of; 
(sin™' x)? +(cos7! x). 
Sol. We have, (sin™ x)* + (cos x)’ =(sin7’ x + cos™’ x) 
[(sin™’ x + cos’ x)? —3sin7’ x.cos” x] 


re 82 
a) 3sin™ {2 -sin™! x) 
e 4 2 


Sul. Yon? x? 
=— [sin x-—!| +—-— 
2 ) 12 16 
3n («i “1 Ya? 
=—||/siIn x-—| +— 
} 48 
 3n in? nif ( 41 
So, the least value ce hen! sin” x-— |=0 
2 48 32| \ 4 


2 2 
Also, (sin x- *) < (=) 
4 4 


3n|9n* n° | 70° 
The greatest vane = 38 | P82 | 7 


2| 16 48] 8) 
st ee 1, 
© Ex. 47. if x, is given by, x, 4, = |= +x,). Then, 
1-x? 
show :cos”' x, =+———... up to infinity. 
X1X2X3 


Sol. Given: x,,, = 50 + x,) 


Let Xy =cos8 


x = 20 +X =/30 + cos 6) =co{$] 
Xp = fi + Xx,) - 3: + cose | = cos 5] 


Similarly, x,= cos 


‘ 2" 
_..9 8 6 8 
=> XyXQXq..-X, = COB | OOS EOS gir COS 
___sin® 
2".sin— 
X,Xq-+-Xqe OO = lim (x,Xp...%q) 
nes P 
seedirti me fusing Eq. (i)} 


= lim te SY alii) 


no 0 
sins 
6. 
~ 
an 
= ee 
1x J! cos’ 8 fusing Eq. (ii) 
MNGKeanake, sin 8 
8 
=@=cos (xy) {. cos6=x,} 


y1-% 


X,XpX5...0° 


=cos’ Xp. 


® Ex. 48. Express the equation; 


2 2 
= Be | — -, 1/3 —4x 
cot ' y =2tan : oS etan po 


Vi on x? -y? \ Ax? x? 
a rational integral equation in x and y. 
f f ———S 
ss ‘ er ae 2 
Sol. cot™ z =tan” woes) 
[fb x? —y? | LY 
3-4x" 
E 4x? gy axe 
Also, aan = =tan™?—t ae ; 
4x 3-4x 
2 
. 4x 
=ta 
8x" -3 


ate 8x°-3 x? 
4x3 — 4x? poz 
8x? -3 x? 


y ¥ 9x -Bx 
Squaring and simplifying 
1-x? oie (3-—4x")° 
y? (9x -8x°*)? 
(9x-8x°)? +(3-4x")> 27-27%" 
6x 8x3)? ~ (9x-8x°)" 
fg x9 -8x’)’ 
27 
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© Ex. 49. Prove that ee: Tt 
Picea / , @ Ex. 51. Show that ‘antl tanta © af 
- = x 
cos! a =2tan {[tanStans | | 2 2 
+cosx-cosy 2 2 . ¢ ‘ 
-1{ sindcos 1 
- : = tan (25) where a, BE [° sf 
Sol. Let, tan>- tan? =tand Ai) cosa. + sinB 2 
1-tan’x/2 1-tan’y/2 Sol. Since, 0<a<— 
F cos x + cosy 1+tan?x/2 1+ tan*y/2 
Consider ee an a . 
1+ cosx.cosy 14 (ictan?x/2) (1-tan*y /2) Cea ea ee ...(1) 
1+ tan?x/2 
(1+ tan"x/2) (1+ tan’ y/2) Similarly, pepick 
(1+ tan? x /2)(1 + tan? y /2)+(1—tan? x /2).(1—tan’ y /2) => pee => BaP vg 
2 4 4 2 
1-tan?x/2+ tan?y/2-tan?x/2tan?y/2+1-tan’y/2 n Bon “ 8) 
+tan?x/2—tan?x/2tan’y/2 => US 5g o<tar( <1 ---(ii) 


Oy rr 
1+tan?x/2+tan?y /2+ tan? x/2tan’y/2+1-tan?x/2 
—tan’y /2+ tan’ x/2.tan’y/2 


(ttn Stud BoP Tas 
_2-2tan’x/2tan’y /2 es ey Ne 
2+ 2tan’x/2tan’y/2 4 - 
i Since, 2tan™ x=tan = when x €(0, 1) 
1-tan“@ {from Eq, (i) 1-x 
api ee 8 rom Eq. (i 
1+tan?@ 
: % 2a tan Stan{ =F 
=cos20 2. Xe 2) 
aeacel = 
LHS =cos ‘(cos20) =26 . 2tan tar{ © -£) 
=2 tan“ tan2-tan2}| ahve . Tz B 
a Bs 1 - tan’ —.tan?| =f} 
p 2 \4 2 
4 = mee B 
© Ex. 50. If x =cosec (tan '(cos(cot™ '(sec(sin™'a))))) and s 1~tanl E 
y =sec(cot”' sin(tan~'(cosec(cos~'a))))), where a € [0,1]. ae a 8) 
Find the relationship between x and y in terms of a’. eae 2 
2 
Sol. Here, & i=in 
x =cosec (tan™'(cos(cot™'(sec(sin™' a))))) 1—tan?— 3 
a 4 / sy\ 1+ an 
1 
> x=cosec| tan” | cos| cot” / 
| | | Ji-a? 2tan“{ 1-tan*6) 
\ \ 4404 shee \ 2 
Yo \ = aaa 2 2 
i) BY’ _ tan? 1 —tanP 
= x=cosec| tan” i+ tans | — tan 2 2 
2-0" , \ 
\ oe ( a) 
= or 3 a 2tan— 1-tan™ 
_ a ee a a ae) 
and y =sec(cot~'sin(tan™'(cosec(cos”’ a))))) ( 1+ tan? BY —tan? A + 2tan-| 1 + tan” 2) 
/ / \ \ x 2 v4 2 
= a 
> y =sec oa tan” : 2tan— 1 tan?B 
1-a’ 2 2 
. i tats 2a 2B 
\\ 1+ tan°— 1+ tan™- 
1 1 =tan™ 2 2 
=> = 5 
y =sec| cot =a? ‘ar ee 
‘\ \ 4/ + 2 
a 2B 
a y= 3-2’ .- (ii) | 1+ tan’ 1+ tan? 


From Eqs. (i) and (ii), x =y = 3 -a’, 


if sina. cosB | 


= tan 
\ cosa+sinB , 
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@ Ex. 52. Solve: 


1 


-11 
—4cos™' ; ; 
14x? 1+x 1-x 


3sin~ 


Sol. Let tan™'x=@for x20 


Case I When 0< x <1, then 0<@<~and so 0s20<— 


> =sin '(sin20)=20=2tan x 
1+x 


2 
x E a 
cos * > =cos ‘(cos26)=20=2tan™ x 
1+<x 


-) 2 zu = 
tan”? ~.=tan 1(tan20) =20=2tan' x 
1-x 


= 2 ‘N ¢ 1 2 

<i x -1-x 

Ths 3 si . 5 |—4| cos . : 
\ 1+x 1+x 


=> 3(2tan™ x)—4(2tan™ x) + 2(2tan™! x)= = 


‘ 


1 2x | 
+ tan = 


4 


= T 

=> zgtan x=— 

3 
= pntxe = x= : 

6 v3 

1 pa een tee 
as 0S—~ <1, x=—isa solution 

v3 V3 


Case I! When x =1, tan™ is not defined. 


1-x’ 


x =1, cannot be a solution. 


Case It If x>1, then = <8<- and so <20<n 


a 


sin” 


a ee e 
——. |=sin '(sin2@) = —20=7 ~2tan Mx, 
tx J 


‘ 
2 2 = 2 
cos (; ad z | =cos 1(cos20) =20=2tan™! x 
+x 


4 


a 2 = i 
and tan { zs 5 |=tan '(tan20)=20—n =2tan'x-7 
\l-x 
Thus, the given equation becomes 


3(m —2tan™! x) — 4(2 tan” x)+2@tan"*x—n)= = 


hs ', M 

=> mw-l10tan x=— 

3 

at T 

or tan x=— 
é Tl tT 

Le. x=tan— <tan—<l1 
15 4 


; T : 
<= ane is not a solution. 
1 


Thus, x= _ is the only solution for the given equation for 
v3 : 


x20. 


@ Ex. 53. Obtain the integral values of p for which the 


following system of equations possesses real solutions : 
4 


2 , 1 
cos”! x +(sin™'y)? =< and(cos™' x)(sin“'y)? a 
Also, find these solution. 
Sol. Let cos"! x=a=>ae[0, 1] 
and sin*y=b>be| -2,5 | 
ae 
pr’ 
We have a+b? aie .-li) 
n‘ * 
and ab? =— ii) 
16 
a ; = 
Since b’« 0. =>a+b’e ae 


2 2 
So, Eq. (os sn+ 7 


i.e. O<psi41 
ns 


Since peZ,so p=0,lor2 
But, if p=0, thena=b=0. 
=> Equation (ii) will not be satisfied. 
Now, substituting the value of b? from Eq. (i) in the Eq. (ii), we 
get ‘ 
nr 


‘pn? |) xt e 
{Pr -a|an = 16a’ -4pn’atn‘ =0 (iii) 


Since, aeR => D20 
ie. 16p'n* -64n'20 => p?2>4 => p22 


Thus, we conclude that the only value of p that satisfies all 
conditions is p=2. Substituting p =2 in Eq. (iii), we get 
16a” -8n7a + 2‘ =0 


=> (4a—1)* =0 
n? : 
=> a=—-=cos'x 
4 
2 
a x =cos— 


2 4 
s T Tt eo GB 
From Ea. (ii), we get —- 6? =—- > b=+ — =sin 
q. (ii), we g ; re ; y 


= y=t1. 


@ Ex. 54. Solve the equation 2(sin~' x)? —(sin™' x) -6 =0 
Sol. Let,sin™' x=y, we get 
2y” —-y-6=0 
2y’ — 4y +3y -6=0 
y=2andy=-15 
sin”! x =2 and sin"! x =—15 


Since 2> - and|-15|< 2 the only solution is x=sin(-15) 
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© Ex. 55. Solve the equation sin™'6x + sin 6v3x == © Ex. 56. Solve the equation : 2tan™'(2x ~1) =cos™ x. 


Sol. Here, 2tan'(2x-1)=cos™' x 
Sol. Let us transfer sin™'63x into the right hand side of the 1-tan?@ 
equation and calculate the sine of the both sides of the or cos(2tan™'(2x-1))=x {We know cos20= _—> 
resulting equation L bea. e 
. _— ( \ 2 
sin(sin“16x) =sin| -sin7'6¥3x - 2 mip 1-@x=1)" _ 
\ 2 1+(2x-1)? 
=> 6x =-sin(sin™! 6v3x+ sin 1) -~2x7 +2x ; 
So a, => —_—_——, =x = 2x -x=0 
{using sin(—6) =—sin(6)} 1-2x+2x? 
=> 6x=~—sin(sin™ 1 —108x”) de f2 
= BOS ge ae 


{using sin”! x + sin" y =sin {x1 —y? +yJ1—x?}} 
= 6x=— 1 —108x? li) 
Squaring both sides, we get 


36x? =1—-108x? = 144x7 =1 


whose roots are x= my and x ee 
12 12 


Let us verify : 
via: oA. : 
Substituting i in the given equation, we get 


Cg aa 
= ; ‘ 
Thus, arr is the root of given equation. But, when 


substituting x = = in Eq. (i), we get 


LHS geet 
2 
RHS ~V¥1-108x? =-1/2 


i.e. LHS # RHS of Eq. (i). 
1 
Hence, x= — is a root of the given equation as it satisfy both 


given and Eq. (i). 


Now, to verify which of the following satisfy given equation, 
Case I For x =0; 
2tan7'(-1) =cos”'(0) 
te 
or - aS 
2 2 


“. x= 0 is not a solution of given equation. 


Case fT For x= 


.The right hand and the left hand side of the equation are equal 


to * and 2tan7(/2 - 1). 
et ey 4 
But tan™'(/2 -1) == 


rc 
2 ; . 
. x= is a root of the given equation. 
| ete 


Case II For x=-*= 


The left hand side of the equation is negative and the right 
hand side is positive. 


Consequently, x= -= is not a root of the given equation. 
Thus from above; 


x= ot is the only solution. 


a| Inverse Trigonometric Functions Exercise 1: 
™ single Option Correct Type Questions 


TE LT OS AE SLT ST IT i NE NT INE TT Se ER i yp te fh en I ORE 


( ae " : : -1 ee La 
cae | i Zs Is equaliee 7. Solution of equation cot™* x + sin a | is 
1+x ’ 
(a) x =3 (b) x =1/45 
(avea N(x) (b) = 2 ; cos" (x?) (c)x=0 (a) Notie ofthese 
ae 8. Solution set of the inequality 
(c) a aoe (x*) (d) None of these (ot aches (Scot) x) +6>0is 
1 4 1) : . (a) (cot3, cot 2) 
2. The value of co 5008 3) is equal to (b) (- ©, cot3) U (cot2, ©) 
(c) (cot2, oe) 
Gre i ie (d) None of the above 
(c) 1/16 (d) 1/4 (2 
3. The inequality sin™!(sin5)> x? — 4x holds if 9, Sum to infinite terms of the series tan~'| — } + tan™*) - 
‘ 3 9 
(a) x=2-./9-2n 4 3-1 
(b) x=2+4 9-27 vtan($)+.¢tan{ 2 + 
+2 J 
(c) x €(2-./9 -22,2+ 9-22) baie ae 
(d)x>2+ v9 ai ; (c) x (d) None of these 
1 Ba ee ae 
P es gn ee ara sin *) = 10. Ifx+ 7 = 2, the principal value of sin™! x is 
(x? +k? — kx) (a) tt (b) Tt 
3 I | | 4 2 
— cos cos — >, where = 
| oe ce (o) x (4) 
(E<x<ak,k>0}i 11, txe{—*, ae 
2 ) 22 
fo 2 :p2 oT 
(a) tan™? i ) , tan" 22) 4 tan tf 9802 is 
x? —2xk+k’) 4) (5 + 3.cos 2x 
_a{ x? + 2xk — 2k?” (a) x/2 (b) 2x 
on STE | (5x (@)x 
4 
(c) tan”? x? + 2xk — 2k? 12. Ifsin”' x +sin™'! y= =, then cos~' x +cos~'y 
2x? —2xk + 2k? - - 
(d) None of the above (a) 3 (b) 3 
T 
5. Was tan“1(1—* ‘5 b where 0S x $1, then (a, b)= ic) (d) x 
(1+ x , 
r \ ( T 13. cot| = —2cot™! ) is 
(a) (0 a) (b) ” =) 4 
(aut Tt (a) 1 (b) 7 
rior ree ()-1 (4) None of these 
6 : i 7 ‘ sq lx? -p1-x? 7 
. Sum of infinite terms of the series 14. sin| tan Lees is 
ST eee aoe es oe 2x 1+ x? 
cot ‘|1 +=—|+ cot [2 +—|+ cot - $= PPPs - 
4) \ 4 4 (a) 1 ; (b) 0 
(a) 0/4 (b) tan™'2 (c)-1 (d) None of these 


(c) tan7*3 (d) tan7 "4 


oa 2 
15. Ifcos™! : ~, ~cos"#= )- 2tan~' x, then x is 
Lita L146" | 
a- b-a 
rar gee 
(c) a (d) None of these 
<0 
16. If oe(! _ <—, then 
1+x 
ee ee wxe(-— =| 
Ba] BS 
(c)x€ 2 + (d) None of these 


17. The value of 


{= rm. — 
cos”! col sin ag we +sec™! V2 | Ii 
, 4 4 y 
(a) 0 (b) = 
4 
Tt tT 
(c) Fi ee 
18. Iftan~) “< ~ x € N, then the maximum value of x is 
(a2 | (b) 5 
(c)7 (d) None of these 


v(t x?) -4 1- x?) 


19. If tan™ ——_ + = 4, then x? is 
(1+ x?) + y(1— x?) 
(a) cos2a (b) sin2a 
(c) tan2o (d) cot 2a 


20. The number of positive integral solutions of 
tan’ x +cot™! y=tan™'3is 
(a) one (b) two 
(c) three (d) four 
21. If cosec™ '(cosec x) and cosed{cosec™ 'x) are equal 
functions, then the maximum range of value of x is 


(c)(- 9, = 1] U [1, ©) 
(d) [- 1, 0) U(0, 1] 


22. The value of | ni cos(tan” '(sin(tan™' x))) is equal to 
x 


(a)-1 (b) V2 
1 1 
(c) i (a) 


23. 


24. 


26. 


27. 


28. 


29. 
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Complete solution set of [cot™' x] + 2tan~' x] =0, 
where [.] denotes the greatest integer function, is equal 
to 

(a) (0, cot 1) 
(c) (tan, ) 


(b) (0, tan1) 
(d) (cot 1, tan!) 


If sin? :(-1, 15, 7 and cos” :[-1,1] > (0, nm] be 
two bijective function, respectively inverses of bijective 


functions sin : B =) -1- 1, 1Jand cos: [0, x] >[-1, 1] , 


then sin=' x + cos”! xis 
Pee! 
Ws (b) x 
(c) = (d) not a constant 
. Ifasin=! x—bcos~' x =c, thenasin='! x +bcos~' xis 
equal to 
nab+db—-a 
(a) 0 uy Bae ae Sa) 
atb 
T nab+cda—b 
(c) — (qj ees) 
2 a+b 


The number of integer x satisfying sin” '| x — 2] + cos 


(1-|3~x|)=is 


(a) 1 (b) 2 
(c)3 (d) 4 
The value of o such that sin! A sin™! ae sin~' amare 
5 V10 
the angles of a triangle is 
-1 1 
(a) b (b) - 
() (4) 
3 2 


tan'x tan7'2x tan '3x 
Let| tan7!3x tan7™'x tan '2x |=, then the 
tan7'2x tan7'3x tan 'x 


number of values of x satisfying the equation is 


(a) 1 (b) 2 
(c) 3 (d) 4 


If the equation x* + bx? +cx+1=0,(b<c), has only 
one real root a, then the value of 2tan™ *(cosec a) + 
tan” '(2sin asec” a) is 


(a)-1% 
Xt 
(c) S 
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30. 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


Let u=cot~! Vcos 20 — tan! Vcos 20, then the value of 
sinu is 
(a) cos20 (b) sin20 
(c) tan’0 (d) cot? 
e. 1-x? 
| cos [5] x20 
= 1+x 
Let f(x)=2tan”' x=; y oa) 
—cos™ <0 
oe a ae 


The function f(x) is continuous everywhere but not 
differentiable at x equals to 
(a) 1 (b)-1 
1 
0 d) —= 
(c) (d) iF 


\ 
Let f(x) = sn V xe R. The function f(x) is 
Sg x? 
continuous everywhere but not differentiable at x is/are 
(a) 0, 1 (b) aa 1, 1 
{c) — 1, 0 (d) 0, 2 


Let f(x) =tan™' (x? —18x + a)>0V xe R. Then the 
value of a lies in 
(a) (81, ) (b) [81, 2) 
(c) (— 29, 81) (d) (— 2, 81] 
Let f(x) = sin™' 2x + cos”! 2x +sec™' 2x. Then the sum 
of the maximum and minimum values of f(x) is 
(a) 7 (b) 27 
wu 
(c) 37 (4) = 
If tan~? +tan7! Z oe where a, b, c are the 
c+a atb 4 


sides of AABC, then AABC is 
(a) Acute-angled triangle 
(b) Obtuse-angled triangle 
(c) Right-angled triangle 
(d) Equilateral triangle 
Solutions of sin™ '(sin x) = sin x are, if x € (0, 2m) 
(a) 4 real roots 
(b) 2 positive real roots 
(c) 2 negative real roots 
(d) 5 real roots 
2sin7! x 


Theequatione * = y 


log y 


has 


(a) Unique solution 

(b) Infinite many solution 
(c)x=1 

(d)y =e 


38. 


39. 


40. 


41, 


42. 


\ 
Let fle) 1 + 2s - prea then f~ '(x) is equal to 
1 
\ 


(assuming f is bijective) 


S if x~1) ; (x-1) ; 
sin \ 2 } ae Oe, 
(a) log 7 (b) log] ——~+ 
oh x = | F x-1 
1—sin (=) 1- sn 
\ 2 \ 2 
.~){ ¥-1 {x7 

sin (23) wf =) 

rg cae <inl 2-1) 
ee (2) (de ( z) 
cos” (cos(2cot™' (v2 —1))) is equal to 
(a) v2 -1 os 
(c) = (d) None of these 

f as 2 ‘ 
The maximum value of f(x) = tan™' we] is 
L x4 + 2x? +3 
(a) 18° (b) 36° 
(c) 22.5° (d) 15° 
2 — 
If tan™! aaa, = 4° then 
x 

(a) x = tan2° (b) x = tan 4° 
(c) x = tan(1/ 4)° (d) x = tan8° 


If tan” }(sin? @ — 2sin®@ + 3)+ cot (58° Y4ij= . then 


the value of cos” @ — sin @ is equal to 


(a) 0 
(b) -1 
(c) 1 
~-—~—~{d) None of the above 

43. The number of solutions of the equation 
|tan@"] xj] = (x? +1)? —4x? is 
(a) 1 (b) 2 
(c) 3 (d) 4 

44, For any real number x 2 1, the expression 
sec”(tan™' x) — tan? (sec™’ x) is equal to 
(a) 1 (b) 2 
(c) 2x? (d) 22 

45. 


Let f:R lo a be defined by 


f(x) = tan "3x? +6x +). Iff(x) is an onto function, 
then the value of ais 
(a) 1 
(c) 3 


(b) 2 
(d) 4 


46. The value of expression 


if v2 


tan | — tin cos vio), 
hw 5 10 | 
ali*a Fees | 
t7 1 

(a) co fee4 (b) cot ee *2) 

all +2" oat =a 
-T+ 1 d = 1 
(c)- 2 + cot (+) (d) x cot Feed 


47, The value of see 2 cot™' 2+cos™ | is equal to 


25 24 7 
(a) 24 (b) - @ 

25 25 
(c) ; (d) - ri 


48. Which one of the following statement is meaningless? 


(a) cos™ [is (2*4)] (b) cosec"(* 


(c) cot™ (=) 


49, The value of sec 


(d) sec™'(m) 


ies | 50m) oy { sn) 
sin ~-sin——1i+cos cos -— 1S 
: 9 J 9 


equal to , 
10% qt . 

(a) sec me (b) sec 5 

(c) 1 (d) -1 i 


50. The number k is such that tan{arc tan(2) + arc tan(20k)} 
=k. The sum of all possible values of k is 


@-= b)-— 
(c) 0 @: 
51. The value of £ tan™ | is 
rez |p? 5 +7, 
(a)* (0) = 
@= @ = 


52. Ifx=tan7'1—-cos™ (- 4 +sin™ 3 


y = cos (: cos” ¢) , then 
2 8 


(a)x=ny 

(b) y = mx 

(c) tanx =—(4/3)y 
(d) tanx =(4/3)y 


53. 


55. 


56. 


57. 


58. 


59, 
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The value of 
\ ‘ 2 

tan” (3 tan oA) + tan! (cot A) + tan” (cot® A) for 
0<A<(n/4)is 
(a) 4tan7'(1) (b) 2tan™'(2) 
(c) 0 (d) None of these 

ise aj 4n 5 

. The sum 2 tan (_. is equal to 
n=l [n* —2n? +2 

(a) tant + tan (b) 4tan“!1 
(= (d) sec“'(--v2) 
Number of solution(s) of the equations 


a : qt. 
cos” (1— x) —2cos ix=— is 


(a) 3 (b) 2 
(c) 1 (d) 0 
There exists a positive real number x satisfying 


ae 
cos(tan~! x) =x. The number value of coef 2) is 


(= () = 

= @ = 

The range of values of p for which the equation 
sin cos~'(cos(tan~' x)) = p has a solution is 

(a) (- a $| (b) (0, 1) 

(c) Fa (€)(-1,1) 


Number of solutions of the equation 


logo (5 cos' x—1)+ ; log,, (2cos~? x +3) 


+ logy V5 =1is 

(a) 0 

(b) 1 

(c) more than one but finite 

(d) infinite 

Which of the following is the solution set of the 
equations sin™' x = cos"! x +sin™' (3x ~ 2)? 


of} os 


of 
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, , satisfyi ti / 24 
60 The set ofvalues of x, satisfying the equation 66. Let g:R She Tl ee esc x 
tan“ (sin " x)>1is \'3 14x 
(a) [-1,1] m|-% ve 2 Then the possible values of ‘k’ for which g is surjective 
r a B S RB function, is 
2 V2 1 1 
c)(-1,1 (d) {[-1,1 —_—,— = a eee 
oon f$e] wmf 28) aE olay 
\ 
61. The solution set of the equation . (c) {- | *  (d) I- : 1] 
ae ‘i -{ yl-x? ; 
sin” V1 —x* +cos™' x =cot P= ¥ —sin x 67. Number of values of x satisfying simultaneously 
} sin”! x =2tan™' x and 
(a) [-1,1] — {0} a ee 20. 
(b) (0,1] U{-1} tan x(x 1) +cosec yl+x—-x" = i is 
(c) [-1,0)U {1} (a) 0 (b) 1 
(d) (-1,1] -  (c)2 (d) 3 
62. The value of the angle tan™' (tan 65° — 2 tan 40°) in 68. Number of values of x satisfying the equation 
degrees is equal to cos (3arccos(x —1)) =0 is equal to 
(a) —20° (b) 20° (c) 25° (d) 40° (a) 0 (b) 1 
63. Ifcos"! x —sin? ¥ = 8 (a,b, #0), then the maximum (c)2 ys 
a b 69. Which one of the following function contains only one 
value of b?x? + a? y? + 2ab xy sin 8 equals integer in its range? 
(a) ab (b) (a + b)” [Note sgn (k) denotes the signum function of k.] 
(c) 2(a + b)? (d) a’b? 1 Fie x?) 
a : (a) f(x) = 5008 at | 
64, The value of £ tan™ = is equal to ae ne 
r=1 r°+5r+7 1 
) (b) g(x) =sgn| x + =a 
-1 Tt \ x ; 
(a) tan3 a (c) Mx) = sin? x + 2sinx + 2 
(c) sin” (d) cot7!2 (d) k(x) = cos '(x? —2x+ 2) 
m 70. If range of the function f(x) = tan71(3x” + bx +3), xER 
65. The range of the function, -\ 
(itx is o — | then square of sum of all possible values of b 
f(x) =tan™ | —— |-tan™ ' xis 2) 
pe will be 
(a) {x /4} (b) {—( / 4), 32/4} (a) 0 (b) 18 
(c) {m/4, —32/4)} (d) {30/4} (c) 72 (d) None of these 


a| Inverse Trigonometric Functions Exercise 2: 
~ More than One Correct Type Questions 


( \ =84 
71. Let 0 = tan~{ tan ™ | land ¢=tan~ "I - fan" lithen 12, Let f(x) =e ‘six +™/3) then 
4) \ : 8%) _ snsis 8m) __i3n/18 
(a) >¢ (b) 40-39 =0 @) (F)=< © 1%) =e 


(c) 6 + > = rs (d) None of these ‘ (c) - *) as er /l2 (d) s-7 rr) el ini2 


73, If the numerical value of tan cos" ! (£) +tan”! (} is 


, HCF (a, b) = 1, then 


(aja + b=23 (b)a-b=11 
(c)3b =a +1 (d) 2a =3b 
74, Let f(x)=sin~' x + cos”! x. Then . is equal to 


(a) f (- 2) 


(b) f(k? 2k +3), kER 


ofa KER (A) f-2) 

75, cos~' x = tan™' x, then 
(a) x? = a (b) x? = = 1 
a _ (A) tan(cos"' x) = ai 


76. The value(s) of x satisfying the equation 


sin™'|sin x|=4/sin™"|sin x| is/are given by (n is any 


integer) 
(a) nt —1 (b) nt 
(c)nn +1 (d) 2nx +1 
77. If(sin~' x +sin™' w)(sin™! y +sin7!z)= 77, then 


N2 
uy [Ni Nas Nas Ny EN) 


(a) has a maximum value of 2 
(b) has a minimum value of 0 
(c) 16 different D are possible 
(d) has a minimum value of — 2 


’ 78, Indicate the relation which can hold in their respective 


domain for infinite values of x. 
(a) tan| tan” x| =| x| 


(b) cot| cot™' x | =| x| 
(c) tan'] tanx| =| x| 
(d)sin| sin“! x] = | x| 


79. To the equation gee x. (« +) gk icos'x._ a2 4 
. «& 


has only one real root, then 
(ajl Sa $3 (b)a 21 
(c)as~3 (d)a 23 
80. sin“ (sin 3) + sin™'(sin 4) + sin™'(sin 5) when simplified 


reduces to 

(a) an irrational number 
(b) a rational number 
(c) an even prime 

(d) a negative integer 
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81. If cos™' “y+ cos”' z=, then 
(a) x? + y? +27 + 2xyz =1 
(b) Asin™' x + sin"! y +sin'z)=cos'x+ cosy + cos 'z 


(c)xy + yzt+zxextytz—1 
(a(x+t)+(y+t}+ (244) zc 
x y z 


82. 2tan(tan '(x)+ tan '(x°)) where xe R—{—1,1} is equal 
to 
(a) 
1-x* 


(b) tan(2tan™ x) 
(c) tan(cot“'(- x) — cot™'(x)) 
(d) tan(2cot™! x) 
83. Let f(x) =sin =I [sin x| + cos~' (cos x). Which of the 
following statement(s) is/are TRUE? 
(a) f(fG)) =x 
(b) f(x) is periodic with fundamental period 2 
(c) f(x) is neither even nor odd 
(d) Range of f(x) is [0,27] 
84. If f(x)=sin™' x. cos” 
cot? x.sec? 


following statement(s) hold(s) good? 


(a) The graph of y = f(x) does not lie above x axis 


(b) The non-negative difference between maximum 
6 


minimum value of the function y = f(x) is _ 


x + cos 


x.tan' x 
x. cosec !x, then which of the 


(c) The function y = f(x) is not injective. 
(d) Number of non-negative integers in the domain of 
f(x) is two. 


85. Let © =3cos {Ze Join 2 and 
28 | 


B=4sin™ kg —4tan™ (2). 
10 + 
then which of the following does not hold(s) good? 
(aa <nbutBo>x 
(b)a >a butB <2 
(c) Both a and B are equal 
(d) cos(a + B) =0 


86. Let function f(x) be defined as 
f (x)= sin x|+cos™ (+) Then which of the 
x 


following is/are TRUE. 

(a) f(x) is injective in its domain. 

(b) f(x) is many-one in its domain. 

(c) Range of f is singleton set 

(d) sgn( f(x)) = 1, where sgn x denotes signum function 
of x. 
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87. Which of the following pairs(s) of function is(are) 
identical? 


(a) f(x) =sin(tan™’ x), g(x) = ie 
l1+x 


(b) f(x) =sgn (cot™ x), g(x) =sec” x — tan’ x, where sgnx 
denotes signum function of x. 


fail ts . 
aoe os a (25) g(x) = cos (= | 
. x 1, 


-1 


\ 
(a) f(x) =sin™ ( = 
1+x 


88. The value of £ cot~’ (n? +n +1)is also equal to 
n=) 


(a) cot7'(—1) + sec™'(1) — cosec™'(1) 
(b) cot™1(2)+ cot™"(3) 


a. 
(c) minimum value of the function f(x) = wn (25) 
+x 


(d) cos” [cosa *) 


89. 


90. 


Let f : I — {-1,0,1} > [- 1, 7] be defined as 
f(x)=2 tan! x—tan™ (2, , then which of the 
L=— x 


following statements(s) is (are) correct? 
(a) f(x) is bijective 

(b) f(x) is injective but not surjective 

(c) f(x) is neither injective nor surjective 
(d) f(x) is an odd function 


[Note : I denotes the set of integers] 


—1 2 
a a a 


(sin(arc cos yl -x’)), 


ask | 
QO =log co rtan , then 
xy 
\ 4/ 
1] —4 
Pa ees 
(a) (b) PP +Q = 
-2 
(c) P- 5 al 


fa] Inverse Trigonometric Functions Exercise a 


Passage Based Questions: 


ee ee Nn ae a EE ET 


Passage I 

(Q. Nos. 91 to 93) 
Let S denotes the set consisting of four functions and 
S ={[x], sin! x, |x], &}} where, {x} denotes fractional part 
and [x] denotes greatest integer function. Let A,B, C are 
subsets of S. 
Suppose 
A : consists of odd function(s) 
B : consists of discontinuous function(s) 
and C : consists of non-decreasing function(s) or increasing 
function(s). 
If f(x)e ANC; g(x)E BOC A(x)e B but not C and I(x)e 
neither A nor B nor C. 
Then, answer the following. 


91. The function I(x) is 
(a) periodic 
(b) even 
(c) odd 
(d) neither odd nor even 


92. The range of g( f(x)) is 


(a) {—1,0,1} (b) {-1, 0} 
(c) {0,1} (d) {-2,-1,0,1} 


93. 


The range of f(h(x)) is 
1. [ 2 
s)he 
2 [2 
a 


Passage II 
(Q. Nos. 94 to 96) 


Let fbe a real-valued function defined on R (the set of real 
numbers) such that f(x) =sin~! (sin x)+cos~' (cos x) 


94. 


95. 


96. 


The value of f(10) is equal to 
(a) 6n — 20 (b) 77% — 20 
(c) 20-77 (d) 20 -6n 
The area bounded by curve y = f(x) and x-axis from 
TS xSnis equal to 
n? x? 5 x? 
za by Ayes 
(a) 7 (b) 5 (c) x (d) : 
Number of values of x in interval (0, 3) so that f(x) is an 
integer, is equal to 
(a) 1 (b) 2 
(c) 3 (d) 0 


Passage III 
(Q. Nos. 97 to 98) 
Consider a real-valued function 


f(x)= sin"! xt+2+ {l-sin™! x 
97. The domain of definition of f(x) is 


(a) [-1,1] (b)(sin1,1]  (c){-1,sin1] (d) [-1,0] 
98. The range of f(x) is 


(a)(0,v3]  (b)[1.V3] (){,.V6]— @) [v3,-V6] 
Passage IV 
(Q. Nos. 99 to 101) 
Given that, 


2tan7!' x,|x|<1 
~n+2tan | x,x>1 


oak 2% 
tan ( )- 
=x" 
“{ 2x 
sin = 
+x? 


sin”! loads x=7/2 for-lsx<] 


m+2tan~! x,x<-l 


2tan! x, |x|s 1 
4m—2tan™! x, x> land 


—(n+2tan™! x),x<-1 


99, sin-?} ** 
x? + 4, 
(a) xe [-3, 4] {b) x € [-2, 2] 
(c) x €(-1,1] (d) x € [1, 2) 
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100. If cos™! as = otan7'3x, then xé 
1+9x? 2 
1 
(a) ( a) (b) (- 1, 00) 
(c) (— 2, m-1) (d) None of these 


101. If (x -1)(x? +1)>0, hens tan! Zz : tan”! | is 
. bax 


equal to 
(a) 1 Oe 
(c)-1 (d) None of these 


Passage V 
(Q. Nos. 102 to 104) 
For x, y, z,teR,sin™! x+cos~! ytsec ! z>¢? -J2nt +30 


102. The value of x + y + zis equal to 


(a) 1 (b) 0 
(c) 2 (d) ~1 
103. The principal value of cos” ‘(cos 5t? ) is 
3m t 
(a) a (0) 5 4 
() = = 


x) 
+2tan~ (- Al 1S independent of x, then 104. The value of cos~ '(min{x, y, z})i is 


(a) 0 )= (cn (@)* 


Inverse Trigonometric Functions Exercise 4 : 
~ Single Integer Answer Type Questions - 


105. Let f(x)=tan™ ever 
x? X 


4 


106. Let f(x) =(arctan x)’ +(arccot x)’. If the range of f(x) 


is (a,b), then find the value of ~ 
a 


107, If E are cot 


\ 


k. 


108. Find the number of solutions of the equation 
3x +6 


6x +5 


(3 “19,2 
ae (ar )- 


109, lim [{max (sin™’ x + cos™! x)’, 


30 
matte = kn, then find the value of 


-1 
min(x? +4x +7))}. = : is equal to (where [.] 
denotes greatest integer function) - 


110, If sin(30° + arc tan x)= = and0< x< 1, the value of x is 


a ae 
av3 where a and bare positive integers with no 


common factors. Find the value of ie — *) 


111. Let f2R(a 2 defined as f(x) = cot™'(x* - 4x +a) 


Find the smallest integral value of a such that f(x) is 
into function. 
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112. Let L denotes the number of subjective functions 
f : A— B, where set A contains 4 elements and set B 
contains 3 elements, M denotes number of elements in 
the range of the function 
f(x) =sec™! (sgn x) + cosec~' (sgn x), where sgn x 
denotes signum function of x and N denotes coefficient 
oft? in(it+t?)® (1+t?)®. 
Find the value of (N — LM) 


Number of solution(s) of the equations cos’ (cos x) = x” 


113. 
is 

114. Ifcos~ (x) +cos~'(y)+cos~'(z) = n(sec”(u) 

+sec‘(v)+sec®(w)) where u, v, w are least 


non-negative angles such that u < v < w, then the value 
36m Ct; 
+ —@§$ IS ereoverersece 
utv+w 


of x20 + yo re gg 2004 


115, Let f(x) =cos(tan~!(sin(cot™! x))). The simplest formof 


2 
+ 
f(x) can be written as [= ; x 


1/2 
. Then the value of 
Le +B, 


(A + B)isS ....c0c00 


116. Find the value of A for which 
pS | cos 2a sec 2B + cos 2B sec 20 


rn 
= tan! {tan? « +B) tan?(o -—B)} + tan7"1 
117. The least value of n for which 
(n—2)x? +8x+n+4>sin_! (sin12) + cos” '(cos12), 
Vx e R, wheren EN, is ........0. 
118. If0<cos~! x<1and1+sin(cos~! x) +sin?(cos”' x)+ 
i 


sin*(cos~! x)+..,00 = 2, then the value of 12x? is ....... 


‘119. The number of real solutions of the equation 


{1+ cos 2x = /2sin~'(sinx),-m<xS TT, is 


a) Inverse Trigonometric Functions Exercise 5 : 


~ Statement | and Il Type Questions 


® This section contain 6 questions. Each question contains 

Statement I (Assertion) and Statement II (Reason). 

Each question has 4 choices (a), (b), (c) and (d) out of 

which only one is correct. The choices are 

(a) Statement I is True; Statement II is True; Statement II is a 
correct explanation for Statement I; 

(b) Statement I is True; Statement II is True; Statement II is 
NOT a correct explanation for Statement I; 

(c) Statement I is True; Statement II is False; 

(d) Statement I is False; Statement II is True. 


120. Statement I y =tan™'(tanx) and y =cos™ ‘(cos x) does 


5s. gaog | Me STO 
not have any solution, if xe( -, an | 
\2 2) 


Statement II y = tan™ ‘(tanx)=x-1,xe (z. =) and 


2 
pr-a xeln 
2m-X, xE OF 5. 


us 
x xE(—,% 
eae 


y =cos” ' (cos x) =: 


121. Statement isin{ 4] > tan? aa 
ve \ Vn} 


1 
Statement II sin™' x>tan™’ yforx>y, V x, ye (0,1) 


1 
122. Statement I cosec™! (2 + 1) >sec™! (2 + +) 


\2 V2) V2 


Statement II cosec™'x>sec™! x, ifisx< V2 


‘ 


123. 


Let flx)=sin| ; 


\ x 4 


Statement I f’(2)=-— : and 


2x 
1+x 


Statement II sin™! 


‘\ 
ga tan ts V xo 


es on fe Tt 
Statement I sin™! 2x + sin™! 3x = = 


124, 


[3 
=>x=./— only. 
Y 76 


and . 
Statement II Sum of two negative angles cannot be 
positive. 


125. 


Statement I Number of roots of the equation cot™’ x 
cos 2x + 1 =0 is zero. 


Statement II Range of cot™' x and cos" ' x is (0, x) and 
[0, 7], respectively. 
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Inverse Trigonometric Functions Exercise 6 : 


Matching T\ ype Questions 


126. Let ty =(sin™! “es ti =(sin~! oe, 


ts =(cos! x)" "ty =(cos™} x)" me 


Match the following i items s of Column I with Column I 


~ Column 1 


A _x € (0, cos!) 


Column I 


heh one t, 
Legere 


C. (oT, oe (r) b> >>! 

xe!—) sinl i ie, ie, 
i 

D. xe(sini) OS) >> 


127. Match the following items of Column I with 


Column I 

Column I Column II a 
A. sin'x+x>Qfor (p=) 2<O 
Bo cos 'x-x20fr  @ FeO 
Cow trtx<Ofor  @® xe[-L0) 
Be cot” Ty 4x>0, for. Gs 6) “x>0 ane 


Inverse Trigonometric Functions Exercise 7 : 


Subjective Type Questions 
128. Solve an™*(2) +sin 
129. Solve tan fe + tan 


130. If a, b, c are positive, show that 
tan7? \ = c) 4 fgaet {2 +b+c) 
c 


ac 


ated [oereta _ 


ab 
131, Find the sum to the n term of the series 
cosec™!/10 + cosec~!/50 + cosec~! 170 
+...+¢.cosec™'4/(n? +1)(n? + 2n +2) 
132. Ifx; € [0,1] Vi=1, 2,3,..., 
value of 


ysin7! x cos”! Xq +sin7! X2 cos”! X3 
nl -1 [=t -1 
+ySIN “Xz yCOS “X4 +... +-YSiN “XpgyCos x, 


28 then find the maximum 


10 10 s 
133. Find the value of py oy wn™(“} 


r=is=1 s 


134, Find the value } 
lin ow le —1) K(k +1)(k ‘2 


Fo k(k +1) 


ntan@ 


m tan(a — 8) - 
cos” (a. - 6) 


135. If 


cos’ @ 


.{n—m 
Prove tO 2| tn ( ana) 
2 ntm : 


136. Prove that : 


tan“! (e®) = “ +E -Linta(® 2) where is an 


integer. 


137. If the quadratic equation; 
go x? 425 +(6 -B+ : = 0 have meal roots, then 


find all the possible value of cosa +cos Bh 
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Inverse Trigonometric Functions Exercise 8 : 


~ Questions Asked in Previous 10 Years Exam 


a tee ee et 


(i) JEE Advanced & JIT-JEE 
138. Ifa =3sin” (<] and B=3cos~ (4) where the 
. 11 (9) 


inverse trigonometric functions take only the principal 

values, then the correct option(s) is/are 

[More than one correct option, JEE 2015 Adv. ] 
(b) sin B <0 


(d) cosa <0 


(a) cos B > 0 
(c) cos (a + B) > 0 
139. If0<x<1, then J1+ x? [{x cos (cot™ x) 
+ sin (cot™’ x)}* —1]'” is equal to 
[Single correct option, IIT-JEE 2008 3M] 


() poe (b) x 
ylt+x 
(c) xi + x? (d) 1 + x? 
(ii) JEE Main/AIEEE 
140. If tan™ y= tan” x + tan” ox , where |x|< By 
1-x? v3 
Then, the value of y is [2015 JEE Main] 
3x-x°? . 3x+x 
b 
() 1-3x? Y 1-3x? 
Bites 3 
(c) x a (a) 3x+ = 
bax 143% 


ne PL OE en EE ERNE oS ne een rerw 


23 a oR 
141. The value tet by otf + Sa is 


an) k=1 [2013 JEE Main] 
23 25 23 24 
(a) ae (b) aA (c) oT (d) Pa 


142. If x, yand z are in AP and tan7! x, tan7' yand tan) z 


are also in AP, then [2013 JEE Main] 
(a) x=y=z (b) 2x =3y =6z 
(c) 6x =3y =2z (d) 6x =4y =3z 
143. The value of cot [cosee™ 2 +tan™ 2) is 
3 3 [AIEEE 2008] 
5 6 
(a) +7 (b) 3 
3 4 
=. 4). = 
(c) 7 (d) 5a 
{ : 
144, Ifsin™' (=} +cosec”: (=] = hal then the value of x is 
5 ae [2007 AIEEE] 
(a) 1 (b) 3 
(c) 4 (d) 5 


145. If cos"? x -— cos™ =a, then 4x? —4xycosaty’ is 


Answers 


Exercise for Session 1 
1. 1/2 2. ~] 3. (--9, — 3] U[-2, — 1] U0, 2) 
4.R §, (-c0, — 1] U[]I, -) 


Exercise for Session 2 


2X -% 


1. ™ 7 a.— 3, — 
5 10 


4. 13-4nx 
5 sin“! (sin@) = 3n-6: 
tan“! (tan) = 0-37: cot '(cot6) =@- 2x 


cos '(cos6) = 8-2 


Exercise for Session 3 


M3 -auggrdenaea 39 AL SxHdt 
2 36 
Exercise for Session 4 
= 2, (5-3) 3.2 4.-V3 
8 4 2) 2 


equal to [2005 AIEEE] 
(a) —4sin’ o (b) 4sin? o 
(c) 4 (d) 2sin 2a 
50 20 6. oF Ie. Diese Agee 
10 2 2 
Exercise for Session 5 
ne ee ee ee 
2 9 2 
Exercise for Session 6 
14 28 2 4 Ws 
5 16 25 5 
Exercise for Session 7 
3sin7 x : aweges 
. 2 2 
1. yxsin7@Qx—4x)=/ x—3sintx ; acs! 
— ; -Isx< - 


Graph of y = sin“! (3x- 4x’) 


5 1 I 

3tan x nn a 2 an 

Ea ame 

2. ystan | 2 =* |o) ne3tan x ; siege 

1-32 | ; V3 

—h+3tan'x ;  ~~<x<e 

V3 

Graph of y= tan! | 
1-37 


‘\ 4 


Y, 
z 
2 


were eee ee ee ee ee eee - 
ee i! © ee ee 
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Chapter Exercises 


2. (a) 3. (c) 4. (d) 5. (a) 6. (b) 
11. (d) 12. (b) 


28.(a). 29.(a) 30. (c) 


46.(c) 47.(d) 48. (a) 


64.(c)  65.(c) 66. (c) 


1. (b) 

7. (a) 8. (b) 9. (a) 10. (b) 

13. (b) = ‘14. (a) 15. (a) 16.(b) 17.(d) 18. (b) 
19. (6) 20. (b) 21. (a) 22.(d)  23.(d) 24. (d) 
25. (d) 26. (b) 27. (d) 

31. (c) 32.(0) 33.(a) 34.(b) 35.(c) 36. (d) 
37. (b) 38. (a) 39. (c) 40.(d)  41.(d) 42. (c) 
43. (d) 44. (b) 45. (c) 

49. (d) 50. (a) 51. (c) 52.(c)  53.(a) 54. (a) 
§5. (c) 56. (c) 57. (b) 58.(b)  §9.(a) 60. (c) 
61. (c) 62. (c) 63. (d) 

67. (c) 68. (d) 69. (d) 70. (a) 


73. (a,b,c)74. (a,c) 
78. (a,b,c,d) 


82. (a,b,c) 
85. (a,b,d)86. (a,d) 


71. (b,c) 72. (b,c) 
75. (a,c) 76. (a,b,c) 77. (a,c,d) 
_ 79.(b,c) 80. (bd) 81. (a,b) 
83. (a,b) 84. (a,b) 
87.(a.c) 88. (a,b,d) 89. (c,d) 90. (b,c,d} 


91. (b) 92.(d)  93.(b) = 94. (0) «95. (Bb) ~—«96. (c) 
97. (c) 98.(d)  99.(b) 100.(a) 101.(c) 102. (d) 
103.(b) 104.(c)  105.(9)  106.(4) 107.(1) 108. (0) 
109. (3) 110.(8)  118.(4) 112. (4) -113.(3) 114. (9) 
115.(3) 116.(2) 117.(5) 118. (9) 119. (2) 120. (a) 
121. (a) 122. (a) 123.(a)  124.(a) 125. (a) 


126.A9q;B73s;C3rD-p; 
127. A3q; Bor, Cpr, D> qr; 


128. x= 13 129. No Solution 
131. tan (n+ N-* 132. 7% 133. 25% 4.2 
ist and = +1 
3 3 
138. (b,c,d) 139.(c) 140.(a) ‘B41. (b) «142. (a) 


143. (b) 144.(b) 145. (b) 


— ai + 4xk — 4k? | 


© | naga RREEEtenEEneel 
|4x? — xk + 4k? | 
U : S = sin t|_# + ck = 2k + 2xk ~ 2k? | 


lax? —2xk + 2k? | 


1. Substituting x* = cos20, we obtain 5. OSxS1=90Stan'xs* 
‘ a 
af [1 — x? -{ [1 —cos20 m = 
as { ae = cot”! paces = cot” (tan@) => =* <-tan'x<o 
\yit x 1+ cos28 4 
t “fs t 
= cot'(co(¥ -0)} .: ar an oo 7, 
54 
. 6. T, = cot"#(n? + 2) = tan” : A 
2 
-11 Tt no += 
2. Let cos rig WaE SOS Then a 
» 
ae ee | = tan {n+ 2) ~ tani -4) 
ees"! = =6 } 
“ 1 
= Spee 1) ooann! 
= cos 20s 1) ~ coste 5, = Dif, = tan ih tan 
n=] 
n% -11 -11 ns 
Now een tan” '(cc) — tan”'= = — —tan7'= =cot7'-=tan™'2 
8 2 2 2 2 
1 = 
=> cos8 =- => pre ice 7. We have, cot™?x + sin™! : aie 
8 8 5 4 
9 
2 IS -,1 = 
= ae a => tan 1 tant LYS wd 
x I, 1 4 
3 ™ _— = 
=> ia y 
-1 age -1 
9 => tan “—+ tan -=tan''1 
seem shine x 2 
[ 2 4 2 4 1 
esata 2 > tan”'— = tan711- tan7!- 
3. sin” (sin5) > x° — 4x x 2 
=> sin” (sin(5 —2m) > x? -4x — : 1-2 
=> 5 -2n >x*?-4x > tan” '—=tan™ a 
* 1+1-- 
= 9 —2x >(x —2)? 2 
2 
=> (x -—2)° <9 —2n = tan = tan 5 
= ~J9-2n <x-2< 9-20 = 7 
> x=3 
=> 2- 9-2n <x<2+./9-2n 
8. (cot™' x)? —(5cot™!x) +6 >0 
4. We have, sin™’ == | (cot™' x — 3) (cot™' x - 2) > 0 
iad ups 
| SY (x? +k — kx)| x >cot2 and x <cot3 
. j ny x €(— %, cot3) U (cot 2, -) 
~ cos" cos) n . gr-! } n gr —2r-} 
| 6 Vix? + k? — kx) 9. lim tan™? ——. | = lim > tan”! #7 | 
kaa \1+2 } ma aa = 1+2 2 j 
| vax se fie vax | = 
|2 x +k - kx | [2 x? +k? - ayfx? + k? — kx | | = lim Y {tan™"@7) - tan”! 27") 
r=l 
| v3x | = lim (tan7'2” — tan™'2°) 
ae n> 
| 4x° — 4kx + ak | iB cs af 
=tan 2 -tan 1 
wm sil 6x" | a: 
=—- cos 3 ee eT =— ee 
2 |4x?-4kx+ 4k? | ear ae 


: 


Sick 2 28 il 


10. piees 
x 


scat 19 
sin x=— 
2 


as oe sia 


f 


6tanx 
1+ tan? x 
4 — tan” x) 
1+ tan’x ) 
3tanx \ 
L4+ tan’ x) 
3tanx 


4 
tanx 
+ 2 
4+ tan’x 


-| 4 
2 
Ps 3tan* x 


= tenn} 1Stanx + tan? x) 
16 + tan? x 


= tan” '(tanx) = x 


(nt 1 \ 
12, [E— costs) +(% ~cosy big tae™ 
(2 


sa 


1x+ cos"! 


=> cos. ante 
: y 3 
x Bs 
13, oil eats u 
4 2x3 
ee 14] 
3 | 
54 
cot—-—+1 4a 
4 1 
=—cot— ««—<—] 
3 4 
[ 2 ae) 
14. sinj tan7? = 20 es ane 
2tan@ 1+ tan’6 | 


=> sin[tan™ ‘(cot 20) + cos” '(cos28)] 


f N 
=sinf ~ 20 +20} =1 
\2 ) 


11-2? 
1+ x’? 


15. 2tan™'x = cos” 


= 2tan'a—2tan™'b =2tan!x 
a—-b _ 
1+ab 


= 


4(4 + tan? x) 


a ha Ge -«)) + 20 


[Put x = 


tan6] 


16. 


17. 


18. 


20. 


22. 
| 
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= _,1-x? rt 
— <cos em 
1+x 3 
4a ox 
=> 0<cos™! < 
1+x 3 
ee ee a 
=> -< 581 
2 1i+x 
> Osx? <- 


- Gd 


cos"! oo 


[ a rai 
=> call sa) “8 + cos 2-8 | 


4 
~( .m\ 2 
= cos oot] =o 
L273 
2) tf 
tan| tan —|<tan— 
Tt, 3 
=> ee 3 
1 
=> x <J3n =5.5, Maximum value is 5. 


Ya + x2) - a - x) _ tana 


Jatx)+/0-2) 1 


Now, use ‘C’ and ‘D’ => : 
1~x l 


ee ae 
Again, use ‘C’ and ‘D’ = x? =— cos = + za = sin2a 


tan”! x + cot”! y =tan™'3 = cot™'y =tan™'3 - tan”! x 
<7 3= 
= tan de tan”? 
ly 1+3x 
143x 
=> y= 
be 


Hence x = 1, 2, and y =2-7 


. cosec” (cosec x)= x V xER=-(—1,1) 


Also, range of cosec™ ‘(cosec x) € - *, U (2 4 


So, combining these two, we get 
rel-2,-1]u].5| 
[2 2 


vas cos(tan™ '(sin(tan™' x))) 


= cos(tan™ '(sin(tan™' e))) = co tan («(5)) 


ie! 
) ~2 


= cos(tan™ \(1)) = cos rf 7 
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23. 


24. 


25. 


26. 


27. 
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[cot™' x] + 2[tan7' x] =0 

=> [cot ' x] = 0, [tan™' x] =0 

or [cot™! x] = 2, [tan™’ x]=-1 
Now, [cot™'x]=0 => x E(cot1, ~) 


[tan7' x] =0 => x €(0, tan1) 
Therefore, [cot™'x]=[tan™' x] =0, x ¢(cot], tan1) 
[cot™! x] =2 = x €(cot3, cot2] 
[tan™' x] =-1= x €[- tan, 0) 
Hence, no such x exists. 
Thus, the solution set is (cot 1, tan1) 


” T 3x 
Let sin ‘x= = x =sin8, — <0 a. 


Now, cos”' x = cos” ‘(sin®) = cos” (- eal cu s}} 


3 


\\ 
=t- cos" coo 7 0] 
2. 


an—(3"_@) asos st _o<n 
\2 2 


) 


Tt s 7 
=@-——=sin"'x-— 
2 2 


se = Lets Tw 
Hence, sin ' x + cos 1x =2sin aS 


asin" 'x—bcos'x=c 


br 
We have, bsin™'! x + bcos"! x = = 


Adding (a + b)sin”* x= 4 c 


[= )+¢ 
2 _ bm + 2c 


a+b  2Aat+b) 


ang tm b+2c na-—2c 
cos x =——-——_-= 
2 a+b) Aatb) 


ee s tab + ca—b 
=> asin™'x + bcos Va Bee RAGS Y) 


or sin"! x= 


atb 
=I -1 _t 
sin” | x —2|+ cos ae ed 
or Jx-—2|=1-|3-—x] 
Jx-2)+)3-a=1 
or Jx—-2|+|3-—x]=|(x-2)+@6-x)| 
or (x -2)8-—x)20 
or 28x33 
According to the question, 
2 a 
—+sin Q=n 


sin” — + sin” 
V5 J10 


=> ora tn | Jes 
Ji-a 
X\ 4 
f \ 
-) 2+3 wal 8 
=> nt+tan ——— + fa = 
1-(2)(G) J1-a? 
\ 4 


28. 


29. 


a |-2 
~q?} 4 


4 


wl 


\ 


Expanding, we have 
(tan™' x)? + (tan™! 2x)? + (tan7'3x)> 
=3tan™'xtan™'2xtan™'3x 
=> x=0 
Let f(x) =x? + bx? + ex +1 
f(0)=1>0, f(-1)=b-c<0 
So, a e(—1,0) 
So, 2tan™ (cosec m) + tan” !(2sinasec? a) 
Z2sina 
1-sin’o 


ar & - 
=2tan™'| — } + tan if 
\sIng, é. 


a 


= jan) + tan Ysin) 


sind 


30. Given, u = cot™! ¥cos20 — tan™'¥cos20, 


31. 


32, 


Put cos20 = tan?6 


=> u= cot” '(tan@) — tan” '(tan@) 
=*_g-9=2_2 
2 2 
(xn ‘ 
=> sinu = sin| — — 26 |= cos26 = tan’6 
\2 } 


uf 


Thus, f(x) is not differentiable at x = 0 


| 


(as sina. < 0) 


From the graph, it is clear that, f(x) is not differentiable at 


x=1,-1 
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33. Given, f(x) = tan7'(x? -18x 4a) >0 e ett yy as 
=> = sin” !| Y—— 
=> tan” (x? -18x + a)>0 ev +1 2 
= x” -18x+a>0 = 187-42 <0 = o (sin (24) -1]=-sir'(24) 
2 2 
=> gt ORS Wo, s x 
4 4 sin7'f Yo" 
=> a>8l => ae(81, ~) => Pee a 
34, f(x) =sin™'2x + cos” '2x + sec” 2x 1-sin 2} 
=x... -1 . 
{x= ; + sec ‘2x sin '(2*} 
Graph of sec” '2x is as following x = log : 1 
1 -sin7{ 2 } 
\ \ 
y « afx-! 
fx) = log} — 27 
‘ (z=) 
1-sin ‘| —— 
\ \ 2 4 


39. cos~'(cos(2cot~ (V2 -1))) 
= cos” '(cos(2(67-5°))) 
= cos” '(cos(135°)) 


3 
Tv Tt = °= 
(f(x)) minimum a +0 om 135 4 
7 3m 
(f(x) maximum =~ + % =— —2)x? ~1 
ee 40. fo) tan =P 2 tn ai 
Tt x +2x + 2: gy 
Sum=" + = on = Part 
Pb c As x? + ~ 223 [using AM 2GM] 
x 
; -:|¢+ta atbi x 
35. G iLf == — 
iven, tan b - : => 424222405 
inane x 
ctaat+b 
. ax3:—1) t 
b+b? 4c? A x = tan” ||] ——=—— | = — 
= ab+b us +ac a (f(x)) max fo 12 
ac+ be+a’ +ab—be 
[ 2 
> ab +b? ++ ac=ac + a’ + ab 41. pus ee =" ge (x #0) 
b+? =a? ’ 
; is ri ji+x?-1 
 AABC is right angled at A = ~——_—_—_ = tan 4° 
36. By graph, clearly it has 5 real roots c-5 
y=sinx 5 Aes => 1+ x? =1+ xtan4° 
=sin-'(sin x 
i ae => 1+ x? =2xtan4°+ 1+ x*tan?4° 


2tan4° “ 
=> x =0orx =--—,— = tan 
1 — tan‘ 4° 


Since x ¥ 0, we have x = tan8° 


. . ~ 2 = . = sec? y 
37. ~1Sx<1,y>0 42. From the given equation sin’ —2sin® + 3 =5 +1, 


2 

Both will be equated for infinite values of x and y. Therefore we get (sin -1)'+2=5° 741 
infinite many solutions. . LHS < 6, RHS 26 

ie x . . 2 . 

38. y =14 2sin 3 x20 Possible solution is sin@ = — 1 when L.H.S.= R.HS. 
er tl, => cos"6 = 0 
7 => cos’@ -sin® =1 
> y —1=2sin 
ered 
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, - { 
43. y =|x?—1|=|tan™| x| 46) PR og a zeit) 
3 , 3 
_-1( _. 50% 2 i... { 1400) 
49. sin {- gn) =~sin ial aor) =-—sin™'sin| — | 
ee Lo) ee 
=-sin™ sin( 27 - at) 
, 9+) 
+ 4n)) 4n 
=| tan"? =—sin™'| —sin (=) =— 
ye [xi ( 9 9 
From graph, clearly it has 4 solutions. coscos{ 31% ) wasted ( 31m ) 
44, 1 + tan?(tan™ x) -(sec?(sec™! x) — 1) ( 9 
= 1+ (tan(tan™! x))? —(sec(sec™ x)? +1 i coscos| 4 - = ee LS a sn 
=1+x°7-x741=2 ‘ 9 9 
{4x 5x 
45. The equation 3x? + 6x + a = 0 must have equal roots Hence, oa (a ar aa ean 
So, D=0 
= 36-12a=0 > a=3 | 50. tan4arctan(2) + arc tan(20k) =k; 
46. tan™ ule + sin”? — — cos"! 77 | A B 
v2 v 10 a tanA + tanB sce 2 + 20k 
aie s n tan? 4 ~tan"'3 1-tanAtanB 1 — (2)(20k) 
: . 2 7 or 40k? +19k +2=0 
eee ee ae ee 2 
ee J2 tan estan 2 | Now, sum of solutions, k, + k, =— = 
[ 1] 
ae > tan) © -2)-¢—-3) Bi hl =i 
4 3 1 et Sf. £ tan] ——“- "| '(r -2)—tan'(r-3 
=> tan7™’—— —] tan™ g = tan”? —- tan7)1 fae 1+(r-3)(r—2) 2. (tan (r —2)—tan’(r-3)) 
1+= 
2 Now, T, = tan™’0 — tan” (~1) 
ate jean ~tan*t A T, = tan'1- tan7'0 
: , v2. T, =tan™'2 —tan7'1 
eae ‘ 
™ -1 2 -1V2-1 ra ; 
=—| tan | [=o tan a T, = tan” '(n — 2) — tan”! (n — 3) 
bp. i 
“ ; => S, =tan”'(n —2) + a 
jute.) ce Till 
=- cot 5 =-|cot™ —- | 6 weet 
-1 (1-2 i a oo A 4 
's) 
n-[ oot” te ann cor te - §2, x=—M/4; y = cos; where cos® =~ 
1- V2 1—v2 
) 1+cos8 3 
47, a =2tan? 1 + tan4 and cos= = jee == 
2 3 4 
-] | 4 = 4 53 -1 1 \ -1 -1 3 
= tan + tan =2 tan — . tan pea) + tan” (cot A) + tan7'(cot* A) 
3 ; 
Ls ; 
4 1 \ tc 
2x = tan” (2 tan2A | + tan™ etter + 
(using 2 tan” x = tan” 5) 2 1-cot* A 
1-x ( ~ 
4 4 [o<a<Eacotai] 
Let@ = tan = tan@ =~. \ 4 
co ee ee it tanA ++ tant? oot A(1 + cot? A) 
+ tan + = ——_— resin as BBiachse ke 
Now, seca = sec20 = ———__ = suai) wee. 1—tan?A (1 - cot? A)(1 + cot? A) 
1—tan*@ 1-(16/9) -7 ‘ 
25 _ -;{| tanA -1 cotA 
Heweecoe— = + tan oe + tan aaa 
7 i= tan’ A, 1-cot 


=n = 4tan"(1) 


54.T = 


; = tan" (n+ 1)*- tan“ '(n-1)? 


2 fp —1)2 
an 20 sient) 
ae Oa 
S, =tan“(n +1)? + tan”! n? -tan 711? 
1 a a tt 
=> S.=—-+—--—=n-— 
2 2 4 4 
=m —sec(/2) 


= sec'(—/2) 
Tv % e 
370 ‘(1 — x) + 2cos™!' x =0 


59. 


sin™'(1 — x) + 2cos) x =0 
Domain is [0, 1] 


Now, in [0, 1], ant —x) hag 1a | and 2cos”' xe [0,1] 


Hence, sin™'(i - x) = ol 


| =>x=1 
and cos x=0 
56. Let tan (x) =0 = x = tan 
cos® = x (given) 
60. 
61. 
=> 
= 2 = 
= x= Li can not be - woe a=! 
j= (si a an) 20 
cos =cos |sin—!=cos | cos— | =— 
I 5) 5 


57. sin cos '(cos(tan™ x) = p 
For x € R tan x €(— 2/2, 0/2) 
"xe (0,1) 


cos”! cos(tan™! x) [0,2/2) 


cos(tan™ 


sin(cos~‘(cos(tan™! x))) € [0,1) 
58. 


cos” x =t=>x €[-1,1] and te [0,7] 


Now, we have log,,./5t — 1 + logo +3)+ . log,) 5 =1; 


f 4 3) 
|[t>-andt>-—- 
\ 5 2, 


=> log, o((St — 1) (2 + 3).5) =2 
= (5t —1) (2¢ + 3).5 = 100 
> (5t — 1) (2t + 3) =20 


59. 
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10t? + 13f ~3 =20 
10t? + 23 —10f - 23 =0 
(10t + 23) —(10f + 23) =0 
23 : 
(t -—1)(10t + 23) =O =t =1ort=- rT (rejected) 
cos 'x=1=>x=cosl 


...(i) 
.. (ii) 


| 1% 
sin xX + cos oar 


and sin™' x — cos! x =sin™'(3x — 2) 
From Egs. (i) and (ii), we get 
2cos! x = cos” (3x — 2) 
(3x -2)e[-1,l]ie.-1<53x-2591 


Pex | 
wee | 


Now, 2cos™! x = cos(3x-2) => cos '(2x?~ 1) =cos”*(3x-2) 


Note that 
=> 


=> 2x* -3x+1=0 


1 


= x=lor- 
2 


1 
Hence, x = 1 or— 
2 
tan’(sin™' x) > 1 => tan(sin ' x) > 1 or tan(sin™' x) <-1 
a oes f 114] 
sin” x >—orsin’ x <—; x€(-1,1)-|-—, 
4 4 [ V2 v2 | 
Note that domain is (-1,1) 


-sin™'x 


sin? 1 - x? + cos’ x =cot 


-1 yl- x? 
x 


ae | 2 4yi-x 
or —+sin jl-x =cot ——— 
2 x 
1— x" ? 
=> Gartt +sin™J1—-x? =0 
x 
=> -1sx<0vu {i} 


62. Consider tan65° -2tan 40° 


= tan(45° + 20°) —2tan 40° 


_1+tan20° — 4tan20° 
1-tan20°  1—tan*20° 


(1-tan20°)(1-tan20°) 


_ (14 tan20°)’ — 4tan20° _ 
(1 —tan20°)(1 + tan20°) 


~ (1 = tan20°) (1 + tan20°) 
= tan20° i 
“( + tan20°) 


tan” '(tan25°) = 25° 


an(45° — 20°) = tan25° 


63. We have cos” = + cos re 7*8 


2 2 
2 aoe ere 
ab a b? 
e 2 
=> —+sin6= = 1-- 
ab ; \ a? \ 
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64. 


65. - 


66. 


67. 


Textbook of Trigonometry 


On squaring both sides, we get 
2,,2 2 2 2.,2 


xy 2 xy eee ree 4 
+ sin ji eget ad, 
a*b? ab a’? B® ah? 
=> b?x? + a’y? + 2ab xysin®@ = a’b’ cos*@ < a’b’ 


a, = tan”! (an, =tan™ eae 


1+(n+3)(n+ 2); 1+(n+3)(n+2) 
= tan™!(n + 3) — tan”'(n + 2) 


S, = f(n) -— f(t) =tan™ (n + 3) -tan™’3 


10 


Tv = = . 
=> Pn en '3 =cot!3 =sin 


-tan”'(1**} = tan” (1)+ tan” x, if x<1 
: 1-x/) |-n+ tan” (1)+ tan7 x, if x>1 
| tan“'(1), if x<1 


Now, =: 
ae fix) |-n +tan7'(1), if x>1 


4 
2 
-k 1 +1 
Welter 5 <1 -sl- (k Dany xeER 
2 1+x 2 xr +] 
k+1 01 
=> k+1>0 and 5 <- 
x°“+1 2 
So, k>-land x°7+122k+2 


=> x’?-(2k+1)20,V xe R= 4(2k +1) <0 
1 


ks-- 
2 
| | 
= 2, | 
2 
f = i 
Hence, k € [- —_— 
2. 
Domain is x € [-1,1] 


Given, sin™! x =2 tan™ x 


+1 x -1{ 2 " 
=> tan = tan 3 
1—x* 1-x', 
\ 
x 2x 
=> = ; 
1-x* 1-x 
x =0or(1 — x’)? =4(1 - x’) 
> (1—x’)(3+ x’) =0 
=> x=-1,0,1 ... (i) 
7 Tt 
tan” J x(x —1) + cosec aap +x-x? == 


2 
xx-1)20Nx-x? 20=>x(x-1)=0 

=> x=0,1 asitit) 

Now, Eqs. (i) 7 (ii) gives x = 0,1 

Hence, number of common solution are 2. 


68. Let ® = arc cos(x — 1) 
Now, _cos30 = 4cos*@ —3 cos@ 


So, 4y>—3y=0, wherey=x-1 


v3 3 


y=t—,0 => x=lt—,1 
2 2 


Hence, three values of x. 


Aliter: 
cos (3cos"'(x —1)) =0 
=> 3cos | (x -1) =(2n +1) 2 neZ 
-1 wT 
=> cos ia es oa Pd 
=> eorte= =<, = am 
6 2 a 
if 
=> x-1=—, 52 
2 
= 
x=1 Me: 13 
2 
1 -x? 
69. (a) f(x) =-cos™ 3 
2 Fe ae ae, 
D; = 
As,05 cor*| 5|<0 
lore 
[ 2 
R, =1|0,— 
i | 
(b) g(x) =sgn (x + 2) 
x) 
D, = (— ©, 0) U (0, 9) 
R, = {-1,1} 
(c) A(x) =sin? x + 2sinx + 2 
D, =R 
Also, h(x) =(sinx + 1)? +1 
R, =[1,5] 
(d) k(x) = cos™'(x? — 2x + 2) = cos™!((x — 1)? + 1) 
D, = {1} 
R, = {0} 
70. :.0 <tan7'(3x? + bx +3) < . 
= 0 53x? + bx +3<00 


Thus, range of 3x” + bx + 3 is [0,) 
Now, D=b?-4-3-3=0 => b? =36>b=+6 
Sum of values of b = 0 


Square of sum of values of b=0 


‘\ : 
71. 0= tan7|{ tan | and $ = tan“(- tan] 
\ 4 3 


“a 


/ 
a Tt . 
= tan Nan( x + ©) and @ = tan (- 
\ 
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76. The solution of y = fy is y =Oory =1 


= Tt 
= tan ‘tan and 6 = tan” tan 
Ifsin™'|sinx|=1=9x=lorx=n-1 


r us 


=—ando=— 
4." 3 But y =sin™'| sinx | is periodic with period m, so x =an+ lor 
40-36 =0ando+6=2" Oa 
12 Again ifsin™ ‘| sinx | = 0, x =nn . 
72 (=) sowtad $+) cos” sin 77. (sin™'x + sin"'w)(sin"'y + sin"'z) =n? 
3 —|= =e 
9 sin"'x + sin"'w=sin"'y +sin"'z=n 
cos! cos 3% in x + sin7 w =sin7? oe 
it 18 a glR/I8 or sin x+sin’ w=sin 'y+sin"'z=-n 
2 ni so 22+ §) x=y=z=welorx=y=z=w=-1 
ed 43 Nz 1 -1 
and f{ "| . Hence, the maximum value of} ,, es -| =2and 
: zi ow 1 1 
coe nae = 1 
=e V2) minimum value = —2 Also, there are 16 different 
-! 74 
- as coy =) = pk Ar determinants as each place value is either 1 or — 1. 
sae 
64) : ais _| tan x, if x20 
73. Let cos 5] =o tha is cosa == so that 22. aieeai tan") |-tan7'x, if x<0 
ae => |tan"'x|=tan™'|x{[VxeER 
tang = I(s |_3 1 
ng = 4 Bs Ga" = tan| tan”! x| = tantan”"| x| =| x{ 
9 Also, |cot™'x]=cot"'xWxeER 
t + - = 
and tar{cos""4 + an-!2) = — 3 sa cot| cot” x} =x, xe R 
\ 5 2 : rt 
aca ; x, if0<x<— 
tan”'| tanx| =: 
o oe a 
—+- |-x if-—<x<0 
=i_3 eS (given) z 
1-2.3 6 »b ee ee ee) 
3 4 sin | sin“ x|= 
|- x, x é[-1, 0) 
SO, @=17,b =6,a+b=23 
a-b=1land3b=a+1 79. 1$ ——— < © =>2S$—_- <<» 
; — cos. x gost 
4. sin™'x + cos”! x SaY PEL] Hence, 2 should lie between or on the roots of 
75. Given, cos"! x = tan”! x ‘ -(« + aL ~a? =0, where =2*'™* 
> x = cos® = tan0 i 
a ilies => f(2)$0 = a? +2a-320 
= sin’@ + sin@-1=0 —veleg= sis) 
Pee ay 80. E=n-3+n-4+5-2n=-2 
=> sin@ = ———~__ -1 -1 -1 
9 81. cos'x+cosy+cos'z=% 
as = sce ‘en Xn 
> pecs! => sin"'x+sin”'y +sin ars 
is Also, cos '‘'x+cos'y+cos'z=nx 
= x’ = cos’ = de : -1 -1 
2 => cos’ x + cos”! y = cos '(-z) 
. Option (a) is correct. | 2 2 
Pp (a) ; => xy- 1-x" l1-y°=-z 
. -1 its me! — ! 
and sin(cos x) =sin® => (v5 1) 2 x+y? 427 + 2xyz =1 


Also, option (c) is correct Option (d) can be true only if x,y,z > 0; for (c) put 
and tan(cos™ x) = tand # L(V5 -1) x=y=z=1/2 
, 82. Let tan™' x =a and tan™'x* =B 


Option (d) is not correct. 
P tang = x and tanB = x° 
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2(tana + tanB) ele +x?1 2x 


”. 2tan(a + b)= = 
or 1 — tana tanpB ex 1- x? 
2 2tana = 
Also, x z= —_—_ = tan2o = tan(2tan™ x) 
1—x 1-—tan'@ 
“ToT a a -1 -1 
= gre x||=tan(m — cot™ x —cot™ x) 
\ 
= tan(cot™'(— x) — cot™'(x)) 
7 
2x ; OsSxs— 
2 
Tt 3x 
f(x)=4 = : dw 
rd 
4m -—2x ; <x S2n 


Clearly, f(x) is periodic function with period 2x. The graph of 
f(x) is shown below. 


. Domain of sin” x and cos’ x, each is [-1,1] and that of sec"! x 


and cosec”'x, each is (— °, — 1} U [1, ©) 

..Domain of f(x) must be {—1,1} 

.Range of f(x) will be {f(-1), f(1)} 

where, f(—1)=sin™'(-1) .cos™’(-1) . tan™'(— 1) cot™(-1) 


-sec'(— 1) - cosec™'(—-1) 


_(-n -n) (3n -n) -3n° 
(GG). G3 
f(1) = 0 {as cos™'1 = 0} 


(i) Thus, the graph of f(x) is a two point graph which doesn’t 
lies above X-axis. 


and 


tie 
(i) fl mag = 9 and f(%) guy = 


6 
Hence |f(*) max ~ £8) qin = 


¥ 


(iii) f(x) is one-one. Hence, injective. 

(iv) Domain is {-1,1} 

.. Number of non-negative integers in the domain of f(x) 
is one. 


3, 43 


i ; pon’ 
‘ ae : 
B=4}tan My = tan |= 4) tan i 


.){ 25 
= 4tan (2) =1 
25 


86. f(x) =|sin™ x| + cos” (+) 
x) 


Domain of f(x) is {-1,1} 
3x 


=e eae 
Be dager 


So, function f(x) is injective . 
sgn( f(x) =1(f(x) > 0) 
n 3x] 


fla)= 4%, 2 


Range of 


87, (a) f(x) =sin(tan™ x) 


Put tan”? x =@ => x = tan0 


x 


=> f(x)= = g(x) => identical functions 
1 +x? 


(b) f(x) =sgn(cot™'x)=1,V ER 
But g(x) =sec” x — tan”! x#1,V xeR. (Think ? Domain of 


&(x)) 


So, f(x) and g(x) are identical functions. 


—(m+2tan'x) , xS-1 
at 2 a 
() fla) =sin'( 28) =, 2tan7 x , ~1<x<l 
1+ 
= t—-2tan?x , x21 


So, f(x) and g(x) are not identical functions. 
(n+1)-n ) 
1+ n(n +1) 
=(tan7'(n + 1) — tan™'n) 


88. 


T, =cot™(n? +n 4 1)= tn{ 


So, £ T, =(tan™'2 — tan™"1) + 
asl 


(tan™'3 — tan™'2) +..... + (tan7!(n + 1)— tan ‘n) 
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= tan"“(n+1)- tan"! 94, We have, f(10) =sin”'(sin10) + cos” (cos10) 
= tanr] B+ 1=1 = tan") = (3m — 10) + (4m —10) =(7m — 20) 
[i+@+1)4 n+2 1 
t 
=> z T, =tan"1=* 95. Clearly, fla)=(n-x) 4 x= nV xe| Sx] 
n=) = - 


(a) cot™'(-1) + sec™'1 ~ cosec7'1 = = +0- - 


_3u- 20 _ U3 
4 4 
(b) cot™2 + cot7!3 = tn( 2] + t+) == 
2 3 4 
Liga 
(c)- epee 4 ey 
1+ x? 
-T 1- x’ pact 
tan" ( |< x,xe/0,—| 
4 1+x 4 96. Assin™ (sin x) = "a ) 
Hence, minimum value of f(x) does not exist and maximum R-X,XE | Pe us ) 
Tt = 
value of is — 
Ue pi Cet 4 Also, cos”'(cosx) = x, x € [0,1) 
4in . \ 
(@) As = [ion + A bs xe E =| 
2 
4in ) n) t oe at R x) 
So, cos os —i= cos"( cos} =— 1, xe iE 4 
4) 4) 4 2. ee 
( ox b, . 1. '3 
89, We know that, ta As, fix) € Tin xe(03) = x=5,1,5 
ae ae 


So, number of values of x are three. 


Rt+2tan'x , x<-i1 
97, Given, f(x) = sin” x+2+ 1 -sin™'x 


=4 2tan’x  , -1<xS1 
I. (n —2tan“x) , | Clearly, for domain of f(x), 1-sin™' x 20 
[-n, x<-1 (As, sin” x +2>0,V xe [-11) 
He) =) - I : 
|m, x>1 => sin xS1=>xSsinl 
So, Ry ={-1, 7} 3 D, =[(-1sin1] 
90. p=—> and Q = Be | . 98, Given, f(x) = sin"! x +2+ Ji -sin™' x, where x€(-1,sin1] 


15 15 
Let y =Vsin'x+2+Vi-sin™' x 


Sol. (Q.Nos. 91-93) } 
A={sin™ x}; B = 7 . =I Then, y > 0,V x €[-1, sinl 
aie Uae Als} sais Now, y’ =(sin' x + 2) +(1-sin™ x) +2 
f(x)=ANC=sin™ x 
(sin™' x + 2)(1 - sin™ x) 


&(x) = BAC =[x] 
h(x) = {x} ; ee ee 
|x| is a function which is neither odd, nor discontinuous, nor = yore 4 aa a 2 
non-decreasing. — 
K(x) is |x| Clearly, Vag (sin"x= 1} =3 42)? a =3+3=6 
91. (x) = |x| is an even function 1) 
92, e(f(x)) =[sin"'x] = — (= ia ue 
‘ Ran eofsin'xis|—™, © Oe ae eee ee he 
& 1 2° 2. Also, Ymin(Sin”' x =1)=3 +2 : ria 
“s Range of gf f(x)) ={-2,-1,0,1} => Yimin (x =sin1) = V3 
93, =sin™! 
3. f(h(x)) =sin'{x} : Hence, range of f = (v3, v6] 


ae let) 
Domain is R and range is | 0, 3} 
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f 
as si as 51% 
a + 2tan {- *) => cos” '(cos5t”) = cos (cof =)} a 
Lx +4 2 2 2 


cos” '(min{x, y, z})= cos (-1) = 


9.2 
sin"'| —2— ~2tan7?= (Z-1) 
(=) 4+] : 105. f(x) =tan™ = ae 
2 1+x(Z43}| 
\2 
=2tan'— -2tan™'— =0 
= tan (x) — tan™ (2+ ] 
Here, Bs: 1 
f=, --_+— x} 
|x|S2 > -2SxS2 (1+ x’) ~ ) 2 
$i 1+ a 
100. cos 57=-— + 2tan 13x 
~ 1 y 2.9 
; f()=-- 5 eee 
=> —-sin s=— t+ 2tan 3x . (r+?) 2 13 26 
1-9x 7 
=> sin * > = 1 —2tan™'3x > 26 f’(1) =9 
+ 9x 
pie 106. We have, f(x) =(tan™! x)? + (cot! x)? =(tan™ x + cot™ x) 
wciely ee -1 Zz zs a = 
eager ((tan™* x)? — (tan x)(cot™ x) + (cot™ x)”) 
Above is true when 3x > 1 y P 4 
T cE; 
wie =F [tents -(tan™ ta) 5 ~ tan x) (E-sen '») 
3 2 2 
=xeE (2. ~} (using cot x= ee tan” | 
3 2 
101.(x—1)(x?+1)>0 > x>1 -% {(1n's-2) +2 
. 1 ~-1 2x -1 | 48 ° 
. sin as m > |— tan , 
-x 
ry . 1 Clearly, f(x) will be minimum when (tan-*x-¥) =0 
an eon ee Oi tan es 4 
and f(x) will be maximum when (tan:?x- 2} -(-£-4) 
-sin(-2)=-1 4 2 4 
an {. 1?) mw? 
ee a= f(x)... =—104+—|/=— 
Sol. (Q. Nos. 102 to 104) Fria 2 -) 32 
Pe | 18 rt | 2 2 3 
sin’ x €)-—, — 3m | ( —37 +14 7% 
2 2 | and b= flan 2 ((=2) +E \ 


cos”'y €[0, m] 


sec 'z € fo =\u(Z. Tt 
Rage a ie 


ide P ae eaae 
=> sin”'x+ cosy +sec™'z $s a ee 


Also, t? ~V2nt + 3 =t? ia i 1s he 


iN 4 

is ot > ot hs ( ad ‘ 

Vo T, = 2tan™| ——2——_ | =2} tan™| —— |-tan™| - 

a n(n + 1) 2 2 
The given inequation exists if equality holds, i.e. 2.2 
cm _o% n nf 

LHS =RHS = 2 Hence, S, = £ T,=2 Z| tan(**1) —tan™ (2)} 
n=0 n=l 2 2 


T . 


a ete El CE a § ase wl)”. 


lim $, =2. (=)- n = kn (given) =k =1 
n~) co 2 
5 5 2 
108. As, Z cot (ar?) = E tan™ (2) 
r=1 r=] 4r 


( (@r+1)ar-1)_) 
[1+ (ar + 1) (2r -1) } 


r= 


5 
= E (tan ‘(r+ 1) —tan™'(2r —1)) . 


s e -{ 11-1 
= tan 11 —-tan™1=tan rea 


1+11x1 
(9)-~() 
12 6 


= \ 

tan| X cot™‘(2r*) | = tan tan" we) 
ae 7 
Vv i 


5 
Now, dual x cot“H(ar2)) = 5% +6 oft 8 
val } 6x45 6 6x45 


=> The given equations has no real solution. 
109. min(x? + 4x + 7) =3 


D ptan tees sn( 2) =tan™ (5) 
6 14 3V3 


3 
F321) | 
stent) 43 |. tant 20 (2) 
” [a8 (22 


ae 115 
tan x = tan™ 1 | 
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53 av3 
=——s 
11 b 
at+b 


=> a+b=16 = ( 


= 1 
Aliter : sin(30° + tan” x) = ai 


2 3°. = 13 
= SeaslGin x) + 3 sin(tan™ x) = — 
2 2 14 
> 11 + V3x) =13J1 + x’ 
=> 11x” — 493x + 60 =0 _ (On squaring) 
_ 49¥3+30¥3 
22 
3 5 (Reject) 
11 
. 5V3 
x=— 
11 


Graph of y=cot"'x 


> 2. gee SOVRER 
v3 


1 
So, discriminant<0 = 16-—4/Q@+ )<o 
te] SC. ( 3 
1 1 
4-a-—=<0 => a4>4--— 
v3 3 


1 \ 
elas 


\ awe 


Hence, minimum integral a = 4 


112. L:3* -[°C,(2* —2) + *C,] =36 


M:lIf x > 0,Sgn(x) =1 
nr Tt 
joc 
{R= 0e Se 


For x = 0 f(x) is not defined 
mn 
forx <0, f(x)=nx-—=— 
or f(x) os 
: M=1 
N: Coefficient of t° = coefficient of t? in(1 + t”)* x coefficient 


of P in(1+ 1°) 


=5x8=40 
Hence L=36; M=1and N = 40 
=> N-LM=40-36=4 


384 Textbook of Trigonometry 


113. 


PA, 


Number of solutions are three. 
114. sec’ u, sec‘ v, sec’ w € [1, ©) 
sec*(u) + sec*(v) + sec*(w) € [3, -9) 


n(sec’ u + sec‘ v + sec’ w) € [37,e) 


But cos”! x + cosy + cos-'z € [0,37] 
So equation is peste of LHS = RHS = 31 
cos’ 'x=cos 'y=cos ‘z= 
x=y=z=-1 
and sec?u = sec’ v=sec°w =1 
u=1N,v=2N,w=32 
2x20 4 2002 4 22004, SOR ag ent 
utvtw 61 


115. Given, f(x) = cos(tan™ '(sin(cot~’ x))) 


= cos} tan™ fe 


= wt 


= x’ +2 
> A=1,B=2 
=> A+ B=1+2=3 
116. We have, 


RHS = tan™"{tan’(a + B)- tan’(a — B)} + tan7*1 
_, tan%(o. + B) tan”(o. —B) +1 | 
|1—tan%(o + B) tan*(a —B) | 


“il sin’(a + B)sin?(a — B) + cos’(a + B) cos*(a — B) | 


| cos*(a + )cos’(a — B) -sin*(a + B) sin’(a - 8) 


sagfaite | {2sin(a + B)sin(a — B)}? | 
lee + B)cos(a — -B)}? | 


+ {2cos(a + B)cos(a — B)}? 


— {2sin(a + B)sin(a — B)}? 
= [(cosap — cos2a)* + (cos2a + cos2B)? | 
[(cosza + cos2B)? — (cos2B — cos2a)? | 


-1| cosacr + cos?28 | 
| 2cos2a cos2p | 


117. 


118. 


119. 


: tan Sostasecth + cos2Bsec2a) | 
2 


Hence, the value of A is equal to 2. 
We have, sin™ '(sin12) + cos” ‘(cos12) 
=sin™ '(sin(4m — (4m — 12))) 
+ cos” '(cos(4m — (4m — 12))) 
= —(4n -12) + (4m —12) =0 
So that, (n —2)x7+8x+n+4>0,VxeER 


=> n-2>0 >n23 
and 8? — 4(n —2) (n+ 4) <0 
or, n?+2n-24>0 >n=4 
> n25 > n=5 
1 + sin(cos”’ x) + sin’(cos"' x) +... 00 =2 
1 
me ; 7 ee 
1-sin (cos x) 
1 ; pan” 
or ~~ bsinicos x) 
en ae = 
or sin(cos “x)=-—orcos x =— 
2 6 
3 
or = —or12x’ =9 
2 
Here| cosx | =sin™'(sin x) 


y, 


+4 
If- > SxS then cosx = x 


In the case there is one solution obtained graphically. 


Te 
ar <x <7 then—cosx 


=sin™'{sin(x - x)} = 
cosx=x-T 


In this case there is one solution, obtained graphically. 


If—x Sx<—7 then 


~—cosx =sin™'{sin(- n -— x)}=-x-% 
ie., cOosx=XtN. 


This gives no solution as can be seen from then graphs. 
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120. From graph 2 
=> 2 oe 
aaa 


Statement I is true, Statement II is true, Statement I] is a 
correct explanation for Statement I. 


124. sin™'2x + sin7'3x = = 


tt i ks 
| 66s gs” aeog ae 
2 2 


nm w& |] 
oo 


cos !2x + cos™'3x = = 


6x? — Ji — 13x? + 36x4 =- ; 


2 
1 
= {2 rs +} =1-13x? + 36x! 
3 
=> ee eee eo 
4 ¥76 


: ™ 
But sum of two negative angles cannot be a 


Graph for cos~(cos x) 


3. F 

am [3 is only solution. 

Statement II is true and correct explanation for Statement 1. V76 

125. Statement 2 is correct, from which we can say 


121. sin7! x= tan™! 
cot™' x + cos"'2x =— 7 is not possible. Hence, both the 


> tan! 74 
2 an x> tan y 


EE DEDEDE ISSS SSSI ee ee enki tes Ce 


1-x 
statements are correct, and Statement 2 is the correct 
| explanation of Statement 1. 
xD>Y, >x? - 
v1 =x | 126. (A) In (0, cos1), we have cos ' x > sin™* x 
. Statement II is true : Also, cos”! x > 1andsin™' x ~1 
-1 
- s i ; The greatest is(cos"'x)°* * =¢, and the least is 
- a (sin™? x) t= i 
-~f - =} 
by Statement II and (sin™'x)™ * <(cos™'x)™ ” 


s”'(4-] > wn'(=-] > ta"(-] => h<t 
. vn So, ty >ty >h >t, 
Statement I is true 


eats : 1 
122. cosec™'x > sec™! x (B) Similarly, in cos1 < x < AP 


eS Tl 
cosec”'x > — — cosec™!x 
4 least is t, and t, >t. 


cosec™!x > = Hence, L > Sh >t 
4 
1 : 
1<x< 2 | aa 
pa | =I -1 
and E+z)}et8 We have, 1>sin™ x>cos x 
2 * Yh, (1, v2] 


So, greatest is t, and least is t, also 4, > f, 
Statement II is true and explains Statement I. 


123, f(x) =sin™ ( 


Hence, t,>h >t >t, 


(D) For sinl < x <1, we have 


sin”!x>1>cos-'x 


x eT 
5 )=N-2tan x,x21 
1+x 


f(x)=- é So, the greatest is t, and least is t, and t, >t, 


2 
1+x Hence, bo tot Sh, 
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1 cos”! x >sin™' x and both are less than 1 So, greatest is t, and 
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127. Follow the following graph for solution 


' 
y=sin'x | 
' 
' 


(B) 


128. sin'() + sin” 2) wee 
x x 2 


- 
| 
_ 


ix? 25 
. x —_ 
x >12and cos"! FEB) a 
x 


eae a 


X 


fa ‘ 
| 2 
= x" —25 _;({12 
ad x > 12and cos” '| “-———_ = cos (2) 
x x 
[ 2 
x°-25 12 
& x > 12 and ————- = — 
x x 
rary x >12and x? — 25 =12? 
— x >12and x® = 169 
—) x>12andx=+ 13 
.. X =13 is only solution. 
129. Taking tan on both sides 
x+1 <x-1 
wag 
x- x Soa hese ‘ 7 
eee simplification, we get x =2 
x-1 x 


Substituting, we get 


= -11 = . 
tan™'3 + tan tan” '(—7) but L.H.S is 
m + tan” \(—7). Hence, no solution. 


190, Let x = J@E* P49) y= [Metbte) 7. [derire 
be ac ab 


xy= Mette) Hasbro arbre 
be ac c 
a+b 


( 
a ea )>1@hero 


ye 
ipa tana bc ac 
: at+b+c 
‘ c 4 
(fasbee Va, vo 
is o1 c vb. va 
Tw + tan (a+ 5) 
c é 


=n + tan '|- js) - ; | 


—tan7!Z 


tan’ X + tan"'¥+tan'Z=n 


131. Let 6 = cosec™! y(n? + 1)(n? + 2n + 2) 


cosec’® =(n? + 1) (n? + 2n + 2) 
=(n? +1)? + 2n(n?+1)¢ rn? +1=(n?- +n4+1) 41 
cot?@ =(n?+n+1)* 
1 _{n+1)~n 
ntnt1 1+(nt+1)n 


omtan| CADE 
1+(n+ 1)n] 


tan@ = 


=tan7(n+ 1)-tan7'n 
Thus, sum of n terms of the given series 
=(tan7'2 - tan7'1) + (tan7'3 — tan7'2) 
+ (tan“'4 - tan7'3) +... 4+(tan7'(n + 1) — tan7'n) 
=tan"'(n+1)-1/4 
132. We have 


aes | = = a 
E=ysin"'x, ycos'x, + ysin™'x, cos”! x, 
1 1 I 
+ ysin X3 cos x, +...+ Jsin™! XpgV.cos”' x, 


x, €(0,1] Vi=1,2,3...., 28 
“sin”! x, >0 


a’ +b? 


Now using A.M. 2G.M. we have 2 ab, where a,b > 0 


——— p—_  (.,,7! “1 
| 2 sin xX, + cos x. 
ysin™’ x, cos"! x, < eon) 


\ 2 4 
igo f[—7— _[sin™' x, + cos”! x 
ysin ' x, cos Ux, g(aeetl 
fe 2 


—e ae — 

Fs = Sin “Xo, + Sin Xx, 

Vsin™' x,,/cos”! x, ae 
2 


On adding all, we get 
28 gin7' ae -1 
Esy Sars 


i=1 2 
( 
28/ *) 
be 
“ Emax = 7% 
10 10 fp 
133.5= 5 ¥ tan” 4 
r=lis=] \S, 
10 10 : 
S=¥ ) tan (2) (As rand s are independent) 
r=is=l kc 


On adding, we get 


#- $8 (Jem) 


r=Is=l1 


R_i 1007 
sa} Y—=—y10= 
~ 22> 22 2 
5 =25n 
19 a's 5 car 
k=2 k{k + 1) 
a eee eee a) 
= k (k+1) K(k + 1) 


P| |e ae | 1 1 
= COS reread ar . = 
k k+1 k (k + 1) 


Substituting k = 2, 3, 4..., we get 


136. 
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int 
aif a aif! 
S.., Sens ( — cos (2) 
(n+l 2 


\2, 


n_ tan(@ —6).cos*(a —@) 
mn cos’6. tan@ 
_ 2sin(a —@).cos(a — 8) 
7 2sin8.cos® 
n _ sin(2a — 26) 
m _sin(20) 


=> 


using componendo and dividendo; we get. 
n-m _ sin(2o. —2@) -sin20 és 2sin(a — 28).cosa 


=> 
n+m_ sin(2a—20)+sin20 2sinacos(a - 26) 
=> [am tana. = tan(a — 26) 
a+ m) 
=> sce 2-7) an 
| n+m,| 
=i n—-m | 
= 28=a-—tan +4|—— |tana; 
\n+m | 
if ih n-m | 
=> =-!q@—tan —— |tana 
| n+m {| 


Let tan™'(é°) = A + iB or d° = tan(A + iB) 

=> tan“'(e"®) = A -iB. ore*® = tan(A — iB) 

Now, cos2A = cos(A + iB + A — iB) 

*. cos2A =cos(A + iB).cos(A — iB) - sin(A + iB)sin(A — iB) 
= cos(A + iB).cos(A — iB){1 — tan(A + iB). tan(A — iB)} 
= cos(A + iB).cos(A — iB){1 - aa ae 
= cos(A + iB).cos(A — iB) {1 -1}=0 

=> 2A =(0n+1)norAa + 

2 2 4 


Also tan2iB = tan(A + iB — A + iB) 
__ tan(A + iB) — tan(A — iB) 
1+ tan(A + iB).tan(A — iB) 
18 -i8 
e -e 
= ——___ = isin0 
1+ ¢!9 e7!8 
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= Ze =isin9 
i(e7?8 + e*) 
o oo sin® 
T = 
e284 p28 
4 
T 
2B : 1+ cos! — -6) 
e 1+ sin@ 2 
er ~ 1 —sin8@ ~ é: 
1-cos]— -6) 
of % °) 
cos G -- 
iM = 4 2 
o(r °) 
sin“| — - — 
2} 
nr 8 
> e8 = cot (= - 8) 
4 2) 
1 ‘1 
=o B=—Intan{ = -< 
2 4 2) 


137. The quadratic equation 4% ".2? + 2x+ (5 —B+ :) = Ohave 


real roots. 


=> discriminant = 4 - 4.4" iG -B+ 1) 20 


2 1 
=> qs =(B°- as 
p°-B +> | 
2 1 hae Ge 
But 4%° “24, B® - rif -4) +-2- 
Br-B 2 B 2 4 4 
i.e. equation will be satisfied only when 
2 | ae 
4 %=4 andB?-B+-=- 
BB 2 4 
a \2 
=> secaSiandl boot =0 
2) 
2 1 
=> See an 
al 
=> mia are 


-1 -1 
cosa + cos” B = cosnm + cos - 


Tt. ; : 
| 1+ a" when 7 is even integer 


= 


4 
| + =: when n is odd integer 
ie. the value of; 
-in. 1 
cosa + cos ‘Bis = ~1and = +1. 


138. Here, a =3sin™ (<) and B=3 cos"() as 2 > 2 
11 9 Tl. 2 


in ©) sin-(1) = 
=> sin ao (:)=2 


-1{ 6 n4 
a =3sin (£)>% => cosa <Q 


Now, 8B =3cos” (‘) 


> 

wa 
Oo | 
A 
ie Ml 
oO 

[o) 

an 

L 
a 
Oo | p 
aE 
Vv 

oO 

° 

a 

4 
| 
Se” 
It 
wla 


4 
=seos"'(4) >t 

p 
cosB < 0 andsinfi <0 


Now, a +fis slightly greater than ~ 


cos(a +B) > 0 


139. We have, 0<x<1 
Let cot! x=@ = cot@=x 
> sin § = : = sin (cot™ x) 
V1 + x? 
and cos § = = cos(cot™ x) 
1l+x 
Cc 
1+x2 
1 
” 
B x A 


Now, V1 + x” [{x cos (cot™! x) + sin (cot™ x)}? -1]}” 


12 


¢ y,2 


[ 2 
“ir? | Baden |- 
V ere yl t+ x? 
/2 
2 
angie 2 1+<x 
, glbzes 


= Vit x?[1+ x?~1]? = xvit x’ 


—]1 


‘, 


iA 
: = 2 “3 2 
140. Given, tan” y = tan” x + tan”! 
1 
° \ 


ae | where < : 
eh V3 


4 


2x 
+ 3 
=] oa 1-x 
=> tan y=tan 7 
2x 
1-x 3 
Me Se 
= -1)| xt 
{-: tan™ x + tan" y = tan (22 
1-xy 


where x > 0, y > Oand xy <1] 


3 N 
| X- x +2x 
hex 2x | 


r 3) 
tan” y =tan™ ses 
2 
RE ak ae 
3x-x° 
=> = ; 
1-3x 
Aliter 
|x| < : = <x< : 
V3 3 V3 
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Let x=tan®@ => y =x 
> a gift Since, x, y and zare in an AP as well as in a GP. 
6 
Z x=y=z 
tan™' y =@ + tan”! (tan 20) 3 
eeice a 143. Since, cosec™ (?) =tan™ (?} 
=> y = tan 30 
_ 3tan@ — tan*0 3 
1-3 tan’ 
“ = 3x-x° 4 
1-3x? -1 2 
r 1 cot (tan — + tan 3 
23 n 
141. We have, co c(i + y | | | 3 2 (2), 
n=l R k=1 : -+- 12 
[ 23 1 = cot tan! | 43 3 = cot tan” aA 
= cot gee nae eae see eae (;) 
a= 
st 5 6 
| 23 = cot | tan (Z}I- = 
= cot y cot” {1 + n(n + 1)} l 6 | 17 
ent ” 1{5) 2 
1 144, Wehave, sin” (2} + cosec™ ( ri = os 
> wot Sur ferret 2 - - 
is 5 an*(2}+90"(3)=5 
‘ 1)-n || | 
=> cot rants (ot 1H rf X)_ Rat 4 
5 [1+ n(o+1)] ee ae 5, 9 - ‘} 
a = -1 -1 => sin 2} =cos” ‘) 
cot| }° (tan™'(n + 1) — tan™'n) 5, \5 
a=l 
wi ay = = => sin“! | —] =sin™ 2) 
= cot{(tan™ 2 — tan” 1)+ (tan™ 3-— tan™ 2) ) 


+ (tan™' 4 —tan'3)] +... + (tan™'24 — tan '23)] 


=> cot(tan™'24 — tan™'1) 


ee Foose 2) 
= cot} tan ————— |=cot: tan — 
L «1+: 24-(1) 25 <i 
=> cos 
( “4 =) 25 
=cot|cot —)|=— 
23) 23 
=> 
142. Since, x, y and z are in an AP. 
2y=xtz 
=> 


Also, tan7' x, tan” y and tan™'z are in an AP. 


2 tan” y =tan™'x + tan’ '(z) 
=| 2 aif x*+2z 
=> tan ( yo |at 
eat i 1-2 
XtZ X42 
= 
1-y’ 1 — xz 


145. Given that, 


cos x—cos™ =a 


f 2 
eg 1-2 |< 


St yinx a 


2ji-x 


or = acai xy 


On squaring both sides, we : 
4(1—x°)(4-y’) 


= 4cos’ a+ x’y? ~ 4xy cos a 
4 


=> 4-4x?-y? + x*y? = 40087 a + x*y* 4xy cosa 


4x” - 4xy cos @ + y’ = 4sin’ 
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Skills in Mathematics for 


JEE MAIN & ADVANCED 
Trigonometry 


With Sessionwise Theory & Exercises 


It is generally seen that students leave the trigonometry class believing that they have 
mastered the concepts, but when it comes to actual problem solving, they mess up all the 
things. The book in your hand just aims to bridge this gap. The book completely covers the 
trigonometry of JEE Main & Advanced, guiding the students step by step from the right 
triangle to the definitions of trigonometric functions and their properties. The treatment of 
the subject matter is methodological and designed to involve the students completely. 


This hands-on text of trigonometry with its updated contents, vividly covers the topics of 
basic trigonometry viz., trigonometric functions and identities, trigonometric equations and 
inequations, properties and solutions of triangles and the inverse trigonometric functions. 
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